


Introduction

This reference manual gives an essentially complete description of the standard facilities available in SMP. Exten-
sive illustrative examples are included. The same text is given without these examples, and slightly shortened, in
the "SMP Summary". The "SMP Primer" offers a more pedagogical but incomplete treatment.

The information facility [1.2] in SMP provides on-line keyword-driven access to the contents of this document.

This manual describes all standard system-defined projections [2.3] in SMP. Many enhancements and additional
facilities are provided in the "SMP Library". Contents of the library may be located and perused through the infor-
mation facility. Complete documentation on the SMP Library is available separately.

The procedure for initiating an SMP job is described in the "Implementation Notes", together with other imple-
mentation-dependent features.
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0. Conventions

Te xt printed in this font represents literal SMP input or output, to be typed as it appears.Te xt in italics
stands for SMP input or output expressions. Arbitrarycharacters or textual forms are given as ⊂textual form⊃.
The actual characters corresponding to these textual forms in particular implementations are given in the "Imple-
mentation Notes".

In descriptions of system-defined projections [2.3], the following notations for filters [2.3] are used:

filt Compulsory filter.

filt Filter used in an unsimplified or partially simplified form.
• [3.1, 3.6]
• Smp[4]

(filt : val) Optional filter assumed to have valueval if omitted or given as Null (a blank [2.10]).
An optional filter may be omitted entirely only when it would appear after the last filter
explicitly specified in a projection.

f1, f2, . . . Sequence containing any number of similar filters.

{ f1, f2, . . .} Filter to be given as a list of expressions.

 filt  Filter to be given either as a single expression or as a list of expressions.

 f1, f2, . . . Filter or sequence of filters to be given either as single expressions or as lists of expres-
sions.

Properties carried by projections are indicated by
<prop1, prop2, ... >.

References to sections in the text of this reference manual are given as [⊂number⊃]. Referencesto additional or
related material are indicated by• .
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1.1 Inputand output

In standard mode the prompt for theith input line is#I[ i]:: .

Input is terminated by a⊂newline⊃. ⊂delete character⊃ may be used in unfinished input lines.All ⊂tab⊃ and
unnecessary [2.10] spaces are ignored, unless they appear in quoted strings [2.2]. Input may be continued for sev-
eral lines by placing\ (backslash) at the end of each intermediate line. If no text is entered before the terminating
newline, the input is considered null, and the prompt is reissued.

The result generated by processing an input line is usually printed.No output is printed if; (semicolon) is placed
at the end of the input expression [6.3], or in general if the output expression isNull [2.2].

Input of expressions with ambiguous syntax [2] yields a message on the nature of the ambiguity, and causes edit
mode [1.7] to be entered. The input text is placed in the edit buffer, with the cursor positioned under the point at
which the ambiguity was detected.
• [2.10]

In display input mode [10.4] a pointer may be used to locate and select parts of displayed expressions.

Printed output is given in a two-dimensional format based on standard mathematical notation.Specification of
certain output characteristics [A.6] will cause printing of large expressions to pause periodically, issuing
<pause> as a prompt. Printing will resume on entry of⊂newline⊃.
• [2.12]
• Lpr [10.1]

Graphical output may also be obtained [10.2].

#I[1]:: -x+2x+a*y

#O[1]: x + a y

#I[2]:: -x + 2  x +a * y

#O[2]: x + a y

#I[3]:: "-x + 2  x +a * y"

#O[3]: "-x + 2  x +a * y"

#I[4]:: x+y+z\
+y+z\
+z

#O[4]: x + 2y + 3 z

#I[5]:: 8/9-1/7

#O[5]: 47/63

#I[6]:: 8/9-1/7 ;

#I[7]:: Pr[8/9-1/7] ;

47/63

#I[8]:: (a+b+)*q
) u nexpected

(a+b+)*q
<edit> ˆc

(a+b+c)*q
<edit>

#O[8]: q (a + b + c)
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#I[9]:: (xˆ2+yˆ2)/(xˆ(a+1)+zˆ3)ˆ4

2 2
x + y

#O[9]: --------------
1 + a  3 4

(x + z )
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1.2 Information

(Implementation dependent)

??⊂⊂kk eeyywwoorr ddss⊃⊃
enters information mode and retrieves available information associated with⊂keywords⊃. ⊂keywords⊃ may
be a single word or a phrase of several words specifying the topic on which information is sought.Typo-
graphical case is ignored, and some words may be stripped to canonical roots.

?? ?? ⊂⊂ppaatttteerrnn⊃⊃
enters information mode and retrieves available information associated with the symbols, projectors or exter-
nal files whose names match⊂pattern⊃. ⊂pattern⊃ is a single "word" possibly containing the characters* ,
which matches an arbitrary sequence of characters, and. , which matches an arbitrary single character. A
literal * is entered bŷ* , a literal . by ˆ. .
• Dsp [10.6]

??
enters information mode and prompts for further input.

When information has been retrieved, a menu of items related to⊂keyword⊃ or ⊂pattern⊃ is displayed; the user is
prompted for a command to select an item or to initiate further searching. In information mode, the command?
displays a summary of the commands available.

Information is provided on external files in the SMP Library as well as on all standard facilities in SMP. Facilities
enabling users to add information on their own external files to the information mode database are described in the
Implementation Notes.
• Init [10.6]
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1.3 Globalobjects

%% The last expression (other thanNN uu ll ll [2.2]) generated.

## II [[ ii]] Theiith (unsimplified) input expression.

(Assigned after the corresponding output expression is generated.)
<<LL dd ii ss tt >>

## OO [[ ii]] Theiith output expression.
<<LL dd ii ss tt >>

## TT [[ ii]] The approximate time (in seconds [A.8]) required to generate## OO [[ ii]] .
<<LL dd ii ss tt >>
• TT ii mm ee [10.8]
• CC ll oo cc kk [10.9]

@@ii Equivalent to## OO [[ i]] .
<LL dd ii ss tt >

• %% %%, %% II , %% OO, %% TT[6.3]

## II [[ 11 ]] :: :: tt :: (( aa ++ bb ))

## OO [[ 11 ]] :: aa ++ bb

## II [[ 22 ]] :: :: %% ˆ̂ 22 -- 22 %%

22
## OO [[ 22 ]] :: -- 22 aa -- 22bb ++ ((aa ++ bb ))

## II [[ 33 ]] :: :: 33 tt -- 44 ;;

## II [[ 44 ]] :: :: 22 // %%

22
## OO [[ 44 ]] :: -- -- -- -- -- -- -- -- -- -- -- --

-- 44 ++ 33aa ++ 33 bb

## II [[ 55 ]] :: :: ## OO

22
## OO [[ 55 ]] :: {{ [[ 44 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- ,, [[ 33 ]] :: -- 44 ++ 33aa ++ 33 bb ,,

-- 44 ++ 33aa ++ 33 bb

22
[[ 22 ]] :: -- 22 aa -- 22bb ++ ((aa ++ bb)) ,, [[ 11 ]] :: aa ++ bb ,,

[[ 00 ]] :: {{ "" // hh oo mm ee // cc mm cc // mm kk // ss mm pp .. ii nn ii tt "" }} }}

## II [[ 66 ]] :: :: PP rr [[ tt ]]

aa ++ bb

## OO [[ 66 ]] :: aa ++ bb

## II [[ 77 ]] :: :: ## OO [[ 66 ]]

## OO [[ 77 ]] :: aa ++ bb

## II [[ 88 ]] :: :: ## II [[ 66 ]]

aa ++ bb

## OO [[ 88 ]] :: aa ++ bb
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## II [[ 99 ]] :: :: EE vv [[ ## II [[ 66 ]] ]]

## OO [[ 99 ]] :: ´́ PP rr [[ tt ]]

## II [[ 11 00 ]] :: :: ## TT

## OO [[ 11 00 ]] :: {{ [[ 99 ]] :: 11 // 66 00 ,, [[ 88 ]] :: 11 // 66 00 ,, [[ 77 ]] :: 00 ,, [[ 66 ]] :: 00 ,, [[ 55 ]] :: 00 ,, [[ 44 ]] :: 00 ,,

[[ 33 ]] :: 11 // 66 00 ,, [[ 22 ]] :: 00 ,, [[ 11 ]] :: 00 ,, [[ 00 ]] :: 00 }}

## II [[ 11 11 ]] :: :: 22 // @@ 11 -- bb

22
## OO [[ 11 11 ]] :: -- bb ++ -- -- -- -- --

aa ++ bb

## II [[ 11 22 ]] :: :: @@ {{ 11 ,, 22 ,, 33 ,, 22 00 }}

22
## OO [[ 11 22 ]] :: {{ aa ++ bb ,, -- 22 aa -- 22bb ++ ((aa ++ bb)) ,, -- 44 ++ 33aa ++ 33 bb ,, ## OO [[ 22 00 ]] }}

PP rr ee Symbol whose value (if any) is taken as a template [2.7] and applied as a "preprocessor" on each input
expression.

PP oo ss tt Symbol whose value (if any) is taken as a template and applied as a "postprocessor" on each output
expression.

## II [[ 11 ]] :: :: 11 ++ 11 // 66

## OO [[ 11 ]] :: 77 // 66

## II [[ 22 ]] :: :: PP oo ss tt :: :: NN

## OO [[ 22 ]] :: ´́ NN

## II [[ 33 ]] :: :: 11 ++ 11 // 66

## OO [[ 33 ]] :: 11 .. 11 66 66 66 77

## II [[ 44 ]] :: :: PP oo ss tt ::

## II [[ 55 ]] :: :: 11 ++ 11 // 66

## OO [[ 55 ]] :: 77 // 66
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1.4 Externalfi les and job recording

External files are input by<<ff iillee.
• [10.3]
• DD ss pp , DD ii rr [10.6]
• LL oo aa dd [10.7]

All input and output expressions are entered into a record file usually namedss mm pp .. oo uu tt . (Implementation dependent)

• OO pp ee nn , PP uu tt [10.3]
• HH aa rr dd , SS aa vv ee [10.6]
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1.5 Termination and real-time interrupts

(Implementation dependent)

⊂⊂iinnppuutt tteerrmmiinnaattiioonn cchhaarraacctteerr⊃⊃
signifies termination of the current procedure. In standard and edit modes, it causes termination of the
present job; in subsidiary mode, it results in return to the previous mode.
• RR ee tt [6.3]
• EE xx ii tt [10.6]

⊂⊂qquuiitt iinntteerrrruupptt⊃⊃
attempts to terminate current processing or printing.Subsequent references to incompletely processed
expressions cause their simplification to be completed.

⊂⊂bbrr eeaakk iinntteerrrruupptt⊃⊃
causes any processing to be suspended and initiates an interactive subsidiary procedure.
• GG ee tt [10.3]

⊂⊂ssttaattuuss iinntteerrrruupptt⊃⊃
prints the status of processing, including a stack of the last few projections simplified.
• MM ee mm[10.8]
• TT rr aa cc ee [4]

## II [[ 11 ]] :: :: DD [[ xx ˆ̂ xx ˆ̂ xx ,, {{ xx ,, 22 }} ]]

⊂⊂qquuiitt iinntteerrrruupptt⊃⊃
<< qq uu ii tt >>
## II [[ 22 ]] :: :: DD [[ xx ˆ̂ xx ,, xx ]]

xx xx
## OO [[ 22 ]] :: xx LL oo gg [[ xx ]] ++ xx
## II [[ 33 ]] :: :: @@ 11

xx xx
-- 11 ++ xx xx xx -- 22 ++ xx ++ xx xx

## OO [[ 33 ]] :: xx (( xx LL oo gg [[ xx ]] ++ xx )) ++ xx (( -- 11 ++ xx ++ xx ))

⊂⊂qquuiitt iinntteerrrruupptt⊃⊃
<< qq uu ii tt >>
## II [[ 44 ]] :: :: FF oo rr [[ ii :: 00 ;; dd [[ 00 ]] :: xx ˆ̂ xx ;; ss [[ 00 ]] :: 11 ,, ii << == 66 ,, II nn cc [[ ii ]] ,, dd [[ ii ++ 11 ]] :: EE xx [[ DD [[ dd [[ ii ]] ,, xx ]] ]] ;; \\

ss [[ ii ++ 11 ]] :: SS [[ dd [[ ii ++ 11 ]] ,, xx -- >> 11 ]] ]] ;; ss

⊂⊂ssttaattuuss iinntteerrrruupptt⊃⊃
<< ss tt aa tt uu ss >>
<< PP ll uu ss PP ll uu ss PP ll uu ss PP ll uu ss PP oo ww MM uu ll tt LL oo gg PP oo ww PP ll uu ss >>
<< 22 66 44 99 ss ii mm pp ll ii ff ii ee rr ee nn tt rr ii ee ss ;; 22 11 33 99 55 BB ll oo cc kk ss uu ss ee dd >>

⊂⊂ssttaattuuss iinntteerrrruupptt⊃⊃
<< ss tt aa tt uu ss >>
<< RR ee pp PP ll uu ss PP oo ww PP ll uu ss PP oo ww LL oo gg PP oo ww MM uu ll tt >>
<< 11 11 44 22 44 ss ii mm pp ll ii ff ii ee rr ee nn tt rr ii ee ss ;; 66 99 88 77 44 BB ll oo cc kk ss uu ss ee dd >>

⊂⊂bbrr eeaakk iinntteerrrruupptt⊃⊃
<< bb rr ee aa kk >>
%% II [[ 11 ]] :: :: ii

%% OO [[ 11 ]] :: 55

%% II [[ 22 ]] :: :: ss

%% OO [[ 22 ]] :: {{ [[ 44 ]] :: 88 ,, [[ 33 ]] :: 33 ,, [[ 22 ]] :: 22 ,, [[ 11 ]] :: 11 ,, [[ 00 ]] :: 11 }}
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%% II [[ 33 ]] :: :: SS ii zz ee [[ dd [[ 44 ]] ]]

%% OO [[ 33 ]] :: {{ 11 66 00 ,, 11 66 44 }}

%% II [[ 33 ]] :: :: ⊂iinnppuutt tteerrmmiinnaattiioonn cchhaarraacctteerr⊃
<< ee nn dd >>

## OO [[ 44 ]] :: {{ [[ 66 ]] :: 55 44 ,, [[ 55 ]] :: 11 00 ,, [[ 44 ]] :: 88 ,, [[ 33 ]] :: 33 ,, [[ 22 ]] :: 22 ,, [[ 11 ]] :: 11 ,, [[ 00 ]] :: 11 }}

⊂⊂ssttaattuuss iinntteerrrruupptt⊃⊃
<< ss tt aa tt uu ss >>
<< rr ee cc ll aa ii mm ii nn gg mm ee mm oo rr yy >>

## II [[ 55 ]] :: ::
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1.6 Monitorescapes

(Implementation dependent)

!! ⊂⊂mmoonniittoorr ccoommmmaanndd⊃⊃
given directly (with no prior characters typed) at an input prompt executes the specified monitor (shell) com-
mand; the original input prompt is then reissued.

• RR uu nn [10.6]

## II [[ 11 ]] :: :: !! dd aa tt ee
FF rr ii MM aa yy 11 33 22 33 :: 55 99 :: 55 99 PP DD TT 11 99 88 33

## II [[ 11 ]] :: ::
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1.7 Editmode

In edit mode, one line of text is treated at a time. The editing of each line proceeds by a repetition of two steps:

1. Thepresent form of the line is printed.

2. Following the prompt<< ee dd ii tt >> any editing commands for the line are entered. The commands are termi-
nated by⊂⊂nnee wwlliinnee⊃⊃. ⊂⊂ssppaaccee⊃⊃ ⊂⊂ttaabb⊃⊃ and⊂⊂cc hhaarraacctteerr ddeelleettee⊃⊃ may be used for positioning in local editing.

If no editing commands are given in step 2 (the terminating newline is entered directly after the<< ee dd ii tt >> prompt),
then the present line is left unchanged. If further lines of text exist, the editor moves to the next line; otherwise,
edit mode is exited, and the edited text is returned as an input expression. Ifat the exit from edit mode, no editing
has actually been performed, the text is discarded, leaving a null line.

Tw o types of editing may be performed:

Local editing, in which individual characters in the edit command affect the characters appearing directly
above them in the present line.

Global editing, in which an edit command prefaced by\\ affects the whole present line or the entire edit buf-
fer.

Local editing

## Delete character above.

\\ dd Delete the remainder of the present line.

⊂⊂ssppaaccee⊃⊃ or ⊂⊂ttaabb⊃⊃ Leave character(s) above unchanged.

ˆ̂ ⊂⊂ttee xxtt⊃⊃ Insert ⊂⊂ttee xxtt⊃⊃ terminated by a space or tab (not appearing between " ") into the
present line before the character above.

⊂⊂ootthheerr cchhaarraacctteerr⊃⊃ Replace character above by character given.

Note that a character may be replaced with## by the command## ˆ̂ ## .

Global editing

\\ pp Print the text in the edit buffer and return to the present line.

\\ ww ff iillee Append the text in the edit buffer to the specified file.

\\ qq Exit from edit mode, discarding the edited expression.

\\ nn Move to thennth line of the edit buffer, leaving the present line unchanged.\\ ++ nn and
\\ -- nn move nn lines forward and backward respectively; \\ ++ and\\ -- move one line.

\\ uu Undo the most recent edit command which effected changes in the edit buffer.

\\ rr Undo all changes made during the current editing session, restoring the original con-
tents of the edit buffer.

\\ mm Display levels of parentheses, braces and brackets in the present line.

\\ mm gg Display levels of parentheses, braces and brackets throughout the text.

\\ ss // ⊂⊂ee11⊃⊃// ⊂⊂ee22⊃⊃ Te xtually substitute⊂⊂ee22⊃⊃ for the character string⊂⊂ee11⊃⊃ throughout the present line.
(The delimiter here given as // may be replaced by any character.)

\\ ss nn// ⊂⊂ee11⊃⊃// ⊂⊂ee22⊃⊃ Te xtually substitute⊂⊂ee22⊃⊃ for the nnth occurrence of character string⊂⊂ee11⊃⊃ in the
present line.

\\ gg // ⊂⊂ee11⊃⊃// ⊂⊂ee22⊃⊃ Te xtually substitute for⊂⊂ee11⊃⊃ throughout the text.

\\ ee Invoke external editor [A.9] on the text in the edit buffer and return the modified
text. (Implementation dependent)

\\ !! ⊂⊂mmoonniittoorr ccoommmmaanndd⊃⊃ Execute the specified monitor command [2.7].
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The typographical case of the commandsdd , pp , qq , eettcc. is ignored.
• EE dd , EE dd hh [10.5]

## II [[ 11 ]] :: :: aa ˆ̂ ˆ̂ bb ** ** cc ++ ++ dd
ˆ̂ uu nn ee xx pp ee cc tt ee dd

aa ˆ̂ ˆ̂ bb ** ** cc ++ ++ dd
<< ee dd ii tt >> ## ## ## ˆ̂ ˆ̂

aa ˆ̂ bb ˆ̂ cc ++ ++ dd
<< ee dd ii tt >> 11 22 33

aa ˆ̂ bb ˆ̂ cc 11 22 33
<< ee dd ii tt >> ˆ̂ "" ""

aa ˆ̂ bb ˆ̂ cc 11 22 33
<< ee dd ii tt >> \\ dd

aa
<< ee dd ii tt >> \\ uu

aa ˆ̂ bb ˆ̂ cc 11 22 33
<< ee dd ii tt >> \\ uu

aa
<< ee dd ii tt >>

## OO [[ 11 ]] :: aa

## II [[ 22 ]] :: :: ff [[ ff [[ ff [[ ff [[ ff [[ xx ]] ]] ]] ]] ++ \\
(( aa ++ 11 )) (( bb ++ 11 )) (( cc ++ 11 )) // aa bb cc ++ \\
cc aa tt cc aa tt cc aa tt

nn ee ww ll ii nn ee uu nn ee xx pp ee cc tt ee dd
cc aa tt cc aa tt cc aa tt

<< ee dd ii tt >> \\ mm gg
ff [[ ff [[ ff [[ ff [[ ff [[ xx ]] ]] ]] ]] ++ \\

11 22 33 44 55 55 44 33 22 \\
(( aa ++ 11 )) (( bb ++ 11 )) (( cc ++ 11 )) // aa bb cc ++ \\
11 1111 1111 11 \\
cc aa tt cc aa tt cc aa tt

cc aa tt cc aa tt cc aa tt
<< ee dd ii tt >> \\ 11

ff [[ ff [[ ff [[ ff [[ ff [[ xx ]] ]] ]] ]] ++ \\
<< ee dd ii tt >> ˆ̂ ]]

ff [[ ff [[ ff [[ ff [[ ff [[ xx ]] ]] ]] ]] ]] ++ \\
<< ee dd ii tt >> \\ mm

ff [[ ff [[ ff [[ ff [[ ff [[ xx ]] ]] ]] ]] ]] ++ \\
11 22 33 44 55 55 44 33 22 11

ff [[ ff [[ ff [[ ff [[ ff [[ xx ]] ]] ]] ]] ]] ++ \\
<< ee dd ii tt >> \\ ++ 22

cc aa tt cc aa tt cc aa tt
<< ee dd ii tt >> \\ ss // cc // ff

ff aa tt ff aa tt ff aa tt
<< ee dd ii tt >> \\ ss 33 // ff // cc

ff aa tt ff aa tt cc aa tt
<< ee dd ii tt >> \\ gg // ff // cc

cc aa tt cc aa tt cc aa tt
<< ee dd ii tt >> \\ pp
cc [[ cc [[ cc [[ cc [[ cc [[ xx ]] ]] ]] ]] ]] ++ \\
(( aa ++ 11 )) (( bb ++ 11 )) (( cc ++ 11 )) // aa bb cc ++ \\
cc aa tt cc aa tt cc aa tt

cc aa tt cc aa tt cc aa tt
<< ee dd ii tt >> \\ rr

cc aa tt cc aa tt cc aa tt
<< ee dd ii tt >> \\ pp
ff [[ ff [[ ff [[ ff [[ ff [[ xx ]] ]] ]] ]] ++ \\
(( aa ++ 11 )) (( bb ++ 11 )) (( cc ++ 11 )) // aa bb cc ++ \\
cc aa tt cc aa tt cc aa tt

cc aa tt cc aa tt cc aa tt
<< ee dd ii tt >> ]]

cc aa tt cc aa tt cc aa tt ]]
<< ee dd ii tt >>

(( 11 ++ aa)) ((11 ++ bb)) ((11 ++ cc ))
## OO [[ 22 ]] :: ff [[ cc aa tt cc aa tt cc aa tt ++ ff [[ ff [[ ff [[ ff [[ xx ]] ]] ]] ]] ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ]]

aa bb cc
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2.1 Numbers

Numbers input with no decimal point are taken as exact integers.

Floating point numbers may be entered in the formxx ** ˆ̂ pp representingxx × 10pp.

Numbers are output if possible in integer or rational form, except when the corresponding input expression con-
tains explicit floating point numbers orNNprojections [3.4]. Output floating point numbers are given to the preci-
sion specified in inputNNprojections, or, by default, to 6 significant figures.

Numbers are by default treated to a finite precision (fractional accuracy of order 10−13).

## II [[ 11 ]] :: :: 11 77 // 77 ++ 33 77 // 55

## OO [[ 11 ]] :: 33 44 44 // 33 55

## II [[ 22 ]] :: :: NN [[ %% ]]

## OO [[ 22 ]] :: 99 .. 88 22 88 55 77

## II [[ 33 ]] :: :: 11 77 .. 00 // 77 ++ 33 77 // 55

## OO [[ 33 ]] :: 99 .. 88 22 88 55 77

## II [[ 44 ]] :: :: NN [[ %% ,, 11 44 ]]

## OO [[ 44 ]] :: ** (( 99 .. 88 22 88 55 77 11 44 22 88 55 77 11 44 ))

## II [[ 55 ]] :: :: cc ii :: 33 ** ˆ̂ -- 88

## OO [[ 55 ]] :: 33 .. 00 00 00 00 00 ** ˆ̂ -- 88

## II [[ 66 ]] :: :: 11 ++ (( 11 // 11 00 00 00 )) ˆ̂ 88

88
## OO [[ 66 ]] :: 11 ++ 11 // 11 00 00 00

## II [[ 77 ]] :: :: %% -- 11

88
## OO [[ 77 ]] :: 11 // 11 00 00 00

Further numerical constructs (which may be used in any numerical operations) are:

AA [[ xx,, (pp : 00 )]]
Arbitrary magnitude numberxx × 10pp. Floating point numbers are usually converted to this form when the
modulus of their exponent exceeds 10.

BB [[ nnkk,, . . .,, nn22,, nn11,, nn00]]

Arbitrary length integernn0 + nn1 × 104 + nn2 × 108 + . . . generated when integers with more than 10 digits are
input.

FF [[ nn11,, nn22,, . . .,, (ee xxpptt : 00 ),, (ddiigg : 66 )]]
Floating point number (nn1 × 10−4 + nn2 × 10−8 + . . .) × 10eexxpptt with ddiigg significant digits. FF projections are
generated if possible when the precision specified in anNNprojection exceeds 10. Expressions involving sev-
eralFF projections are treated to the numerical accuracy of the least preciseFF given.

EE rr rr [[ xx,, ddxx]]
Numberxx with one-standard-deviation errorddxx ( xx ±± ddxx ). Errorsare combined assuming statistical indepen-
dence, and are evaluated for all projections carrying propertyLL dd ii ss tt [4].

CC xx [[ xx,, yy]]
Complex numberxx ++ II yy .. Automatically generated when required.
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The presence of anyAA, BB or FF projections in an expression forces conversion of all numbers to these forms.

## II [[ 11 ]] :: :: hh :: 66 .. 66 22 55 55 99 ** ˆ̂ -- 33 44

## OO [[ 11 ]] :: 66 .. 66 22 55 55 99 ** ˆ̂ -- 33 44

## II [[ 22 ]] :: :: hh ˆ̂ 88

## OO [[ 22 ]] :: 33 .. 77 11 33 66 11 ** ˆ̂ -- 22 66 66

## II [[ 33 ]] :: :: 11 22 11 22 33 11 22 33 44 11 22 33 44 55 11 22 33 44 55 66

## OO [[ 33 ]] :: ** (( 11 22 11 22 33 11 22 33 44 11 22 33 44 55 11 22 33 44 55 66 ))

## II [[ 44 ]] :: :: %% ˆ̂ 22

## OO [[ 44 ]] :: ** (( 11 44 66 99 77 00 11 22 11 22 77 00 99 55 00 44 77 00 22 44 33 00 44 77 00 11 33 99 44 33 88 88 11 33 88 33 99 33 66 ))

## II [[ 55 ]] :: :: %% // 11 22 44 22 33 44

(( 77 33 44 88 55 00 66 00 66 33 55 44 77 55 22 33 55 11 22 11 55 22 33 55 00 66 99 77 11 99 44 00 66 99 11 99 66 88 ))
## OO [[ 55 ]] :: ** -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

(( 66 22 11 11 77 ))

## II [[ 66 ]] :: :: 11 00 00 !!

## OO [[ 66 ]] :: ** (( 99 33 33 22 66 22 11 55 44 44 33 99 44 44 11 55 22 66 88 11 66 99 99 22 33 88 88 55 66 22 66 66 77 00 00 44 99 00 77 11 55 99 66 88 22 66 44 33 88 11 66 22 11 44 66 88 55 99 22 99 66 33 \\

88 99 55 22 11 77 55 99 99 99 99 33 22 22 99 99 11 55 66 00 88 99 44 11 44 66 33 99 77 66 11 55 66 55 11 88 22 88 66 22 55 33 66 99 77 99 22 00 88 22 77 22 22 33 77 55 88 22 55 11 \\

11 88 55 22 11 00 99 11 66 88 66 44 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 ))

## II [[ 77 ]] :: :: NN [[ %% ]]

## OO [[ 77 ]] :: ** (( 99 .. 33 33 22 66 22 ** ˆ̂ 11 55 77 ))

## II [[ 88 ]] :: :: NN [[ 11 // 77 ,, 55 00 ]]

## OO [[ 88 ]] :: ** (( 00 .. 11 44 22 88 55 77 11 44 22 88 55 77 11 44 22 88 55 77 11 44 22 88 55 77 11 44 22 88 55 77 11 44 22 88 55 77 11 44 22 88 55 77 11 44 22 88 55 77 11 44 ))

## II [[ 99 ]] :: :: NN [[ 11 .. 11 // 77 ,, 11 00 00 ]]

## OO [[ 99 ]] :: ** (( 00 .. 11 55 77 11 44 22 88 55 77 11 44 22 88 55 77 11 44 22 88 55 77 11 44 22 88 55 77 11 44 22 88 55 77 11 44 22 88 55 77 11 44 22 88 55 77 11 44 22 88 55 77 11 44 22 88 55 77 11 44 22 \\

88 55 77 11 44 22 88 55 77 11 44 22 88 55 77 11 44 22 88 55 77 11 44 22 88 55 77 11 44 22 88 55 77 11 44 22 88 55 77 11 ))

## II [[ 11 00 ]] :: :: EE rr rr [[ 66 .. 11 ,, 00 .. 55 ]] ++ EE rr rr [[ 88 .. 99 ,, 00 .. 77 ]]

## OO [[ 11 00 ]] :: EE rr rr [[ 11 55 ,, 00 .. 88 66 00 22 33 33 ]]

## II [[ 11 11 ]] :: :: (( 44 ++ 66 II )) (( 66 ++ 99 II ))

## OO [[ 11 11 ]] :: ** -- 33 00 ++ 77 22 II

## II [[ 11 22 ]] :: :: LL pp rr [[ %% ]]

CC xx [[ -- 33 00 ,, 77 22 ]]
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2.2 Symbols

Symbols are the basic objects of SMP. They may be assigned values [3.2] and properties [4].

Symbol names may be

Strings of arbitrary length containing only alphanumeric characters, together with## , $$ and%%and not start-
ing with numeric characters.

Arbitrary character strings (possibly containing control characters) enclosed between"" "" . The "" "" serve
only to delimit the symbol name and do not affect simplification of the symbol; they are printed on output
only when necessary.
• [A.5]

Symbols whose names have the following forms are taken to have special characteristics (cccccc represents any valid
symbol name):

$$cccccc Generic symbol (representing an arbitrary expression [2.6]).
• GG ee nn [4, 2.6]

$$ $$ cccccc Multi-generic symbol (representing an arbitrary sequence of expressions [2.6]).
• MM gg ee nn [4]

## ## cccccc Chameleonic symbol (whose name changes whenever it is evaluated [2.8]).
• CC hh aa mm [4]

No values may be assigned to symbols of these types.

The following naming conventions are used (CC denotes any upper case alphabetic character):

CCcccccc System-defined symbol.

##cccccc Internally-generated symbol.

%%cccccc Symbol used locally within a procedure [6.3].

Some special system-defined symbols are:

NN uu ll ll Input and output as a blank [2.10]. Often used to indicate "default" filters [0, 2.3].

II nn ff Infinity. Used primarily to specify indefinite continuation of a process, rather than as a signal for
mathematical infinities.

II The imaginary unit.

• %%, ## II , ## OO , ## TT [1.3]
• %% %%, %% II , %% OO, %% TT[6.3]
• PP ii , EE, eettcc. [8.4]
• TT ee rr mm ii nn aa ll [10.3]

## II [[ 11 ]] :: :: 11 ++ EE ii gg hh tt hh OO rr dd ee rr TT ee rr mm

## OO [[ 11 ]] :: 11 ++ EE ii gg hh tt hh OO rr dd ee rr TT ee rr mm

## II [[ 22 ]] :: :: {{ aa 22 ,, "" aa 22 "" ,, 44 44 ,, "" 44 44 "" ,, "" 88 tt hh oo rr dd ee rr "" ,, "" "" }}

## OO [[ 22 ]] :: {{ aa 22 ,, aa 22 ,, 44 44 ,, "" 44 44 "" ,, "" 88 tt hh oo rr dd ee rr "" ,, "" \\ 00 00 77 \\ 00 00 77 \\ 00 00 77 "" }}

## II [[ 33 ]] :: :: PP rr [[ nn uu mm bb ee rr ,, "" ss qq uu aa rr ee oo ff nn uu mm bb ee rr "" ]] ;; DD oo [[ ii ,, 33 ,, PP rr [[ ii ,, ii ˆ̂ 22 ]] ]]

nn uu mm bb ee rr ss qq uu aa rr ee oo ff nn uu mm bb ee rr
11 11
22 44
33 99

## OO [[ 33 ]] :: 99
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## II [[ 44 ]] :: :: ff [[ $$ xx ]] :: $$ xx ˆ̂ 22

22
## OO [[ 44 ]] :: $$ xx

## II [[ 55 ]] :: :: ff [[ aa ]] ++ ff [[ bb ]]

22 22
## OO [[ 55 ]] :: aa ++ bb

## II [[ 66 ]] :: :: __ $$ xx

## OO [[ 66 ]] :: {{ [[ GG ee nn ]] :: 11 }}

## II [[ 77 ]] :: :: gg [[ $$ $$ xx ]] :: hh [[ 11 ,, $$ $$ xx ,, 22 ]]

## OO [[ 77 ]] :: hh [[ 11 ,, $$ $$ xx ,, 22 ]]

## II [[ 88 ]] :: :: gg [[ aa ,, bb ]] ++ gg [[ zz ]] ++ gg [[ ]]

## OO [[ 88 ]] :: hh [[ 11 ,, zz ,, 22 ]] ++ hh [[ 11 ,, ,, 22 ]] ++ hh [[ 11 ,, aa ,, bb ,, 22 ]]

## II [[ 99 ]] :: :: __ $$ $$ xx

## OO [[ 99 ]] :: {{ [[ GG ee nn ]] :: 11 ,, [[ MM gg ee nn ]] :: 11 }}

## II [[ 11 00 ]] :: :: tt :: :: ## ## vv ++ ## ## ww

## OO [[ 11 00 ]] :: ´́ ## ## vv ++ ## ## ww

## II [[ 11 11 ]] :: :: tt

## OO [[ 11 11 ]] :: ## 11 ++ ## 22

## II [[ 11 22 ]] :: :: tt

## OO [[ 11 22 ]] :: ## 33 ++ ## 44

## II [[ 11 33 ]] :: :: __ ## ## vv

## OO [[ 11 33 ]] :: {{ [[ CC hh aa mm ]] :: 11 }}

## II [[ 11 44 ]] :: :: {{ __ LL oo gg ,, __ ll oo gg ,, __ PP ii ,, __ pp ii }}

## OO [[ 11 44 ]] :: {{ {{ [[ SS yy ss ]] :: 11 ,, [[ TT ii ee rr ]] :: 11 ,, [[ LL dd ii ss tt ]] :: 11 }} ,, __ ll oo gg ,, {{ [[ CC oo nn ss tt ]] :: 11 }} ,, __ pp ii }}

## II [[ 11 55 ]] :: :: II nn tt [[ $$ xx ˆ̂ 22 ,, $$ xx ]]

33
$$ xx

## OO [[ 11 55 ]] :: ## 66 ++ -- -- --
33

## II [[ 11 66 ]] :: :: LL pp rr [[ pp [[ ]] ++ qq [[ ,, aa ,, ,, bb ,, ]] ++ rr [[ {{ ,, }} ]] ]]

pp [[ NN uu ll ll ]] ++ qq [[ NN uu ll ll ,, aa ,, NN uu ll ll ,, bb ,, NN uu ll ll ]] ++ rr [[ {{ NN uu ll ll ,, NN uu ll ll }} ]]

## II [[ 11 77 ]] :: :: ww [[ xx ]] :: NN uu ll ll

## II [[ 11 88 ]] :: :: aa ++ ww [[ xx ]]

## OO [[ 11 88 ]] :: aa ++ ww [[ xx ]]

## II [[ 11 99 ]] :: :: MM aa pp [[ qq ,, (( aa ++ bb )) ˆ̂ (( cc ++ dd )) ,, 11 ]]

qq [[ cc ++ dd ]]
## OO [[ 11 99 ]] :: qq [[ aa ++ bb ]]
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## II [[ 22 00 ]] :: :: MM aa pp [[ qq ,, (( aa ++ bb )) ˆ̂ (( cc ++ dd )) ,, II nn ff ]]

qq [[ qq [[ cc ]] ++ qq [[ dd ]] ]]
## OO [[ 22 00 ]] :: qq [[ qq [[ aa ]] ++ qq [[ bb ]] ]]

## II [[ 22 11 ]] :: :: II ˆ̂ 22

## OO [[ 22 11 ]] :: -- 11
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2.3 Projections

Projections specify parts of general structures. They are analogous to array subscriptings or function calls.

In for example the projectionff [[ xx ,, yy ]] the symbolff is termed the "projector", andxx ,, yy its "filters". Thesefi lters
are used to select a part in the value offf .
• PP rr oo jj [7.3]

Unless the projectorff carries the propertiesTT ii ee rr , FF ll aa tt , CC oo mm mm or RR ee oo rr [4], ff [[ xx ,, yy ]] is equivalent to
ff [[ xx ]] [[ yy ]] , and the filters xx andyy are used successively (from left to right) to select a part in the value offf . The
value of ff [[ xx ]] is found first, and then the projection of the resulting expression with the filter yy is obtained.
Whenff does carryTT ii ee rr properties, filters separated by commas are instead used together.

Projections fromff whose values were assigned before theTT ii ee rr , FF ll aa tt , CC oo mm mm or RR ee oo rr properties were
assigned may be converted to tiered format by the projectionTT ii ee rr [7.7].

Common system-defined projections may be input in special forms [2.10].

Filters for system-defined projections input asNN uu ll ll [2.2] (a blank [2.10]) are taken to have their default values.

• LL [10.4]

## II [[ 11 ]] :: :: uu :: bb ˆ̂ 22 -- 44 aa ** cc

22
## OO [[ 11 ]] :: -- 44 aa cc ++ bb

## II [[ 22 ]] :: :: uu [[ 11 ]]

## OO [[ 22 ]] :: -- 44 aa cc

## II [[ 33 ]] :: :: uu [[ 22 ,, 22 ]]

## OO [[ 33 ]] :: 22

## II [[ 44 ]] :: :: uu [[ 00 ]]

## OO [[ 44 ]] :: ´́ PP ll uu ss

## II [[ 55 ]] :: :: uu [[ xx ]]

## OO [[ 55 ]] :: uu [[ xx ]]

## II [[ 66 ]] :: :: ff :: {{ [[ xx ]] :: {{ [[ yy ]] :: aa 11 ,, [[ yy pp ]] :: aa 22 }} ,, [[ xx pp ]] :: bb }}

## OO [[ 66 ]] :: {{ [[ xx ]] :: {{ [[ yy ]] :: aa 11 ,, [[ yy pp ]] :: aa 22 }} ,, [[ xx pp ]] :: bb }}

## II [[ 77 ]] :: :: ff [[ xx ]]

## OO [[ 77 ]] :: {{ [[ yy ]] :: aa 11 ,, [[ yy pp ]] :: aa 22 }}

## II [[ 88 ]] :: :: ff [[ xx ,, yy ]]

## OO [[ 88 ]] :: aa 11

## II [[ 99 ]] :: :: ff [[ xx ]] [[ yy ]]

## OO [[ 99 ]] :: aa 11

## II [[ 11 00 ]] :: :: ff __ :: TT ii ee rr

## OO [[ 11 00 ]] :: TT ii ee rr

## II [[ 11 11 ]] :: :: ff [[ xx ]]

## OO [[ 11 11 ]] :: ff [[ xx ]]
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## II [[ 11 22 ]] :: :: ff [[ xx ,, yy ]]

## OO [[ 11 22 ]] :: ff [[ xx ,, yy ]]

## II [[ 11 33 ]] :: :: ff :: TT ii ee rr [[ ff ]]

## OO [[ 11 33 ]] :: {{ [[ [[ xx ,, yy ]] ]] :: aa 11 ,, [[ [[ xx ,, yy pp ]] ]] :: aa 22 ,, [[ [[ xx pp ]] ]] :: bb }}

## II [[ 11 44 ]] :: :: ff [[ xx ]]

## OO [[ 11 44 ]] :: ff [[ xx ]]

## II [[ 11 55 ]] :: :: ff [[ xx ,, yy ]]

## OO [[ 11 55 ]] :: aa 11

## II [[ 11 66 ]] :: :: gg [[ xx ]] [[ yy ]]

## OO [[ 11 66 ]] :: gg [[ xx ,, yy ]]

## II [[ 11 77 ]] :: :: gg __ :: TT ii ee rr

## OO [[ 11 77 ]] :: TT ii ee rr

## II [[ 11 88 ]] :: :: gg [[ xx ]] [[ yy ]]

## OO [[ 11 88 ]] :: PP rr oo jj [[ gg [[ xx ]] ,, {{ yy }} ]]

## II [[ 11 99 ]] :: :: MM uu ll tt [[ aa ,, bb ,, cc ]]

## OO [[ 11 99 ]] :: aa bb cc

## II [[ 22 00 ]] :: :: aa ** bb ** cc

## OO [[ 22 00 ]] :: aa bb cc

## II [[ 22 11 ]] :: :: RR aa nn dd [[ ]]

## OO [[ 22 11 ]] :: 00 .. 33 00 11 66 00 33

[[ xx11,, xx22,, . . .]] or NN pp [[ xx11,, xx22,, . . .]]
is a special system-defined null projection representing a sequence of expressions. Afi rst step in the simpli-
fication of any projection is the replacement of null projections appearing as its filters by explicit sequences
of filters. Sequencesof values in contiguous lists may also be given as null projections [2.4]. The value of a
list element whose index is a null projection is extracted by projection with a sequence of filters correspond-
ing to all those of the null projection.Such list elements are generated by assignments for projections carry-
ing the propertiesTT ii ee rr , FF ll aa tt , CC oo mm mm or RR ee oo rr [4], or containing explicit null projections as filters (the
partial simplification inSS ee tt [3.2] does not replace such null projections). No values may be assigned [3.2]
directly to null projections.

Removal of input null projections occurs through a type extension mechanism [4].
• SS ee qq , RR ee pp ll [7.1]

## II [[ 11 ]] :: :: rr :: [[ [[ xx ,, yy ,, zz ]] ]]

## OO [[ 11 ]] :: [[ xx ,, yy ,, zz ]]

## II [[ 22 ]] :: :: ff [[ rr ,, ww ,, [[ rr ,, ww ]] ]]

## OO [[ 22 ]] :: ff [[ xx ,, yy ,, zz ,, ww ,, xx ,, yy ,, zz ,, ww ]]

## II [[ 33 ]] :: :: {{ [[ [[ aa ]] ,, bb ]] ,, cc ,, [[ dd ,, ee ]] }}

## OO [[ 33 ]] :: {{ aa ,, bb ,, cc ,, dd ,, ee }}
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## II [[ 44 ]] :: :: 11 .. .. 55

## OO [[ 44 ]] :: [[ 11 ,, 22 ,, 33 ,, 44 ,, 55 ]]

## II [[ 55 ]] :: :: ff [[ $$ xx ]] :: $$ xx

## OO [[ 55 ]] :: $$ xx

## II [[ 66 ]] :: :: ff [[ aa ,, bb ,, cc ]]

## OO [[ 66 ]] :: ff [[ aa ,, bb ,, cc ]]

## II [[ 77 ]] :: :: ff [[ $$ $$ xx ]] :: $$ $$ xx

## OO [[ 77 ]] :: $$ $$ xx

## II [[ 88 ]] :: :: ff [[ aa ,, bb ,, cc ]]

## OO [[ 88 ]] :: [[ aa ,, bb ,, cc ]]

`̀ ee xxpprr or MM aa rr kk [[ ee xxpprr]]
is used in a variety of cases to designate expressions with special characteristics.
(Prefix form is "backquote" or "grave accent" character.)

• [2.7]

## II [[ 11 ]] :: :: ff [[ `̀ 11 ,, `̀ xx ++ yy ,, `̀ aa ++ `̀ bb ,, `̀ `̀ cc ,, `̀ gg [[ xx ]] ,, {{ `̀ {{ {{ }} }} }} ]]

## OO [[ 11 ]] :: ff [[ `̀ 11 ,, `̀ xx ++ yy ,, `̀ aa ++ ((`̀ bb )) ,, `̀ (( `̀ cc )) ,, `̀ gg [[ xx ]] ,, {{ `̀ {{ {{ }} }} }} ]]

## II [[ 22 ]] :: :: AA pp [[ ff ,, {{ aa ,, bb }} ]]

## OO [[ 22 ]] :: ff [[ aa ,, bb ]]

## II [[ 33 ]] :: :: AA pp [[ `̀ ff ,, {{ aa ,, bb }} ]]

## OO [[ 33 ]] :: ff
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2.4 Lists

Lists are indexed and ordered sets of expressions.

Lists may be input directly in the form{{ [[ iinnddee xx11]] :: vvaalluuee11,, [[ iinnddee xx22]] :: vvaalluuee22,, . . .}} . Entries with delayed
rather than immediate values [3.2] are input with:: :: instead of:: .

If the expressionsiinnddee xxii are successive integers starting at 1, they may be omitted. The list may then be input as
{{ vvaalluuee11,, vvaalluuee22,, . . .}} . Such lists are termed "contiguous".

• LL ii ss tt [7.1]

{{ }} is a zero-length list containing no entries.

List entries may also be specified indirectly through assignments for projections [3.2].

A value in a list may be extracted by a projection [2.3] with its index as a filter. Values corresponding to indices
consisting of null projections [2.3] (as generated by assignments for projections with propertiesTT ii ee rr , FF ll aa tt or
RR ee oo rr [4]) are extracted by sequences of filters.

• AA rr [7.1]

## II [[ 11 ]] :: :: rr :: {{ [[ xx ]] :: aa ,, [[ yy ]] :: :: RR aa nn dd [[ ]] ,, [[ $$ xx ]] :: $$ xx -- 33 }}

## OO [[ 11 ]] :: {{ [[ xx ]] :: aa ,, [[ yy ]] :: :: RR aa nn dd [[ ]] ,, [[ $$ xx ]] :: -- 33 ++ $$ xx }}

## II [[ 22 ]] :: :: tt :: {{ aa ,, bb ,, cc }}

## OO [[ 22 ]] :: {{ aa ,, bb ,, cc }}

## II [[ 33 ]] :: :: tt [[ 55 ]] :: ee

## OO [[ 33 ]] :: ee

## II [[ 44 ]] :: :: tt

## OO [[ 44 ]] :: {{ [[ 55 ]] :: ee ,, [[ 11 ]] :: aa ,, [[ 22 ]] :: bb ,, [[ 33 ]] :: cc }}

## II [[ 55 ]] :: :: tt [[ 44 ]] :: dd

## OO [[ 55 ]] :: dd

## II [[ 66 ]] :: :: tt

## OO [[ 66 ]] :: {{ aa ,, bb ,, cc ,, dd ,, ee }}

## II [[ 77 ]] :: :: LL pp rr [[ {{ {{ }} ,, {{ ,, }} }} ]]

{{ {{ }} ,, {{ NN uu ll ll ,, NN uu ll ll }} }}

## II [[ 88 ]] :: :: rr [[ xx ]] :: bb

## OO [[ 88 ]] :: bb

## II [[ 99 ]] :: :: rr

## OO [[ 99 ]] :: {{ [[ xx ]] :: bb ,, [[ yy ]] :: :: RR aa nn dd [[ ]] ,, [[ $$ xx ]] :: -- 33 ++ $$ xx }}

## II [[ 11 00 ]] :: :: rr [[ xx ]]

## OO [[ 11 00 ]] :: bb

## II [[ 11 11 ]] :: :: rr [[ yy ]]

## OO [[ 11 11 ]] :: 00 .. 77 88 77 77 00 33
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## II [[ 11 22 ]] :: :: rr [[ yy ]]

## OO [[ 11 22 ]] :: 00 .. 77 33 66 77 77

## II [[ 11 33 ]] :: :: rr [[ zz ]]

## OO [[ 11 33 ]] :: -- 33 ++ zz
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2.5 Expressions

Expressions are combinations of symbols, projections and lists.

Parts of expressions are selected by projections [2.3, 7.3].Values in a list are specified by their indices [2.4].Parts
in projections are specified by numerical filters: 00 specifies the projector (which is always in a "held" form [3.5])
and11 ,22 ,33 , . . .  label each of its filters. Numericalcoefficients of symbols and projections are specified by the filter
-- 11 . The00 part of a symbol is the symbol itself, without any associated numerical coefficients.
• NN cc [7.9]
• PP oo ss , DD ii ss [7.3]
• LL [10.4]
• AA tt [7.2]

## II [[ 11 ]] :: :: tt :: {{ [[ xx ]] :: cc ,, [[ yy ]] :: {{ aa 11 ,, aa 22 }} }}

## OO [[ 11 ]] :: {{ [[ xx ]] :: cc ,, [[ yy ]] :: {{ aa 11 ,, aa 22 }} }}

## II [[ 22 ]] :: :: tt [[ yy ]]

## OO [[ 22 ]] :: {{ aa 11 ,, aa 22 }}

## II [[ 33 ]] :: :: tt [[ yy ]] [[ 11 ]]

## OO [[ 33 ]] :: aa 11

## II [[ 44 ]] :: :: tt [[ yy ,, 22 ]]

## OO [[ 44 ]] :: aa 22

## II [[ 55 ]] :: :: uu :: 22 aa -- 33 ff [[ xx ,, yy ˆ̂ 22 ]] // 55

22
33 ff [[ xx ,, yy ]]

## OO [[ 55 ]] :: 22 aa -- -- -- -- -- -- -- -- --
55

## II [[ 66 ]] :: :: uu [[ 11 ]]

## OO [[ 66 ]] :: 22 aa

## II [[ 77 ]] :: :: uu [[ 22 ,, 11 ]]

## OO [[ 77 ]] :: xx

## II [[ 88 ]] :: :: uu [[ 22 ,, 22 ]]

22
## OO [[ 88 ]] :: yy

## II [[ 99 ]] :: :: %% [[ 11 ]]

## OO [[ 99 ]] :: yy

## II [[ 11 00 ]] :: :: uu [[ 00 ]]

## OO [[ 11 00 ]] :: ´́ PP ll uu ss

## II [[ 11 11 ]] :: :: uu [[ 11 ]] [[ 00 ]]

## OO [[ 11 11 ]] :: aa

## II [[ 11 22 ]] :: :: uu [[ 22 ]] [[ 00 ]]

## OO [[ 11 22 ]] :: ´́ ff
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## II [[ 11 33 ]] :: :: uu [[ -- 11 ]]

## OO [[ 11 33 ]] :: 11

## II [[ 11 44 ]] :: :: uu [[ 11 ,, -- 11 ]]

## OO [[ 11 44 ]] :: 22

## II [[ 11 55 ]] :: :: uu [[ 22 ,, -- 11 ]]

## OO [[ 11 55 ]] :: -- 33 // 55

## II [[ 11 66 ]] :: :: uu [[ 55 ]]

## OO [[ 11 66 ]] :: uu [[ 55 ]]

## II [[ 11 77 ]] :: :: PP oo ss [[ xx ,, uu ]]

## OO [[ 11 77 ]] :: {{ {{ 22 ,, 11 }} }}

## II [[ 11 88 ]] :: :: PP oo ss [[ 22 ,, uu ]]

## OO [[ 11 88 ]] :: {{ {{ 22 ,, 22 ,, 22 }} }}

## II [[ 11 99 ]] :: :: DD ii ss [[ uu ]]

22
-- 33 ff [[ xx ,, yy ]]

## OO [[ 11 99 ]] :: {{ [[ 00 ]] :: ´́ PP ll uu ss ,, [[ 11 ]] :: 22 aa ,, [[ 22 ]] :: -- -- -- -- -- -- -- -- -- }}
55

Thenntthh "level" in an expression is the set of parts which may be selected bynn fi lters (whennn is a positive integer).
The "depth" of an expression is one plus the maximum number of filters necessary to specify any part [7.4]. The
-- nnth level in an expression is the set of parts which have depthnn..

A domain is a set of parts in an expression. Domainsmay be specified by a parameterllee vvssppeecc giving the levels at
which its elements may occur (nnii are positive integers):

nn Levels 00 throughnn.

-- nn Levels -- 11 through--nn.

{{ ±±nn}} Level ±±nn.

{{ ±±nn11,, ±±nn22}} Levels ±±nn11 through±±nn22.

{{ -- nn11,, nn22}} The intersection of levels -- 11 through--nn11 and levels 00 throughnn22.

{{ ll11,, ll22,, llee vvccrriitt}} Levels specified by{{ ll11,, ll22}} on which application of the template [2.7]llee vvccrriitt does not
yield false [5].

Domains may also be selected by requiring that application of a template [2.7]ddoommccrriitt to any of their parts should
yield true [5].

Many system-defined projections may carry filters which select particular domains.A repeat countrrpptt is usually
given to specify the number of times an operation is to be performed successively on a particular domain (II nn ff
causes repetition to continue until the domain no longer changes or a processing impasse is reached).A parameter
mmaaxx is used to determine the total maximum number of operations performed on any domain. Thefi lters llee vvssppeecc,
rrpptt, ddoommccrriitt, mmaaxx (or some subset of these) constitute a "domain specification". In treatment of a domain contain-
ing positive lev els, larger subparts of an expression are treated first, following by their progressively smaller sub-
parts. In a domain containing negative lev els, the smallest subparts are treated first. Different parts at the same
level are ordered by their "positions" (the sequences of filters necessary to select them).Whenrrpptt is specified, the
subparts appearing in a domain are re-determined each time the operation is performed.

## II [[ 11 ]] :: :: DD ee pp [[ aa ]]

## OO [[ 11 ]] :: 11
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## II [[ 22 ]] :: :: DD ee pp [[ aa ++ bb ++ cc ]]

## OO [[ 22 ]] :: 22

## II [[ 33 ]] :: :: tt :: aa ++ aa ˆ̂ (( bb cc )) ++ gg [[ gg [[ {{ xx ,, {{ yy ,, zz }} }} ]] ]]

bb cc
## OO [[ 33 ]] :: aa ++ gg [[ gg [[ {{ xx ,, {{ yy ,, zz }} }} ]] ]] ++ aa

## II [[ 44 ]] :: :: DD ee pp [[ tt ]]

## OO [[ 44 ]] :: 66

## II [[ 55 ]] :: :: PP oo ss [[ aa ,, tt ]]

## OO [[ 55 ]] :: {{ {{ 11 }} ,, {{ 33 ,, 11 }} }}

## II [[ 66 ]] :: :: PP oo ss [[ zz ,, tt ]]

## OO [[ 66 ]] :: {{ {{ 22 ,, 11 ,, 11 ,, 22 ,, 22 }} }}

## II [[ 77 ]] :: :: PP oo ss [[ gg ,, tt ]]

## OO [[ 77 ]] :: {{ {{ 22 ,, 00 }} ,, {{ 22 ,, 11 ,, 00 }} }}

## II [[ 88 ]] :: :: MM aa pp [[ ff ,, tt ]]

bb cc
## OO [[ 88 ]] :: ff [[ aa ]] ++ ff [[ gg [[ gg [[ {{ xx ,, {{ yy ,, zz }} }} ]] ]] ]] ++ ff [[ aa ]]

## II [[ 99 ]] :: :: MM aa pp [[ ff ,, tt ,, {{ 22 }} ]]

ff [[ bb cc ]]
## OO [[ 99 ]] :: aa ++ gg [[ ff [[ gg [[ {{ xx ,, {{ yy ,, zz }} }} ]] ]] ]] ++ ff [[ aa ]]

## II [[ 11 00 ]] :: :: MM aa pp [[ ff ,, tt ,, 22 ]]

ff [[ bb cc ]]
## OO [[ 11 00 ]] :: ff [[ aa ]] ++ ff [[ gg [[ ff [[ gg [[ {{ xx ,, {{ yy ,, zz }} }} ]] ]] ]] ]] ++ ff [[ ff [[ aa ]] ]]

## II [[ 11 11 ]] :: :: MM aa pp [[ ff ,, tt ,, II nn ff ]]

## OO [[ 11 11 ]] :: ff [[ aa ]] ++ ff [[ gg [[ ff [[ gg [[ ff [[ {{ ff [[ xx ]] ,, ff [[ {{ ff [[ yy ]] ,, ff [[ zz ]] }} ]] }} ]] ]] ]] ]] ]]

ff [[ ff [[ bb ]] ff [[ cc ]] ]]
++ ff [[ ff [[ aa ]] ]]

## II [[ 11 22 ]] :: :: MM aa pp [[ ff ,, tt ,, {{ -- 11 }} ]]

ff [[ bb ]] ff [[ cc ]]
## OO [[ 11 22 ]] :: ff [[ aa ]] ++ gg [[ gg [[ {{ ff [[ xx ]] ,, {{ ff [[ yy ]] ,, ff [[ zz ]] }} }} ]] ]] ++ ff [[ aa ]]

## II [[ 11 33 ]] :: :: MM aa pp [[ ff ,, tt ,, -- 11 ]]

ff [[ bb ]] ff [[ cc ]]
## OO [[ 11 33 ]] :: ff [[ aa ]] ++ gg [[ gg [[ {{ ff [[ xx ]] ,, {{ ff [[ yy ]] ,, ff [[ zz ]] }} }} ]] ]] ++ ff [[ aa ]]

## II [[ 11 44 ]] :: :: MM aa pp [[ ff ,, tt ,, {{ -- 22 }} ]]

ff [[ bb cc ]]
## OO [[ 11 44 ]] :: aa ++ gg [[ gg [[ {{ xx ,, ff [[ {{ yy ,, zz }} ]] }} ]] ]] ++ aa

## II [[ 11 55 ]] :: :: MM aa pp [[ ff ,, tt ,, -- 22 ]]

ff [[ ff [[ bb ]] ff [[ cc ]] ]]
## OO [[ 11 55 ]] :: ff [[ aa ]] ++ gg [[ gg [[ {{ ff [[ xx ]] ,, ff [[ {{ ff [[ yy ]] ,, ff [[ zz ]] }} ]] }} ]] ]] ++ ff [[ aa ]]
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## II [[ 11 66 ]] :: :: MM aa pp [[ ff ,, tt ,, -- II nn ff ]]

## OO [[ 11 66 ]] :: ff [[ aa ]] ++ ff [[ gg [[ ff [[ gg [[ ff [[ {{ ff [[ xx ]] ,, ff [[ {{ ff [[ yy ]] ,, ff [[ zz ]] }} ]] }} ]] ]] ]] ]] ]]

ff [[ ff [[ bb ]] ff [[ cc ]] ]]
++ ff [[ ff [[ aa ]] ]]

## II [[ 11 77 ]] :: :: MM aa pp [[ ff ,, tt ,, {{ 22 ,, 33 }} ]]

ff [[ ff [[ bb ]] ff [[ cc ]] ]]
## OO [[ 11 77 ]] :: aa ++ gg [[ ff [[ gg [[ ff [[ {{ xx ,, {{ yy ,, zz }} }} ]] ]] ]] ]] ++ ff [[ aa ]]

## II [[ 11 88 ]] :: :: MM aa pp [[ ff ,, tt ,, {{ -- 22 ,, 33 }} ]]

ff [[ ff [[ bb ]] ff [[ cc ]] ]]
## OO [[ 11 88 ]] :: ff [[ aa ]] ++ gg [[ gg [[ {{ xx ,, {{ yy ,, zz }} }} ]] ]] ++ ff [[ aa ]]

## II [[ 11 99 ]] :: :: MM aa pp [[ ff ,, tt ,, {{ 00 ,, II nn ff ,, EE vv ee nn pp }} ]]

ff [[ bb cc ]]
## OO [[ 11 99 ]] :: aa ++ gg [[ ff [[ gg [[ {{ ff [[ xx ]] ,, ff [[ {{ yy ,, zz }} ]] }} ]] ]] ]] ++ ff [[ aa ]]

## II [[ 22 00 ]] :: :: MM aa pp [[ ff ,, tt ,, 00 ]]

bb cc
## OO [[ 22 00 ]] :: aa ++ gg [[ gg [[ {{ xx ,, {{ yy ,, zz }} }} ]] ]] ++ aa

## II [[ 22 11 ]] :: :: MM aa pp [[ ff ,, tt ,, II nn ff ,, ,, $$ xx ]]

## OO [[ 22 11 ]] :: ff [[ aa ,, 11 ]] ++ ff [[ gg [[ ff [[ gg [[ ff [[ {{ ff [[ xx ,, 44 ]] ,, ff [[ {{ ff [[ yy ,, 55 ]] ,, ff [[ zz ,, 55 ]] }} ,, 44 ]] }} ,, 33 ]] ]] ,, 22 ]] ]] ,, 11 ]]

ff [[ ff [[ bb ,, 33 ]] ff [[ cc ,, 33 ]] ,, 22 ]]
++ ff [[ ff [[ aa ,, 22 ]] ,, 11 ]]

## II [[ 22 22 ]] :: :: MM aa pp [[ ff ,, tt ,, -- II nn ff ,, ,, $$ xx ]]

## OO [[ 22 22 ]] :: ff [[ aa ,, -- 11 ]] ++ ff [[ gg [[ ff [[ gg [[ ff [[ {{ ff [[ xx ,, -- 11 ]] ,, ff [[ {{ ff [[ yy ,, -- 11 ]] ,, ff [[ zz ,, -- 11 ]] }} ,, -- 22 ]] }} ,, -- 33 ]] ]] ,, -- 44 ]] ]] ,,

ff [[ ff [[ bb ,, -- 11 ]] ff [[ cc ,, -- 11 ]] ,, -- 22 ]]
-- 55 ]] ++ ff [[ ff [[ aa ,, -- 11 ]] ,, -- 33 ]]

## II [[ 22 33 ]] :: :: ii :: 00 ;; MM aa pp [[ ff [[ $$ xx ,, II nn cc [[ ii ]] ]] ,, tt ]]

bb cc
## OO [[ 22 33 ]] :: ff [[ aa ,, 11 ]] ++ ff [[ gg [[ gg [[ {{ xx ,, {{ yy ,, zz }} }} ]] ]] ,, 22 ]] ++ ff [[ aa ,, 33 ]]

## II [[ 22 44 ]] :: :: ii :: 00 ;; MM aa pp [[ ff [[ $$ xx ,, II nn cc [[ ii ]] ]] ,, tt ,, -- 11 ]]

ff [[ bb ,, 66 ]] ff [[ cc ,, 77 ]]
## OO [[ 22 44 ]] :: ff [[ aa ,, 11 ]] ++ gg [[ gg [[ {{ ff [[ xx ,, 22 ]] ,, {{ ff [[ yy ,, 33 ]] ,, ff [[ zz ,, 44 ]] }} }} ]] ]] ++ ff [[ aa ,, 55 ]]

## II [[ 22 55 ]] :: :: ii :: 00 ;; MM aa pp [[ ff [[ $$ xx ,, II nn cc [[ ii ]] ]] ,, tt ,, II nn ff ]]

## OO [[ 22 55 ]] :: ff [[ aa ,, 11 ]] ++ ff [[ gg [[ ff [[ gg [[ ff [[ {{ ff [[ xx ,, 22 ]] ,, ff [[ {{ ff [[ yy ,, 33 ]] ,, ff [[ zz ,, 44 ]] }} ,, 55 ]] }} ,, 66 ]] ]] ,, 77 ]] ]] ,, 88 ]]

ff [[ ff [[ bb ,, 11 00 ]] ff [[ cc ,, 11 11 ]] ,, 11 22 ]]
++ ff [[ ff [[ aa ,, 99 ]] ,, 11 33 ]]

## II [[ 22 66 ]] :: :: ii :: 00 ;; MM aa pp [[ ff [[ $$ xx ,, II nn cc [[ ii ]] ]] ,, tt ,, -- II nn ff ]]

## OO [[ 22 66 ]] :: ff [[ aa ,, 11 ]] ++ ff [[ gg [[ ff [[ gg [[ ff [[ {{ ff [[ xx ,, 22 ]] ,, ff [[ {{ ff [[ yy ,, 33 ]] ,, ff [[ zz ,, 44 ]] }} ,, 55 ]] }} ,, 66 ]] ]] ,, 77 ]] ]] ,, 88 ]]

ff [[ ff [[ bb ,, 11 00 ]] ff [[ cc ,, 11 11 ]] ,, 11 22 ]]
++ ff [[ ff [[ aa ,, 99 ]] ,, 11 33 ]]

## II [[ 22 77 ]] :: :: MM aa pp [[ ff ,, tt ,, 33 ,, LL ii ss tt pp ]]

bb cc
## OO [[ 22 77 ]] :: aa ++ gg [[ gg [[ ff [[ {{ xx ,, {{ yy ,, zz }} }} ]] ]] ]] ++ aa
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## II [[ 22 88 ]] :: :: MM aa pp [[ ff ,, tt ,, II nn ff ,, LL ii ss tt pp ]]

bb cc
## OO [[ 22 88 ]] :: aa ++ gg [[ gg [[ ff [[ {{ xx ,, ff [[ {{ yy ,, zz }} ]] }} ]] ]] ]] ++ aa

## II [[ 22 99 ]] :: :: MM aa pp [[ ff ,, tt ,, II nn ff ,, ˜̃ II nn [[ zz ,, $$ xx ]] ]]

ff [[ ff [[ bb ]] ff [[ cc ]] ]]
## OO [[ 22 99 ]] :: ff [[ aa ]] ++ ff [[ ff [[ aa ]] ]] ++ gg [[ gg [[ {{ ff [[ xx ]] ,, {{ ff [[ yy ]] ,, zz }} }} ]] ]]

## II [[ 33 00 ]] :: :: ii :: 00 ;; MM aa pp [[ ff [[ $$ xx ,, II nn cc [[ ii ]] ]] ,, tt ,, II nn ff ,, ,, ,, 77 ]]

bb cc
## OO [[ 33 00 ]] :: ff [[ aa ,, 11 ]] ++ gg [[ ff [[ gg [[ ff [[ {{ ff [[ xx ,, 22 ]] ,, ff [[ {{ ff [[ yy ,, 33 ]] ,, ff [[ zz ,, 44 ]] }} ,, 55 ]] }} ,, 66 ]] ]] ,, 77 ]] ]] ++ aa
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2.6 Patterns

A "pattern" or "generic expression" is an expression containing generic symbols [2.2].A pattern represents a pos-
sibly infinite set of expressions, in which arbitrary expressions replace the generic symbols.Every occurrence of a
particular generic symbol in a pattern corresponds to the same expression.

Tw o patterns are considered equivalent if the sets of expressions which they represent are identical; they are liter-
ally equivalent if all their parts are identical.

Determination of literal equivalence takes account of filter reordering [4, 7.7] properties of projections, and of the
correspondence between numerical coefficients [2.5] and explicitMM uu ll tt projections.

A patternpp22 "matches"pp11 if it represents a superset of the expressions represented bypp11 (so thatpp11 may be
obtained by replacing some or all of the generic symbols inpp22). pp11 is then considered "more specific" thanpp22.

MM aa tt cc hh [[ ee xxpprr22,, ee xxpprr11]]
yields00 if ee xxpprr22 does not matchee xxpprr11, 11 if ee xxpprr22 is equivalent toee xxpprr11, or a list of replacements for generic
symbols inee xxpprr22 necessary to obtainee xxpprr11.

## II [[ 11 ]] :: :: MM aa tt cc hh [[ xx ˆ̂ 22 ,, xx ˆ̂ 22 ]]

## OO [[ 11 ]] :: 11

## II [[ 22 ]] :: :: MM aa tt cc hh [[ xx ˆ̂ 22 ,, yy ˆ̂ 22 ]]

## OO [[ 22 ]] :: 00

## II [[ 33 ]] :: :: MM aa tt cc hh [[ $$ xx ˆ̂ 22 ,, $$ yy ˆ̂ 22 ]]

## OO [[ 33 ]] :: {{ $$ xx -- >> $$ yy }}

## II [[ 44 ]] :: :: MM aa tt cc hh [[ $$ xx ˆ̂ 22 ,, yy ˆ̂ 22 ]]

## OO [[ 44 ]] :: {{ $$ xx -- >> yy }}

## II [[ 55 ]] :: :: MM aa tt cc hh [[ yy ˆ̂ 22 ,, $$ xx ˆ̂ 22 ]]

## OO [[ 55 ]] :: 00

## II [[ 66 ]] :: :: MM aa tt cc hh [[ $$ xx ˆ̂ 22 ,, (( aa ++ bb )) ˆ̂ 22 ]]

## OO [[ 66 ]] :: {{ $$ xx -- >> aa ++ bb }}

## II [[ 77 ]] :: :: MM aa tt cc hh [[ ff [[ $$ xx ]] ,, ff [[ xx ]] ]]

## OO [[ 77 ]] :: {{ $$ xx -- >> xx }}

## II [[ 88 ]] :: :: MM aa tt cc hh [[ ff [[ $$ xx ]] ,, ff [[ xx ,, yy ]] ]]

## OO [[ 88 ]] :: 00

## II [[ 99 ]] :: :: MM aa tt cc hh [[ ff [[ $$ xx ,, $$ yy ]] ,, ff [[ xx ,, aa ++ bb ]] ]]

## OO [[ 99 ]] :: {{ $$ xx -- >> xx ,, $$ yy -- >> aa ++ bb }}

## II [[ 11 00 ]] :: :: MM aa tt cc hh [[ $$ xx ˆ̂ $$ xx ,, xx ˆ̂ xx ]]

## OO [[ 11 00 ]] :: {{ $$ xx -- >> xx }}

## II [[ 11 11 ]] :: :: MM aa tt cc hh [[ $$ xx ˆ̂ $$ xx ,, xx ˆ̂ yy ]]

## OO [[ 11 11 ]] :: 00

## II [[ 11 22 ]] :: :: MM aa tt cc hh [[ {{ $$ xx ,, aa }} ,, {{ xx ++ yy ,, aa }} ]]

## OO [[ 11 22 ]] :: {{ $$ xx -- >> xx ++ yy }}
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## II [[ 11 33 ]] :: :: MM aa tt cc hh [[ {{ [[ xx ]] :: $$ aa }} ,, {{ [[ xx ]] :: bb ++ cc }} ]]

## OO [[ 11 33 ]] :: {{ $$ aa -- >> bb ++ cc }}

## II [[ 11 44 ]] :: :: MM aa tt cc hh [[ {{ [[ $$ xx ]] :: aa }} ,, {{ [[ xx ]] :: aa }} ]]

## OO [[ 11 44 ]] :: {{ $$ xx -- >> xx }}

## II [[ 11 55 ]] :: :: MM aa tt cc hh [[ ff [[ $$ xx ,, $$ yy ,, $$ xx ]] ,, ff [[ aa ,, bb ++ cc ,, aa ]] ]]

## OO [[ 11 55 ]] :: {{ $$ xx -- >> aa ,, $$ yy -- >> bb ++ cc }}

## II [[ 11 66 ]] :: :: MM aa tt cc hh [[ ff [[ $$ xx ,, $$ yy ,, $$ xx ]] ,, ff [[ aa ,, bb ++ cc ,, dd ]] ]]

## OO [[ 11 66 ]] :: 00

## II [[ 11 77 ]] :: :: MM aa tt cc hh [[ $$ ff [[ $$ xx ]] ,, ff [[ xx ]] ]]

## OO [[ 11 77 ]] :: {{ $$ ff -- >> (( ´́ ff )) ,, $$ xx -- >> xx }}

## II [[ 11 88 ]] :: :: MM aa tt cc hh [[ $$ xx aa ,, 22 aa ]]

## OO [[ 11 88 ]] :: {{ $$ xx -- >> 22 }}

## II [[ 11 99 ]] :: :: MM aa tt cc hh [[ bb cc $$ xx ,, aa bb cc ]]

## OO [[ 11 99 ]] :: {{ $$ xx -- >> aa }}

## II [[ 22 00 ]] :: :: hh __ :: CC oo mm mm

## OO [[ 22 00 ]] :: CC oo mm mm

## II [[ 22 11 ]] :: :: MM aa tt cc hh [[ hh [[ $$ xx ,, aa ]] ,, hh [[ aa ,, bb ]] ]]

## OO [[ 22 11 ]] :: {{ $$ xx -- >> bb }}

## II [[ 22 22 ]] :: :: MM aa tt cc hh [[ ff [[ $$ xx ,, aa ]] ,, ff [[ aa ,, bb ]] ]]

## OO [[ 22 22 ]] :: 00

## II [[ 22 33 ]] :: :: rr [[ xx ]] :: aa ˆ̂ xx

xx
## OO [[ 22 33 ]] :: aa

## II [[ 22 44 ]] :: :: rr [[ yy ]]

## OO [[ 22 44 ]] :: rr [[ yy ]]

## II [[ 22 55 ]] :: :: rr [[ $$ xx ]] :: bb ˆ̂ $$ xx

$$ xx
## OO [[ 22 55 ]] :: bb

## II [[ 22 66 ]] :: :: {{ rr [[ yy ]] ,, rr [[ aa ++ bb ]] }}

yy aa ++ bb
## OO [[ 22 66 ]] :: {{ bb ,, bb }}

## II [[ 22 77 ]] :: :: rr

xx $$ xx
## OO [[ 22 77 ]] :: {{ [[ xx ]] :: aa ,, [[ $$ xx ]] :: bb }}

## II [[ 22 88 ]] :: :: SS [[ ff [[ xx ˆ̂ 22 ,, yy ˆ̂ 22 ,, xx ˆ̂ 33 ]] ,, $$ xx ˆ̂ 22 -- >> hh [[ $$ xx ]] ]]

33
## OO [[ 22 88 ]] :: ff [[ hh [[ xx ]] ,, hh [[ yy ]] ,, xx ]]
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## II [[ 22 99 ]] :: :: PP oo ss [[ $$ xx ˆ̂ $$ yy ,, ff [[ xx ˆ̂ 22 ,, yy ˆ̂ 22 ,, xx ˆ̂ 33 ,, zz ]] ]]

## OO [[ 22 99 ]] :: {{ {{ 11 }} ,, {{ 22 }} ,, {{ 33 }} }}

## II [[ 33 00 ]] :: :: $$ xx ff [[ $$ xx ]] :: hh pp [[ $$ xx ]]

## OO [[ 33 00 ]] :: hh pp [[ $$ xx ]]

## II [[ 33 11 ]] :: :: {{ aa bb ff [[ aa ]] ,, 22 aa ff [[ 22 ]] ,, 22 ff [[ 22 ]] ,, xx ˆ̂ 22 ff [[ yy ˆ̂ 22 ]] aa yy ˆ̂ 22 }}

22 22
## OO [[ 33 11 ]] :: {{ bb hh pp [[ aa ]] ,, 22 aa ff [[ 22 ]] ,, 22 ff [[ 22 ]] ,, aa xx hh pp [[ yy ]] }}

## II [[ 33 22 ]] :: :: MM aa tt cc hh [[ aa ++ cc ,, aa ++ bb ++ cc ++ dd ]]

## OO [[ 33 22 ]] :: 00

## II [[ 33 33 ]] :: :: aa ++ cc :: pp

## OO [[ 33 33 ]] :: pp

## II [[ 33 44 ]] :: :: aa ++ bb ++ cc ++ dd

## OO [[ 33 44 ]] :: bb ++ dd ++ pp

## II [[ 33 55 ]] :: :: aa .. $$ xx :: jj [[ $$ xx ]]

## OO [[ 33 55 ]] :: jj [[ $$ xx ]]

## II [[ 33 66 ]] :: :: {{ xx .. aa .. bb .. yy ,, aa .. xx .. yy ,, aa .. xx }}

## OO [[ 33 66 ]] :: {{ xx .. jj [[ bb ]] .. yy ,, jj [[ xx ]] .. yy ,, jj [[ xx ]] }}

## II [[ 33 77 ]] :: :: aa ** $$ xx :: jj pp [[ $$ xx ]]

## OO [[ 33 77 ]] :: jj pp [[ $$ xx ]]

## II [[ 33 88 ]] :: :: {{ xx aa bb yy ,, aa xx yy ,, aa xx }}

## OO [[ 33 88 ]] :: {{ xx yy jj pp [[ bb ]] ,, yy jj pp [[ xx ]] ,, jj pp [[ xx ]] }}

A patternpp22 matchespp11 if the simplified form ofpp22 after replacement of generic symbols is literally equivalent to
pp11.. However, for at least one occurrence of each generic symbol inpp22 the necessary replacement must follow
from literal comparison withpp11 (and must thus appear as an explicit part ofpp11).

## II [[ 11 ]] :: :: MM aa tt cc hh [[ ff [[ $$ xx ,, 11 -- $$ xx ]] ,, ff [[ xx ,, 11 -- xx ]] ]]

## OO [[ 11 ]] :: {{ $$ xx -- >> xx }}

## II [[ 22 ]] :: :: MM aa tt cc hh [[ ff [[ $$ xx ,, 11 -- $$ xx ]] ,, ff [[ xx ++ yy ,, 11 -- xx -- yy ]] ]]

## OO [[ 22 ]] :: {{ $$ xx -- >> xx ++ yy }}

## II [[ 33 ]] :: :: MM aa tt cc hh [[ ff [[ $$ xx ,, 11 -- $$ xx ]] ,, ff [[ 33 ,, -- 22 ]] ]]

## OO [[ 33 ]] :: {{ $$ xx -- >> 33 }}

## II [[ 44 ]] :: :: MM aa tt cc hh [[ ff [[ $$ xx ++ $$ yy ,, $$ xx -- $$ yy ]] ,, ff [[ 22 ,, 00 ]] ]]

## OO [[ 44 ]] :: 00

## II [[ 55 ]] :: :: MM aa tt cc hh [[ ff [[ $$ xx ++ $$ yy ,, $$ xx ,, $$ yy ]] ,, ff [[ 22 ,, 11 ,, 11 ]] ]]

## OO [[ 55 ]] :: {{ $$ xx -- >> 11 ,, $$ yy -- >> 11 }}

## II [[ 66 ]] :: :: qq [[ $$ aa ++ $$ bb ,, gg [[ $$ aa ,, $$ bb ]] ]] :: hh [[ $$ aa ,, $$ bb ]]

## OO [[ 66 ]] :: hh [[ $$ aa ,, $$ bb ]]
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## II [[ 77 ]] :: :: {{ qq [[ 77 ,, gg [[ 33 ,, 44 ]] ]] ,, qq [[ aa ˆ̂ 22 ++ bb ˆ̂ 22 -- 11 ,, gg [[ aa ˆ̂ 22 -- 22 ,, bb ˆ̂ 22 ++ 11 ]] ]] ,, qq [[ aa ,, gg [[ bb ,, cc ]] ]] }}

22 22
## OO [[ 77 ]] :: {{ hh [[ 33 ,, 44 ]] ,, hh [[ -- 22 ++ aa ,,11 ++ bb ]] ,, qq [[ aa ,, gg [[ bb ,, cc ]] ]] }}

## II [[ 88 ]] :: :: hh __ :: CC oo mm mm

## OO [[ 88 ]] :: CC oo mm mm

## II [[ 99 ]] :: :: hh [[ $$ aa ,, $$ aa ++ 11 ]] :: hh pp [[ $$ aa ]]

## OO [[ 99 ]] :: hh pp [[ $$ aa ]]

## II [[ 11 00 ]] :: :: {{ hh [[ 44 ,, 33 ]] ,, hh [[ 22 ,, 33 ]] ,, hh [[ bb ,, aa ]] ,, hh [[ aa ,, bb ]] }}

## OO [[ 11 00 ]] :: {{ hh pp [[ 33 ]] ,, hh pp [[ 22 ]] ,, hh [[ aa ,, bb ]] ,, hh [[ aa ,, bb ]] }}

The value tt of the property [4]__ $$ xx[[ GG ee nn ]] restricts all occurrences of the generic symbolxx to match only those
expressions on which application of the templatett yields "true" [5].

## II [[ 11 ]] :: :: __ $$ ii

## OO [[ 11 ]] :: {{ [[ GG ee nn ]] :: 11 }}

## II [[ 22 ]] :: :: __ $$ ii [[ GG ee nn ]] :: II nn tt pp

## OO [[ 22 ]] :: II nn tt pp

## II [[ 33 ]] :: :: gg [[ $$ ii ]] :: 22 $$ ii

## OO [[ 33 ]] :: 22 $$ ii

## II [[ 44 ]] :: :: gg [[ xx ]] ++ gg [[ 44 ]]

## OO [[ 44 ]] :: 88 ++ gg [[ xx ]]

ppaatt __ == ccoonndd or GG ee nn [[ ppaatt,, ccoonndd]]
represents a pattern equivalent toppaatt, but restricted to match only those expressions for whichccoonndd is deter-
mined to be true [5] after necessary replacements for generic symbols.

## II [[ 11 ]] :: :: ff [[ $$ nn __ == II nn tt pp [[ $$ nn ]] && $$ nn >> 00 ]] :: $$ nn !!

## OO [[ 11 ]] :: $$ nn !!

## II [[ 22 ]] :: :: ff [[ 22 ]] ++ ff [[ -- 33 ]] ++ ff [[ xx ]]

## OO [[ 22 ]] :: 22 ++ ff [[ -- 33 ]] ++ ff [[ xx ]]

## II [[ 33 ]] :: :: gg [[ $$ xx ,, $$ yy __ == $$ xx ++ $$ yy >> 00 ]] :: tt [[ $$ xx ,, $$ yy ]]

## OO [[ 33 ]] :: tt [[ $$ xx ,, $$ yy ]]

## II [[ 44 ]] :: :: gg [[ xx ,, yy ]] ++ gg [[ -- 11 ,, 00 ]] ++ gg [[ 55 ,, 11 ]]

## OO [[ 44 ]] :: gg [[ -- 11 ,, 00 ]] ++ gg [[ xx ,, yy ]] ++ tt [[ 55 ,, 11 ]]

## II [[ 55 ]] :: :: uu [[ $$ xx __ == NN cc [[ $$ xx ]] << 00 ]] :: -- uu [[ -- $$ xx ]]

## OO [[ 55 ]] :: -- uu [[ -- $$ xx ]]

## II [[ 66 ]] :: :: uu [[ -- xx ]] ++ uu [[ aa ++ bb ]] ++ uu [[ uu [[ -- 77 ]] ]]

## OO [[ 66 ]] :: -- uu [[ xx ]] -- uu [[ uu [[ 77 ]] ]] ++ uu [[ aa ++ bb ]]

Multi-generic symbols [2.2] are a special class of generic symbols which represent sequences of expressions, cor-
responding to null projections [2.3] of any length. In a projection (or list), the sequence of filters matched by a
multi-generic symbol is terminated when all subsequent filters can be otherwise matched. For projections with
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CC oo mm mm or RR ee oo rr [4] properties, all but one multi-generic symbol is taken to match a zero-length sequence of
expressions[[ ]] . In a projection from a projectorff with propertyFF ll aa tt [4], a multi-generic symbol matches a
sequence of filters corresponding to a further projection fromff. Although this further projection may be consid-
ered as a single filter in the original projection, it is not represented by a single ordinary generic symbol.

## II [[ 11 ]] :: :: MM aa tt cc hh [[ ff [[ $$ xx ]] ,, ff [[ xx ,, yy ]] ]]

## OO [[ 11 ]] :: 00

## II [[ 22 ]] :: :: MM aa tt cc hh [[ ff [[ $$ $$ xx ]] ,, ff [[ xx ,, yy ]] ]]

## OO [[ 22 ]] :: {{ $$ $$ xx -- -- >> [[ xx ,, yy ]] }}

## II [[ 33 ]] :: :: MM aa tt cc hh [[ ff [[ $$ $$ xx ,, ww ,, $$ $$ zz ]] ,, ff [[ aa ,, bb ,, ww ,, zz ]] ]]

## OO [[ 33 ]] :: {{ $$ $$ zz -- -- >> [[ zz ]] ,, $$ $$ xx -- -- >> [[ aa ,, bb ]] }}

## II [[ 44 ]] :: :: MM aa tt cc hh [[ ff [[ $$ $$ xx ,, ww ,, $$ $$ zz ]] ,, ff [[ aa ,, ww ,, cc ,, ww ,, zz ]] ]]

## OO [[ 44 ]] :: {{ $$ $$ zz -- -- >> [[ cc ,, ww ,, zz ]] ,, $$ $$ xx -- -- >> [[ aa ]] }}

## II [[ 55 ]] :: :: MM aa tt cc hh [[ ff [[ $$ $$ xx ,, ww ,, $$ $$ zz ]] ,, ff [[ aa ,, bb ,, cc ,, ww ]] ]]

## OO [[ 55 ]] :: {{ $$ $$ zz -- -- >> [[ ]] ,, $$ $$ xx -- -- >> [[ aa ,, bb ,, cc ]] }}

## II [[ 66 ]] :: :: MM aa tt cc hh [[ ff [[ $$ $$ xx ,, ww ,, $$ $$ zz ]] ,, ff [[ ww ]] ]]

## OO [[ 66 ]] :: {{ $$ $$ zz -- -- >> [[ ]] ,, $$ $$ xx -- -- >> [[ ]] }}

## II [[ 77 ]] :: :: MM aa tt cc hh [[ ff [[ $$ $$ xx ,, $$ xx ]] ,, ff [[ aa ,, bb ,, cc ,, dd ]] ]]

## OO [[ 77 ]] :: {{ $$ xx -- >> dd ,, $$ $$ xx -- -- >> [[ aa ,, bb ,, cc ]] }}

## II [[ 88 ]] :: :: MM aa tt cc hh [[ ff [[ $$ $$ xx ,, $$ xx ,, $$ yy ]] ,, ff [[ aa ,, bb ,, cc ,, dd ]] ]]

## OO [[ 88 ]] :: {{ $$ xx -- >> cc ,, $$ yy -- >> dd ,, $$ $$ xx -- -- >> [[ aa ,, bb ]] }}

## II [[ 99 ]] :: :: MM aa tt cc hh [[ ff [[ $$ $$ xx ,, $$ xx ,, $$ yy ]] ,, ff [[ aa ,, bb ]] ]]

## OO [[ 99 ]] :: {{ $$ xx -- >> aa ,, $$ yy -- >> bb ,, $$ $$ xx -- -- >> [[ ]] }}

## II [[ 11 00 ]] :: :: MM aa tt cc hh [[ ff [[ $$ $$ xx ,, $$ xx ,, $$ yy ]] ,, ff [[ aa ]] ]]

## OO [[ 11 00 ]] :: 00

## II [[ 11 11 ]] :: :: MM aa tt cc hh [[ ff [[ $$ $$ xx ,, $$ $$ yy ]] ,, ff [[ aa ,, bb ,, cc ,, dd ]] ]]

## OO [[ 11 11 ]] :: {{ $$ $$ yy -- -- >> [[ aa ,, bb ,, cc ,, dd ]] ,, $$ $$ xx -- -- >> [[ ]] }}

## II [[ 11 22 ]] :: :: MM aa tt cc hh [[ ff [[ $$ $$ xx ,, aa ,, $$ $$ xx ]] ,, ff [[ bb ,, cc ,, aa ,, bb ,, cc ]] ]]

## OO [[ 11 22 ]] :: {{ $$ $$ xx -- -- >> [[ bb ,, cc ]] }}

## II [[ 11 33 ]] :: :: MM aa tt cc hh [[ ff [[ $$ $$ xx ,, aa ,, $$ $$ xx ]] ,, ff [[ bb ,, cc ,, aa ,, bb ,, dd ]] ]]

## OO [[ 11 33 ]] :: 00

## II [[ 11 44 ]] :: :: MM aa tt cc hh [[ ff [[ $$ $$ xx ,, aa ,, $$ $$ yy ]] ,, ff [[ aa ,, bb ,, cc ,, dd ,, ee ]] ]]

## OO [[ 11 44 ]] :: {{ $$ $$ yy -- -- >> [[ bb ,, cc ,, dd ,, ee ]] ,, $$ $$ xx -- -- >> [[ ]] }}

## II [[ 11 55 ]] :: :: MM aa tt cc hh [[ ff [[ $$ xx ]] ,, ff [[ xx ]] ]]

## OO [[ 11 55 ]] :: {{ $$ xx -- >> xx }}

## II [[ 11 66 ]] :: :: MM aa tt cc hh [[ ff [[ $$ $$ xx ]] ,, ff [[ xx ]] ]]

## OO [[ 11 66 ]] :: {{ $$ $$ xx -- -- >> [[ xx ]] }}
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## II [[ 11 77 ]] :: :: pp aa ll :: ff [[ $$ $$ xx __ == LL ii ss tt [[ $$ $$ xx ]] == RR ee vv [[ LL ii ss tt [[ $$ $$ xx ]] ]] ]]

## OO [[ 11 77 ]] :: ff [[ $$ $$ xx __ == (( LL ii ss tt [[ $$ $$ xx ]] == RR ee vv [[ LL ii ss tt [[ $$ $$ xx ]] ]] )) ]]

## II [[ 11 88 ]] :: :: MM aa tt cc hh [[ pp aa ll ,, ff [[ aa ,, bb ,, aa ]] ]]

## OO [[ 11 88 ]] :: {{ $$ $$ xx -- -- >> [[ aa ,, bb ,, aa ]] }}

## II [[ 11 99 ]] :: :: MM aa tt cc hh [[ pp aa ll ,, ff [[ aa ,, bb ,, bb ]] ]]

## OO [[ 11 99 ]] :: 00

## II [[ 22 00 ]] :: :: gg __ :: CC oo mm mm

## OO [[ 22 00 ]] :: CC oo mm mm

## II [[ 22 11 ]] :: :: MM aa tt cc hh [[ gg [[ $$ $$ xx ,, cc ]] ,, gg [[ aa ,, cc ,, xx ,, yy ]] ]]

## OO [[ 22 11 ]] :: {{ $$ $$ xx -- -- >> [[ aa ,, xx ,, yy ]] }}

## II [[ 22 22 ]] :: :: MM aa tt cc hh [[ gg [[ $$ $$ xx ,, $$ xx ]] ,, gg [[ aa ,, bb ,, cc ,, dd ]] ]]

## OO [[ 22 22 ]] :: {{ $$ xx -- >> aa ,, $$ $$ xx -- -- >> [[ bb ,, cc ,, dd ]] }}

## II [[ 22 33 ]] :: :: MM aa tt cc hh [[ gg [[ $$ $$ xx ,, $$ xx ,, $$ yy ]] ,, gg [[ aa ,, bb ,, cc ,, dd ]] ]]

## OO [[ 22 33 ]] :: {{ $$ xx -- >> aa ,, $$ yy -- >> bb ,, $$ $$ xx -- -- >> [[ cc ,, dd ]] }}

## II [[ 22 44 ]] :: :: MM aa tt cc hh [[ gg [[ $$ $$ xx ,, $$ xx __ == NN aa tt pp [[ $$ xx ]] ]] ,, gg [[ aa ,, 22 ,, bb ,, cc ]] ]]

## OO [[ 22 44 ]] :: {{ $$ xx -- >> 22 ,, $$ $$ xx -- -- >> [[ aa ,, bb ,, cc ]] }}

## II [[ 22 55 ]] :: :: MM aa tt cc hh [[ gg [[ $$ $$ xx ,, ww ,, $$ $$ yy ]] ,, gg [[ aa ,, bb ,, ww ,, zz ]] ]]

## OO [[ 22 55 ]] :: {{ $$ $$ xx -- -- >> [[ aa ,, bb ,, zz ]] }}

## II [[ 22 66 ]] :: :: hh __ :: FF ll aa tt

## OO [[ 22 66 ]] :: FF ll aa tt

## II [[ 22 77 ]] :: :: MM aa tt cc hh [[ hh [[ $$ $$ xx ]] ,, hh [[ aa ,, bb ,, cc ]] ]]

## OO [[ 22 77 ]] :: {{ $$ $$ xx -- >> hh [[ aa ,, bb ,, cc ]] }}

## II [[ 22 88 ]] :: :: MM aa tt cc hh [[ hh [[ $$ $$ xx ]] ,, hh [[ aa ]] ]]

## OO [[ 22 88 ]] :: {{ $$ $$ xx -- >> hh [[ aa ]] }}

## II [[ 22 99 ]] :: :: MM aa tt cc hh [[ hh [[ aa ,, $$ $$ xx ]] ,, hh [[ aa ,, bb ]] ]]

## OO [[ 22 99 ]] :: {{ $$ $$ xx -- >> hh [[ bb ]] }}

## II [[ 33 00 ]] :: :: MM aa tt cc hh [[ hh [[ aa ,, $$ $$ xx ]] ,, hh [[ aa ]] ]]

## OO [[ 33 00 ]] :: 00

## II [[ 33 11 ]] :: :: pp [[ $$ xx $$ yy ]] :: pp [[ $$ xx ]] ++ pp [[ $$ yy ]]

## OO [[ 33 11 ]] :: pp [[ $$ xx ]] ++ pp [[ $$ yy ]]

## II [[ 33 22 ]] :: :: {{ pp [[ aa bb ]] ,, pp [[ aa bb cc ]] }}

## OO [[ 33 22 ]] :: {{ pp [[ aa ]] ++ pp [[ bb ]] ,, pp [[ aa bb cc ]] }}

## II [[ 33 33 ]] :: :: qq [[ $$ xx $$ $$ xx ]] :: qq [[ $$ xx ]] ++ qq [[ $$ $$ xx ]]

## OO [[ 33 33 ]] :: qq [[ $$ $$ xx ]] ++ qq [[ $$ xx ]]

## II [[ 33 44 ]] :: :: {{ qq [[ aa bb ]] ,, qq [[ aa bb cc ]] ,, qq [[ aa bb cc dd ]] }}

## OO [[ 33 44 ]] :: {{ qq [[ aa ]] ++ qq [[ bb ]] ,, qq [[ aa ]] ++ qq [[ bb ]] ++ qq [[ cc ]] ,, qq [[ aa ]] ++ qq [[ bb ]] ++ qq [[ cc ]] ++ qq [[ dd ]] }}
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## II [[ 33 55 ]] :: :: SS [[ aa .. bb .. aa .. cc .. dd .. aa ,, aa .. $$ $$ xx .. aa -- >> rr [[ $$ $$ xx ]] ]]

## OO [[ 33 55 ]] :: rr [[ bb ]] .. cc .. dd .. aa
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2.7 Templates

A templatett is an expression specifying an action to be taken on a set of expressions {ss11 , ss22 , . . .}.

The result from an application oftt depends on its structure:

number orNN uu ll ll tt

pattern Thevalue of tt obtained by replacement of generic symbolsddii occurring in it by any corre-
spondingssii. The association ofssii with ddii is determined by first sorting theddii into canoni-
cal order. If any of theddii are multi-generic symbols, the first is paired with the maximal
set ofssii. Any unpairedddii are left unreplaced.

`̀ uu or MM aa rr kk [[ uu]] uu.

other expression tt[[ ss11,, ss22,, . . .]] .

• AA pp [7.2]

All operations represented by templates may equivalently be specified by suitable lists: templates are provided for ease of use
in simple cases.

## II [[ 11 ]] :: :: AA pp [[ 33 ,, {{ aa ,, bb }} ]]

## OO [[ 11 ]] :: 33

## II [[ 22 ]] :: :: AA pp [[ ff [[ $$ xx ,, $$ yy ]] ,, {{ aa ,, bb }} ]]

## OO [[ 22 ]] :: ff [[ aa ,, bb ]]

## II [[ 33 ]] :: :: AA pp [[ ff [[ $$ yy ,, $$ xx ]] ,, {{ aa ,, bb }} ]]

## OO [[ 33 ]] :: ff [[ bb ,, aa ]]

## II [[ 44 ]] :: :: AA pp [[ ff [[ $$ yy ]] ,, {{ aa ,, bb }} ]]

## OO [[ 44 ]] :: ff [[ aa ]]

## II [[ 55 ]] :: :: AA pp [[ ff [[ $$ zz ,, $$ yy ,, $$ xx ]] ,, {{ aa ,, bb }} ]]

## OO [[ 55 ]] :: ff [[ $$ zz ,, bb ,, aa ]]

## II [[ 66 ]] :: :: AA pp [[ ff [[ $$ xx ,, $$ xx ,, $$ yy ]] ** gg [[ $$ yy ˆ̂ $$ yy ]] ,, {{ aa ,, bb }} ]]

bb
## OO [[ 66 ]] :: ff [[ aa ,, aa ,, bb ]] gg [[ bb ]]

## II [[ 77 ]] :: :: AA pp [[ ff [[ $$ $$ xx ]] ,, {{ aa ,, bb }} ]]

## OO [[ 77 ]] :: ff [[ aa ,, bb ]]

## II [[ 88 ]] :: :: AA pp [[ ff [[ $$ $$ xx ,, 11 ,, $$ $$ xx ]] ,, {{ aa ,, bb }} ]]

## OO [[ 88 ]] :: ff [[ aa ,, bb ,, 11 ,, aa ,, bb ]]

## II [[ 99 ]] :: :: AA pp [[ $$ ff [[ $$ xx ]] ,, {{ gg ,, yy }} ]]

## OO [[ 99 ]] :: gg [[ yy ]]

## II [[ 11 00 ]] :: :: AA pp [[ `̀ (( xx ++ yy )) ,, {{ aa ,, bb }} ]]

## OO [[ 11 00 ]] :: xx ++ yy

## II [[ 11 11 ]] :: :: AA pp [[ (( xx ++ yy )) ,, {{ aa ,, bb }} ]]

## OO [[ 11 11 ]] :: PP rr oo jj [[ xx ++ yy ,, {{ aa ,, bb }} ]]
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## II [[ 11 22 ]] :: :: AA pp [[ ff ,, {{ aa ,, bb }} ]]

## OO [[ 11 22 ]] :: ff [[ aa ,, bb ]]

## II [[ 11 33 ]] :: :: AA pp [[ {{ aa 11 ,, aa 22 ,, aa 33 ,, aa 44 ,, aa 55 }} ,, {{ 33 }} ]]

## OO [[ 11 33 ]] :: aa 33

## II [[ 11 44 ]] :: :: AA rr [[ 55 ,, ff ]]

## OO [[ 11 44 ]] :: {{ ff [[ 11 ]] ,, ff [[ 22 ]] ,, ff [[ 33 ]] ,, ff [[ 44 ]] ,, ff [[ 55 ]] }}

## II [[ 11 55 ]] :: :: AA rr [[ 55 ,, `̀ ff ]]

## OO [[ 11 55 ]] :: {{ ff ,, ff ,, ff ,, ff ,, ff }}

## II [[ 11 66 ]] :: :: AA rr [[ 55 ,, ff [[ $$ xx ]] ]]

## OO [[ 11 66 ]] :: {{ ff [[ 11 ]] ,, ff [[ 22 ]] ,, ff [[ 33 ]] ,, ff [[ 44 ]] ,, ff [[ 55 ]] }}

## II [[ 11 77 ]] :: :: AA rr [[ 55 ,, `̀ ff [[ $$ xx ]] ]]

## OO [[ 11 77 ]] :: {{ ff [[ $$ xx ]] ,, ff [[ $$ xx ]] ,, ff [[ $$ xx ]] ,, ff [[ $$ xx ]] ,, ff [[ $$ xx ]] }}

## II [[ 11 88 ]] :: :: AA rr [[ {{ 22 ,, 33 }} ,, $$ yy ˆ̂ $$ xx ]]

## OO [[ 11 88 ]] :: {{ {{ 11 ,, 22 ,, 33 }} ,, {{ 11 ,, 44 ,, 99 }} }}
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2.8 Chameleonicexpressions

A chameleonic expression is an expression containing chameleonic symbols [2.2]. If a chameleonic expression is
assigned as a delayed value [3.2], then each chameleonic symbol which it contains is given a unique new name
whenever the value is used.
• MM aa kk ee [10.5]

## II [[ 11 ]] :: :: tt :: :: ff [[ ## ## aa ,, ## ## bb ]] -- ## ## cc

## OO [[ 11 ]] :: ´́ ff [[ ## ## aa ,, ## ## bb ]] -- ## ## cc

## II [[ 22 ]] :: :: tt

## OO [[ 22 ]] :: -- ## 33 ++ ff [[ ## 11 ,, ## 22 ]]

## II [[ 33 ]] :: :: tt -- tt

## OO [[ 33 ]] :: -- ## 66 ++ ##99 ++ ff [[ ## 44 ,, ## 55 ]] -- ff [[ ## 77 ,, ## 88 ]]
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2.9 Commentaryinput

Any input (including⊂⊂nnee wwlliinnee⊃⊃´s) between// ** and ** // is treated as commentary, and is not processed.Com-
ments may be nested.

## II [[ 11 ]] :: :: aa ++ //** bb ee gg ii nn cc oo mm mm ee nn tt 11
// ** nn ee ss tt ee dd cc oo mm mm ee nn tt ** //

ee nn dd cc oo mm mm ee nn tt 11 ** // bb ++ \\
// ** cc oo mm mm ee nn tt 22 ** // \\
cc

## OO [[ 11 ]] :: aa ++ bb ++ cc
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2.10 Inputforms

input form projection grouping

(( xx)) (parentheses)
{{ xx11,, xx22,, xx33,, . . .}} (list)
{{[[ ii11]]:: xx11,,[[ ii22]]:: xx22,, . . .}} (list)
xx11**ˆ̂ xx22 xx11 ** 11 00ˆ̂ xx22 (( xx11**ˆ̂ xx22))**ˆ̂ xx33
@@xx ##OO[[ xx]]
__xx PPrroopp[[ xx]]
ff[[ xx11,, xx22,, xx33]] (projection) ff[[ xx11,, xx22,, xx33]] (( __ ff[[TTiieerr]]::00))

(((( ff[[ xx11]]))[[ xx22]]))[[ xx33]] (( __ ff[[TTiieerr]]::11))
[[ xx11,, xx22,, xx33]] NN pp[[ xx11,, xx22,, xx33]] [[ xx11,, xx22,, xx33]]
<<xx GGeett[[ xx]]
xx!! !! DD ffccttll[[ xx]] (( xx!!!!))!!
xx!! FF ccttll[[ xx]]
xx11.. xx22.. xx33 DDoott[[ xx11,, xx22,, xx33]] xx11.. xx22.. xx33
xx11 **** xx22 **** xx33 OOmmuulltt[[ xx11,, xx22,, xx33]] xx11 **** xx22 **** xx33
xx11ˆ̂ xx22 PPooww[[ xx11,, xx22]] xx11ˆ̂(( xx22ˆ̂ xx33))
-- xx MMuulltt[[--11,, xx]]
xx11// xx22 DDiivv[[ xx11,, xx22]] (( xx11// xx22))// xx33
xx11 ** xx22 ** xx33 MMuulltt[[ xx11,, xx22,, xx33]] xx11 ** xx22 ** xx33 (see also below)
xx11 ++ xx22 ++ xx33 PPlluuss[[ xx11,, xx22,, xx33]] xx11 ++ xx22 ++ xx33
xx11 -- xx22 ++ xx33 PPlluuss[[ xx11,,-- xx22,, xx33]] xx11 ++ (( -- xx22)) ++ xx33
xx11 == xx22 EEqq[[ xx11,, xx22]] See note below
xx11 ˜̃== xx22 UUnneeqq[[ xx11,, xx22]] See note below
xx11 >> xx22 GGtt[[ xx11,, xx22]] See note below
xx11 >>== xx22 GGee[[ xx11,, xx22]] See note below
xx11 << xx22 GGtt[[ xx22,, xx11]] See note below
xx11 <<== xx22 GGee[[ xx22,, xx11]] See note below
˜̃ xx NNoott[[ xx]]
xx11 && xx22 && xx33 AAnndd[[ xx11,, xx22,, xx33]] xx11 && xx22 && xx33
xx11 || xx22 || xx33 OOrr[[ xx11,, xx22,, xx33]] xx11 || xx22 || xx33
xx11 |||| xx22 |||| xx33 XXoorr[[ xx11,, xx22,, xx33]] xx11 |||| xx22 |||| xx33
xx11 ==>> xx22 IImmpp[[ xx11,, xx22]] xx11==>>(( xx22==>>xx33))
xx11 __== xx22 GGeenn[[ xx11,, xx22]] (( xx11 __== xx22)) __ == xx33
xx11 .... xx22 SSeeqq[[ xx11,, xx22]] (( xx11 .... xx22)) .. .. xx33
xx11 :: xx22 SSeett[[ xx11,, xx22]] xx11 :: (( xx22 :: xx33))
xx :: SS eett[[ xx]]
xx11 :::: xx22 SSeettdd[[ xx11,, xx22]] xx11 :: :: (( xx22 :::: xx33))
xx11 -->> xx22 RReepp[[ xx11,, xx22]] xx11 -- >> (( xx22 -->> xx33))
xx11 ---->> xx22 RReeppdd[[ xx11,, xx22]] xx11 ---- >> (( xx22 ---->> xx33))
xx11 __:: xx22 PPrrsseett[[ xx11,, xx22]] xx11 __:: (( xx22 __:: xx33))
xx11 __ xx22 TTyysseett[[ xx11,, xx22]] xx11 __ (( xx22 __ xx33))
xx11 ::== xx22 SSxxsseett[[ xx11,, xx22]] xx11 :: == (( xx22 ::== xx33))
xx11 :: == SS xxsseett[[ xx11]]
xx11;; xx22;; xx33 PPrroocc[[ xx11,, xx22,, xx33]] xx11;; xx22;; xx33
xx11;; xx22;; . . .;; xxnn;; PP rroocc[[ xx11,, xx22,, . . .,, xxnn,,]] xx11;; xx22;; . . . xxnn;;
!! xx (pre-simplification)
´́ xx HHoolldd[[ xx]]
`̀ xx MMaarrkk[[ xx]]
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Forms given in the same box have the same precedence; the boxes are in order of decreasing precedence.

If @@ is a form with precedence higher than##, thenx1 @@ x2 ## x3 is treated as (x1 @@ x2) ## x3, while x1
## x2 @@ x3 is treated asx1 ## (x2 @@ x3).

#I[1]:: x+yˆ2*a

2
#O[1]: x + a y

#I[2]:: (x+y)ˆ(2*a)

2a
#O[2]: (x + y )

#I[3]:: a/b*c - d /e/f + kˆ-u*-v - xˆyˆz

z
-d a c - u y

#O[3]: --- + - -- - k v - x
e f  b

#I[4]:: {a+b:c, a+(b:c)}

#O[4]: {c,a + c }

#I[5]:: {`a:b+c, (`a):b+c}

#O[5]: {` 2c,2c}

#I[6]:: {@4[1], @(4[1])}

#O[6]: {c,#O[Proj[4,{1}]]}

#I[7]:: {3+0>1, 3+(0>1)}

#O[7]: {1,3}

#I[8]:: {k::(1;2), k::1;2}

#O[8]: {´ 1 ; 2 ,2}

#I[9]:: {1>0&1>0, 1>(0&1)>0}

#O[9]: {1,0}

#I[10]:: h1_:Tier

#O[10]: Tier

#I[11]:: {h1[x][y][z], h2[x][y][z]}

#O[11]: {Proj[Proj[h1[x],{y}],{z}],h2[x,y,z]}

#I[12]:: {-1ˆ(1/2),a*-b,aˆ-b,-2!}

2 -c - c
#O[12]: {-1,-2 c , 2 c ,-2}

#I[13]:: {100*ˆ-1!, (100*ˆ-1)!}

#O[13]: {10,3.62880*ˆ6}

The last column of the table indicates how multiple appearances of the same form are grouped. When no paren-
theses appear, the corresponding projection isFlat [4,7.7]. Thesegroupings also govern the treatment of differ-
ent forms with the same precedence.
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#I[1]:: {a/b/c, a/(b/c)}

a a c
#O[1]: {---,---}

b c  b

#I[2]:: {aˆbˆc, (aˆb)ˆc}

c
b b c

#O[2]: {a ,a }

#I[3]:: a:b:c

#O[3]: c

#I[4]:: {a,b}

#O[4]: {c,c}

#I[5]:: a_b_c_type

#O[5]: type

#I[6]:: {S[x,x->y->z], S[x,(x->y)->z]}

#O[6]: {y -> z,x}

#I[7]:: {3!!!, (3!)!!}

#O[7]: {6,48}

Combinations of the relational operators [5]=, ˜= , >, >=, <, and <= may be input together; if# and## represent
input forms for two such operators, thenx1 # x2 ## x3 is treated as( x1 # x2) & ( x2 ## x3) . Howev er, x1 ˜=
x2 ˜= x3 is treated as( x1 ˜= x2) & ( x2 ˜= x3) & ( x1 ˜= x3) ; in general, combinations of the formexpr1
˜= expr2 ˜= expr3 ˜= . . .  assert inequality of all theexpri.

#I[1]:: x<y

#O[1]: y > x

#I[2]:: x=y=z<3

#O[2]: x = y & y = z & 3 > z

#I[3]:: a˜=b˜=c˜=17

#O[3]: a ˜= 17 & a ˜= b & a ˜= c & b ˜= 17 & b ˜= c & c ˜= 17

Products may be input without explicit * when their terms are suitably distinguished.For any numbersn, symbols
s andf and expressionsx the following input forms are taken as products:

n n  s n f[ x] n ( x) n { x} n
ns s s f[ x] s ( x) s { x} s
nf[ x] s f[ x] f[ x] f[ x] ( x) f[ x] { x} f[ x]
n( x) s( x) f[ x]( x) ( x)( x) { x}( x)
n{ x} s{ x} f[ x]{ x} ( x){ x} { x}{ x}

Precedence of such forms is as when explicit* are given.

#I[1]:: 22 2 3

#O[1]: 132
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#I[2]:: {2a/4, a2/4}

#O[2]: {a/2,a2/4}

#I[3]:: {3f[x]4, 3 4 f[x], 34f[x]}

#O[3]: {12f[x],12f[x],34f[x]}

#I[4]:: c(x+y) + 2(x+y)(y+z)ˆ3 + g[x]f[x]ˆ2

3 2
#O[4]: c (x + y) + 2(x + y) (y + z) + f [x] g[x]

#I[5]:: a/2b

a b
#O[5]: ---

2

#I[6]:: a/(2b)

a
#O[6]: --

2b

#I[7]:: aˆ2bˆc

2 c
#O[7]: a b

#I[8]:: 2{{a,b},{c,d}}

#O[8]: {{2a,2b},{2c,2d}}

#I[9]:: {a,b}{c,d}

#O[9]: {a c,b d}

The symbolNull [2.2] may be input as a blank when it appears as the value of an entry in a list, or as a filter in a
projection given in standard form. Hence f[] is equivalent to f[Null] and g[,,] to
g[Null,Null,Null] .

#I[1]:: Lpr[f[] + g [,,1,2,,3,]]

f[Null] + g[Null,Null,1,2,Null,3,Null]

#I[2]:: Lpr[{a,{,b,,c,},}]

{a,{Null,b,Null,c,Null},Null}

#I[3]:: Lpr[{}]

{}
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2.11 Syntaxmodification

cc:= dd or SS xx ss ee tt [[ cccc,, dddd,, (ccllaassss : 00 ),, (pprr eecc : 00 )]]
assigns the name⊂⊂cccc⊃⊃ of the symbolcccc to be replaced textually on input by⊂⊂dddd⊃⊃ according to one of the
following classes of transformations

0 ⊂⊂cccc⊃⊃ → ⊂⊂dddd⊃⊃
1 ⊂⊂cccc⊃⊃ xx → ⊂⊂dddd⊃⊃[[ xx]]

2 xx ⊂⊂cccc⊃⊃ → ⊂⊂dddd⊃⊃[[ xx]]

3 xx11 ⊂⊂cccc⊃⊃ xx22 ⊂⊂cccc⊃⊃ xx33 → ⊂⊂dddd⊃⊃[[ xx11,, xx22,, xx33]]

4 xx11 ⊂⊂cccc⊃⊃ xx22 → ⊂⊂dddd⊃⊃[[ xx11,, xx22]]
xx11 ⊂⊂cccc⊃⊃ xx22 ⊂⊂cccc⊃⊃ xx33 → ⊂⊂dddd⊃⊃[[ xx11,, ⊂⊂dddd⊃⊃[[ xx22,, xx33]] ]]

5 xx11 ⊂⊂cccc⊃⊃ xx22 → ⊂⊂dddd⊃⊃[[ xx11,, xx22]]
xx11 ⊂⊂cccc⊃⊃ xx22 ⊂⊂cccc⊃⊃ xx33 → ⊂⊂dddd⊃⊃[[ ⊂⊂dddd⊃⊃[[ xx11,, xx22]] ,, xx33]]

and with precedencepprr eecc.. Te xtual replacements are performed before input expressions are simplified.
Input text, excluding any strings enclosed in " ", is scanned once only from the beginning, and at each point,
textual replacements for the longest possible character strings are made.Transformations 1 through 5 may
carry precedences from11 to 33 : 11 is the same asII nn pp uu tt , 22 asPP ll uu ss and33 asII nn ff oo .

cccc:: == or SS xx ss ee tt [[ cccc]] removes any textual replacements assigned forcccc.

SS xx ss ee tt [[ ]] removes all assignments for textual replacements.

## II [[ 11 ]] :: :: ii nn :: == oo uu tt

## OO [[ 11 ]] :: oo uu tt

## II [[ 22 ]] :: :: {{ ii nn ,, ii nn ii nn ,, ii nn ii nn ,, ii nn ii nn ii nn }}

22
## OO [[ 22 ]] :: {{ oo uu tt ,, oo uu tt ,, oo uu tt oo uu tt ,, oo uu tt oo uu tt oo uu tt }}

## II [[ 33 ]] :: :: "" )) (( "" :: == ww ww ww

## OO [[ 33 ]] :: ww ww ww

## II [[ 44 ]] :: :: )) (( ˆ̂ )) ((

ww ww ww
## OO [[ 44 ]] :: ww ww ww

## II [[ 55 ]] :: :: {{ 22 (( )) (( ++ 11 )) ,, aa )) (( ,, aa )) (( ,, aa ))(( ))(( )) (( )) (( }}

22
## OO [[ 55 ]] :: {{ 22 (( 11 ++ ww ww ww )) ,, aa ww ww ww ,, aa ww ww ww ,, aa ww ww ww ww ww ww ww ww ww }}

## II [[ 66 ]] :: :: (( aa ++ bb )) (( cc ++ dd ))

## OO [[ 66 ]] :: aa ++ bb ww ww ww cc ++ dd

## II [[ 77 ]] :: :: (( aa ++ bb )) (( cc ++ dd ))

## OO [[ 77 ]] :: (( aa ++ bb)) ((cc ++ dd ))

## II [[ 88 ]] :: :: (( aa ++ bb "" )) (( "" cc ++ dd ))

## OO [[ 88 ]] :: aa ++ dd ++ bb cc "" )) (( ""

## II [[ 99 ]] :: :: "" ++ ++ "" :: == "" @@ ""

## OO [[ 99 ]] :: "" @@ ""
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## II [[ 11 00 ]] :: :: {{ ++ ++ xx ,, ++ ++ 11 }}

## OO [[ 11 00 ]] :: {{ ## OO [[ xx ]] ,, oo uu tt }}

## II [[ 11 11 ]] :: :: "" .. "" :: == xx

## OO [[ 11 11 ]] :: xx

## II [[ 11 22 ]] :: :: "" .. .. "" :: == yy

## OO [[ 11 22 ]] :: yy

## II [[ 11 33 ]] :: :: "" .. .. .. "" :: == zz

## OO [[ 11 33 ]] :: zz

## II [[ 11 44 ]] :: :: {{ .. ,, .. .. ,, .. .. .. ,, .. .. .. .. ,, .. .. .. .. .. ,, .. .. .. .. .. .. ,, .. .. .. .. .. .. .. ,, .. .. .. .. .. .. .. .. ,, .. .. .. .. .. .. .. .. .. }}

## OO [[ 11 44 ]] :: {{ xx ,, yy ,, zz ,, zz xx ,, zz yy ,, zz zz ,, zz zz xx ,, zz zz yy ,, zz zz zz }}

## II [[ 11 55 ]] :: :: "" "" :: == "" ++ ""

## OO [[ 11 55 ]] :: "" ++ ""

## II [[ 11 66 ]] :: :: {{ aa bb ,, 22 33 ,, aa bb ,, 22 33 ,, aa bb }}

## OO [[ 11 66 ]] :: {{ aa bb ,, 66 ,, aa ++ bb ,, 55 ,, aa ++ bb }}

## II [[ 11 77 ]] :: :: "" ** "" :: == "" ˆ̂ ""

## OO [[ 11 77 ]] :: "" ˆ̂ ""

## II [[ 11 88 ]] :: :: {{ aa ** bb ,, aa bb ,, aa ˆ̂ bb }}

bb bb
## OO [[ 11 88 ]] :: {{ aa ,, aa bb ,, aa }}

## II [[ 11 99 ]] :: :: "" ˆ̂ "" :: == "" ** ""

## OO [[ 11 99 ]] :: "" ** ""

## II [[ 22 00 ]] :: :: {{ aa ** bb ,, aa bb ,, aa ˆ̂ bb ,, aa ** bb ** cc ,, aa ˆ̂ bb ˆ̂ cc }}

cc
bb bb

## OO [[ 22 00 ]] :: {{ aa ,, aa bb ,, aa bb ,, aa ,, aa bb cc }}

## II [[ 22 11 ]] :: :: "" ˆ̂ "" :: ==

## II [[ 22 22 ]] :: :: aa ˆ̂ bb

bb
## OO [[ 22 22 ]] :: aa

## II [[ 22 33 ]] :: :: SS xx ss ee tt [[ ]]

## II [[ 22 44 ]] :: :: aa ** bb

## OO [[ 22 44 ]] :: aa bb

## II [[ 22 55 ]] :: :: SS xx ss ee tt [[ "" ++ ++ "" ,, OO pp ll uu ss ,, 55 ,, 22 ]]

## OO [[ 22 55 ]] :: OO pp ll uu ss

## II [[ 22 66 ]] :: :: {{ aa ++ bb ,, aa ++ ++ bb ,, aa ++ ++ bb ++ ++ cc ,, aa ++ ++ bb cc }}

## OO [[ 22 66 ]] :: {{ aa ++ bb ,, OO pp ll uu ss [[ aa ,, bb ]] ,, OO pp ll uu ss [[ aa ,, OO pp ll uu ss [[ bb ,, cc ]] ]] ,, OO pp ll uu ss [[ aa ,, bb cc ]] }}

## II [[ 22 77 ]] :: :: SS xx ss ee tt [[ "" ˆ̂ ˆ̂ "" ,, OO pp oo ww ,, 55 ,, 11 ]]

## OO [[ 22 77 ]] :: OO pp oo ww
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## II [[ 22 88 ]] :: :: {{ aa ˆ̂ ˆ̂ bb ,, aa ˆ̂ ˆ̂ bb cc ,, aa ˆ̂ ˆ̂ bb ++ ++ cc ,, aa ˆ̂ ˆ̂ bb !! }}

## OO [[ 22 88 ]] :: {{ OO pp oo ww [[ aa ,, bb ]] ,, cc OO pp oo ww [[ aa ,, bb ]] ,, OO pp oo ww [[ aa ,, OO pp ll uu ss [[ bb ,, cc ]] ]] ,, OO pp oo ww [[ aa ,, bb ]] !! }}
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2.12 Outputforms

Most input forms are also used for output.

Parentheses are omitted in output when the required groupings follow the precedences of forms given in [2.10].

Common additional output forms:

MM uu ll tt [[ xx 11 ,, xx 22 ,, xx 33 ]] xx 11 xx 22 xx 33

xx 11
DD ii vv [[ xx 11 ,, xx 22 ]] -- --

xx 22

xx 22
PP oo ww [[ xx 11 ,, xx 22 ]] xx 11

The output form of the projectionPP ll oo tt [10.2] is a "plot".

FF mm tt andSS xx are printed in a special formatted form.

Assignment of aPP rr property [4] defines a special output form for a projection.

The presence of special forms in an output expression is indicated by** at the beginning of the output.The
labelling of parts in such special output forms may not be manifest.A direct and unambiguous representation of
any expression is printed byLL pp rr [10.1].

• LL [10.4]

## II [[ 11 ]] :: :: PP ss [[ EE xx pp [[ xx ]] ,, xx ,, 00 ,, 44 ]]

22 33 44
xx xx xx

## OO [[ 11 ]] :: ** 11 ++ xx ++ ---- ++ ---- ++ -- --
22 66 22 44

## II [[ 22 ]] :: :: LL pp rr [[ %% ]]

PP ss [[ 11 ,, xx ,, 00 ,, {{ 00 ,, 44 }} ,, {{ [[ 00 ]] :: 11 ,, [[ 11 ]] :: 11 ,, [[ 22 ]] :: 11 // 22 ,, [[ 33 ]] :: 11 // 66 ,, [[ 44 ]] :: 11 // 22 44 }} ]]
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3.1 Automaticsimplification

Any input expression is automatically "simplified" to the maximum extent possible. Unless further assignments are
made, the resulting output expression can be simplified no further; if it is input again, it will be output unchanged.

## II [[ 11 ]] :: :: aa :: bb

## OO [[ 11 ]] :: bb

## II [[ 22 ]] :: :: bb :: cc

## OO [[ 22 ]] :: cc

## II [[ 33 ]] :: :: aa

## OO [[ 33 ]] :: cc

## II [[ 44 ]] :: :: aa ++ 11

## OO [[ 44 ]] :: 11 ++ cc

## II [[ 55 ]] :: :: cc :: dd

## OO [[ 55 ]] :: dd

## II [[ 66 ]] :: :: aa

## OO [[ 66 ]] :: dd

Even if part of an expression is apparently meaningless, no message is printed; that part is merely returned without
further simplification. Processingimpasses occur if simplification apparently requires infinite time or memory
space.

## II [[ 11 ]] :: :: ff [[ xx ]] ++ 00 ˆ̂ 00

00
## OO [[ 11 ]] :: ff [[ xx ]] ++ 00

## II [[ 22 ]] :: :: 00 ˆ̂ 00 :: 11

## OO [[ 22 ]] :: 11

## II [[ 33 ]] :: :: @@ 11

## OO [[ 33 ]] :: 11 ++ ff [[ xx ]]

## II [[ 44 ]] :: :: ff [[ xx ]] :: aa

## OO [[ 44 ]] :: aa

## II [[ 55 ]] :: :: @@ 11

## OO [[ 55 ]] :: 11 ++ aa

## II [[ 66 ]] :: :: ff [[ $$ xx ]] :: ff [[ $$ xx -- 11 ]] ++ 11

## OO [[ 66 ]] :: 11 ++ ff [[ -- 11 ++ $$ xx ]]

## II [[ 77 ]] :: :: ff [[ 11 00 ]]

<< mm ee mm oo rr yy nn ee aa rr ll yy ee xx hh aa uu ss tt ee dd >>



3.1 SMPREFERENCE MANUAL / Fundamental operations 3.1

The simplification of expressions proceeds as follows:

Numbers Ordinarynumbers remain unchanged.

Symbols Asymbol is replaced by the simplified form of any value assigned [3.2] to it.

Projections

1. Eachfi lter is simplified in turn, unless the value (kk) of any correspondingSS mm pp property
carried by the projector is00 . (Future parallel-processing implementations may not respect this
ordering.) The simplification of a filter is carried out until its value no longer changes, or
until any projectors not carrying propertyRR ee cc have appeared recursively at mostkk times
(see below). If any filter is found to be extended [4] with respect to the projector, then the
projection is replaced or encased as specified in the relevant property list [4].

2. Projectionswith FF ll aa tt , CC oo mm mm or RR ee oo rr properties [4, 7.7] are cast into canonical form.
If the projector carries the propertySS yy ss [4] built-in simplification routines are invoked
for system-defined projections. External programs are used when applicable if the pro-
jector carries the propertyCC oo nn ss [4, 10.7].

3. If a valuevv has been assigned for the projector, then the filters of the projection are used
in an attempt to select a part ofvv. The filters are used together if the projector carries the
propertiesTT ii ee rr , FF ll aa tt , CC oo mm mm or RR ee oo rr . If the required part is present, any necessary
replacements for generic symbols are performed (and values defined by generic assign-
ments [3.2] are inserted); the projection is then replaced by the simplified value of the
part. Whenvv is a list, its entries are scanned sequentially until one is found whose indices
match [2.6] the filters of the projection. Sequences of filters in the projection are used
together in matching null projections appearing as list indices.FF ll aa tt , CC oo mm mm, and RR ee oo rr
properties are accounted for in this matching process.

Lists Immediatevalues [3.2] for entries of a list are simplified in turn. Indices are not simplified.

## II [[ 11 ]] :: :: aa 11 :: aa 22

## OO [[ 11 ]] :: aa 22

## II [[ 22 ]] :: :: aa 11

## OO [[ 22 ]] :: aa 22

## II [[ 33 ]] :: :: ff [[ PP rr [[ 11 ]] ,, PP rr [[ 11 ++ 11 ]] ,, PP rr [[ 33 ]] ]]

11
22
33

## OO [[ 33 ]] :: ff [[ 11 ,, 22 ,, 33 ]]

## II [[ 44 ]] :: :: __ ff [[ SS mm pp ]] :: 00

## OO [[ 44 ]] :: 00

## II [[ 55 ]] :: :: ff [[ PP rr [[ 11 ]] ,, PP rr [[ 11 ++ 11 ]] ,, PP rr [[ 33 ]] ]]

## OO [[ 55 ]] :: ff [[ PP rr [[ 11 ]] ,, PP rr [[ 11 ++ 11 ]] ,, PP rr [[ 33 ]] ]]

## II [[ 66 ]] :: :: __ jj [[ EE xx tt rr ,, hh ]] :: hh 11

## OO [[ 66 ]] :: hh 11

## II [[ 77 ]] :: :: hh [[ aa ,, bb ]] ++ hh [[ jj ,, aa ]] ++ hh [[ jj [[ bb ]] ]]

## OO [[ 77 ]] :: hh [[ aa ,, bb ]] ++ hh 11 [[ jj [[ bb ]] ]] ++ hh 11 [[ jj ,, aa ]]
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## II [[ 88 ]] :: :: jj __ :: FF ll aa tt

## OO [[ 88 ]] :: FF ll aa tt

## II [[ 99 ]] :: :: jj [[ jj [[ aa ]] ,, jj [[ bb ,, jj [[ cc ]] ]] ]]

## OO [[ 99 ]] :: jj [[ aa ,, bb ,, cc ]]

## II [[ 11 00 ]] :: :: vv :: bb ˆ̂ cc ++ aa ++ dd

cc
## OO [[ 11 00 ]] :: aa ++ dd ++ bb

## II [[ 11 11 ]] :: :: vv [[ 33 ,, 11 ]] ++ vv [[ 55 ]]

## OO [[ 11 11 ]] :: bb ++ vv [[ 55 ]]

## II [[ 11 22 ]] :: :: vv :: {{ [[ 00 ]] :: aa ,, [[ $$ xx ]] :: 11 // $$ xx }}

11
## OO [[ 11 22 ]] :: {{ [[ 00 ]] :: aa ,, [[ $$ xx ]] :: -- -- }}

$$ xx

## II [[ 11 33 ]] :: :: vv [[ 00 ]] ++ vv [[ xx ]] ++ vv [[ yy ]]

11 11
## OO [[ 11 33 ]] :: aa ++ -- ++ --

xx yy

## II [[ 11 44 ]] :: :: vv pp :: {{ [[ $$ xx ]] :: 11 // $$ xx ,, [[ 00 ]] :: aa }}

11
## OO [[ 11 44 ]] :: {{ [[ $$ xx ]] :: -- -- ,, [[ 00 ]] :: aa }}

$$ xx

## II [[ 11 55 ]] :: :: vv pp [[ 00 ]] ++ vv pp [[ xx ]] ++ vv pp [[ yy ]]

11 11 11
## OO [[ 11 55 ]] :: -- ++ -- ++ --

00 xx yy

## II [[ 11 66 ]] :: :: aa ** cc :: tt 11

## OO [[ 11 66 ]] :: tt 11

## II [[ 11 77 ]] :: :: MM uu ll tt

## OO [[ 11 77 ]] :: {{ [[ [[ aa ,, cc ]] ]] :: tt 11 }}

## II [[ 11 88 ]] :: :: aa ** bb ** cc

## OO [[ 11 88 ]] :: bb tt 11

## II [[ 11 99 ]] :: :: {{ [[ PP rr [[ ii 11 ]] ]] :: PP rr [[ vv 11 ]] ,, [[ PP rr [[ ii 22 ]] ]] :: :: PP rr [[ vv 22 ]] ,, [[ PP rr [[ ii 33 ]] ]] :: PP rr [[ vv 33 ]] }}

vv 11
vv 33

## OO [[ 11 99 ]] :: {{ [[ PP rr [[ ii 11 ]] ]] :: vv 11 ,, [[ PP rr [[ ii 22 ]] ]] :: :: PP rr [[ vv 22 ]] ,, [[ PP rr [[ ii 33 ]] ]] :: vv 33 }}

Whenever an expression to which an immediate value has been assigned (through:: [3.2]) is simplified, the old
value is replaced by the new simplif ied form. Delayed values (assigned by:: :: [3.2]) are simplified whenever they
are required, but are not replaced by the resulting simplified forms.

## II [[ 11 ]] :: :: aa :: bb ;; bb :: cc

## OO [[ 11 ]] :: cc
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## II [[ 22 ]] :: :: aa pp :: :: bb

## OO [[ 22 ]] :: ´́ bb

## II [[ 33 ]] :: :: {{ aa ,, aa pp }}

## OO [[ 33 ]] :: {{ cc ,, cc }}

## II [[ 44 ]] :: :: bb :: dd

## OO [[ 44 ]] :: dd

## II [[ 55 ]] :: :: {{ aa ,, aa pp }}

## OO [[ 55 ]] :: {{ cc ,, dd }}

## II [[ 66 ]] :: :: ff 11 [[ $$ xx ]] :: DD [[ $$ xx ,, xx ]]

## OO [[ 66 ]] :: 00

## II [[ 77 ]] :: :: ff 22 [[ $$ xx ]] :: :: DD [[ $$ xx ,, xx ]]

## OO [[ 77 ]] :: ´́ DD [[ $$ xx ,, xx ]]

## II [[ 88 ]] :: :: {{ ff 11 [[ xx ˆ̂ 22 ]] ,, ff 22 [[ xx ˆ̂ 22 ]] }}

## OO [[ 88 ]] :: {{ 00 ,, 22 xx }}

## II [[ 99 ]] :: :: ff [[ $$ xx ]] :: :: ff [[ $$ xx ]] :: ff [[ $$ xx -- 11 ]] ++ ff [[ $$ xx -- 22 ]]

## OO [[ 99 ]] :: ´́ ff [[ $$ xx ]] :: ff [[ $$ xx -- 11]] ++ ff [[ $$ xx -- 22 ]]

## II [[ 11 00 ]] :: :: ff [[ 11 ]] :: ff [[ 00 ]] :: 11

## OO [[ 11 00 ]] :: 11

## II [[ 11 11 ]] :: :: ff

## OO [[ 11 11 ]] :: {{ [[ 11 ]] :: 11 ,, [[ 00 ]] :: 11 ,, [[ $$ xx ]] :: :: ff [[ $$ xx ]] :: ff [[ $$ xx -- 11]] ++ ff [[ $$ xx -- 22 ]] }}

## II [[ 11 22 ]] :: :: ff [[ 11 00 ]]

## OO [[ 11 22 ]] :: 88 99

## II [[ 11 33 ]] :: :: ff

## OO [[ 11 33 ]] :: {{ [[ 11 00 ]] :: 88 99 ,, [[ 99 ]] :: 55 55 ,, [[ 88 ]] :: 33 44 ,, [[ 77 ]] :: 22 11 ,, [[ 66 ]] :: 11 33 ,, [[ 55 ]] :: 88 ,, [[ 44 ]] :: 55 ,,

[[ 33 ]] :: 33 ,, [[ 22 ]] :: 22 ,, [[ 11 ]] :: 11 ,, [[ 00 ]] :: 11 ,,

[[ $$ xx ]] :: :: ff [[ $$ xx ]] :: ff [[ $$ xx -- 11]] ++ ff [[ $$ xx -- 22 ]] }}

Simplification of a projection may involve further projections from the same projector (recursion). Unless a projec-
tor gg carries the propertyRR ee cc , it may appear recursively at mostkk times in the simplification of a filter in a projec-
tion from ff before steps 2 and 3 in the simplification of theff projection are performed. The value ofkk for a particu-
lar filter is determined by the value of any correspondingSS mm pp property forff. The default isII nn ff , causing each
fi lter to be simplified until it no longer changes, regardless of the number of recursive appearances ofgg. Other val-
ues ofkk allow steps 2 and 3 in the simplification of the projection fromff to be performed even though the filter
may not be "completely simplified". Whenkk is 00 , the filter is left entirely unsimplified. TheSS mm pp properties of
projectors such asMM uu ll tt andPP ll uu ss have value11 since simplifications of their projections are valid regardless of
the state of simplification of their filters.

## II [[ 11 ]] :: :: gg [[ $$ xx ]] :: $$ xx gg [[ $$ xx -- 11 ]]

## OO [[ 11 ]] :: $$ xx gg [[ -- 11 ++ $$ xx ]]
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## II [[ 22 ]] :: :: gg

## OO [[ 22 ]] :: {{ [[ $$ xx ]] :: $$ xx gg [[ -- 11 ++ $$ xx ]] }}

## II [[ 33 ]] :: :: gg [[ 11 00 ]]

## OO [[ 33 ]] :: 00

## II [[ 44 ]] :: :: gg [[ 11 ]] :: 11

## OO [[ 44 ]] :: 11

## II [[ 55 ]] :: :: gg [[ 11 00 ]]

## OO [[ 55 ]] :: 33 66 22 88 88 00 00

## II [[ 11 ]] :: :: MM uu ll tt __ :: TT rr aa cc ee

## OO [[ 11 ]] :: TT rr aa cc ee

## II [[ 22 ]] :: :: __ MM uu ll tt [[ SS mm pp ]]

## OO [[ 22 ]] :: 11

## II [[ 33 ]] :: :: gg [[ $$ xx ]] :: $$ xx gg [[ $$ xx -- 11 ]]

$$ xx gg [[ -- 11 ++ $$ xx ]]

## OO [[ 33 ]] :: $$ xx gg [[ -- 11 ++ $$ xx ]]

## II [[ 44 ]] :: :: gg

$$ xx gg [[ -- 11 ++ $$ xx ]]

## OO [[ 44 ]] :: {{ [[ $$ xx ]] :: $$ xx gg [[ -- 11 ++ $$ xx ]] }}

## II [[ 55 ]] :: :: gg [[ 55 ]]

55 ((44 gg [[ -- 11 ++ 44 ]] ))

33 ((22 gg [[ -- 11 ++ 22 ]] ))

11 ((00 gg [[ -- 11 ++ 00 ]] ))

## OO [[ 55 ]] :: 00

## II [[ 66 ]] :: :: gg [[ 11 ]] :: 11

## OO [[ 66 ]] :: 11

## II [[ 77 ]] :: :: gg [[ 55 ]]

55 ((44 gg [[ -- 11 ++ 44 ]] ))

33 ((22 gg [[ -- 11 ++ 22 ]] ))

## OO [[ 77 ]] :: 11 22 00

## II [[ 88 ]] :: :: hh [[ $$ xx ]] :: :: $$ xx hh [[ PP rr [[ $$ xx -- 11 ]] ]]

## OO [[ 88 ]] :: ´́ $$xx hh [[ PP rr [[ $$ xx -- 11 ]] ]]

## II [[ 99 ]] :: :: __ MM uu ll tt [[ SS mm pp ]] :: II nn ff

## OO [[ 99 ]] :: II nn ff
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## II [[ 11 00 ]] :: :: hh [[ 55 ]]

44
33
22
11
00
-- 11
-- 22
-- 33
-- 44
⊂⊂qquuiitt iinntteerrrruupptt⊃⊃
<< qq uu ii tt >>

## II [[ 11 11 ]] :: :: hh [[ 11 ]] :: 11

## OO [[ 11 11 ]] :: 11

## II [[ 11 22 ]] :: :: hh [[ 55 ]]

44
33
22
11

22 11

33 22

44 66

55 22 44

## OO [[ 11 22 ]] :: 11 22 00

## II [[ 11 33 ]] :: :: ff [[ $$ xx ]] :: :: ff [[ $$ xx -- 11 ]] ++ ff [[ $$ xx -- 22 ]]

## OO [[ 11 33 ]] :: ´́ ff [[ $$ xx -- 11]] ++ ff [[ $$ xx -- 22 ]]

## II [[ 11 44 ]] :: :: ff [[ 00 ]] :: ff [[ 11 ]] :: 11

## OO [[ 11 44 ]] :: 11

## II [[ 11 55 ]] :: :: PP ll uu ss __ :: TT rr aa cc ee

## OO [[ 11 55 ]] :: TT rr aa cc ee

## II [[ 11 66 ]] :: :: ff [[ 55 ]]

55 -- 11

55 -- 22

(( ff [[ 44 -- 11]] ++ ff [[ 44 -- 22 ]] )) ++ (( ff [[ 33 -- 11]] ++ ff [[ 33 -- 22 ]] ))



3.1 SMPREFERENCE MANUAL / Fundamental operations 3.1

33 -- 22

33 -- 11

22 -- 11

22 -- 22

11 ++ 11

44 -- 22

22 -- 11

22 -- 22

11 ++ 11

44 -- 11

33 -- 11

33 -- 22

(( ff [[ 22 -- 11]] ++ ff [[ 22 -- 22 ]] )) ++ 11

11 ++ 22 ++ 22 ++ ((11 ++ ff [[ 22 -- 22]] ++ ff [[ 22 -- 11 ]] ))

22 -- 22

22 -- 11

66 ++ 11 ++ 11

## OO [[ 11 66 ]] :: 88

## II [[ 11 77 ]] :: :: ff __ :: RR ee cc

## OO [[ 11 77 ]] :: RR ee cc

## II [[ 11 88 ]] :: :: ff [[ 55 ]]

55 -- 11

44 -- 11

33 -- 11

22 -- 11

22 -- 22

11 ++ 11

33 -- 22

22 ++ 11

44 -- 22

22 -- 11

22 -- 22

11 ++ 11

33 ++ 22

55 -- 22

33 -- 11
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22 -- 11

22 -- 22

11 ++ 11

33 -- 22

22 ++ 11

55 ++ 33

## OO [[ 11 88 ]] :: 88

"Static" (manifestly non-terminating) recursive assignments in which the literal form of an expression appears in
its simplified value are evaluated once only.
• DD ee pp [7.4]

## II [[ 11 ]] :: :: aa :: aa ++ 11

## OO [[ 11 ]] :: 11 ++ aa

## II [[ 22 ]] :: :: aa

## OO [[ 22 ]] :: 11 ++ aa

## II [[ 33 ]] :: :: ff :: ff [[ xx ]]

## OO [[ 33 ]] :: ff [[ xx ]]

## II [[ 44 ]] :: :: ff

## OO [[ 44 ]] :: ff [[ xx ]]

SS mm pp [[ ee xxpprr,, (llee vvssppeecc : 11 ),, (rrpptt : 11 ),, (ddoommccrriitt : 11 ),, (mmaaxx : 11 )]]
simplifies parts ofee xxpprr in the domain specified byllee vvssppeecc andddoommccrriitt, simplifying at mostrrpptt times per
pass through the expression and making at mostmmaaxx passes.
• SS mm pp [4]

## II [[ 11 ]] :: :: gg [[ $$ xx ]] :: $$ xx gg [[ $$ xx -- 11 ]]

## OO [[ 11 ]] :: $$ xx gg [[ -- 11 ++ $$ xx ]]

## II [[ 22 ]] :: :: SS mm pp [[ gg [[ 11 00 ]] ,, 22 ]]

## OO [[ 22 ]] :: 99 00 gg [[ -- 11 ++ 99 ]]
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3.2 Assignmentand deassignment

Assignment is used to define a value for an expression. Simplification [3.1] replaces an expression by any value
assigned to it.

Values for expressions come in two types:

Immediate Thevalue is simplified when it is assigned, and is maintained in a simplified form, being
updated, if necessary, whenever it is used.

Delayed Thevalue is maintained in an unsimplified form; a new simplif ied form is obtained whenever it
is used.

ee xxpprr11:: ee xxpprr22 or SS ee tt [[ ee xxpprr11,, ee xxpprr22]]
assignsee xxpprr22 to be the immediate value of the expressionee xxpprr11.

ee xxpprr11:: :: ee xxpprr22 or SS ee tt dd [[ ee xxpprr11,, ee xxpprr22]]
assignsee xxpprr22 to be the delayed value of the expressionee xxpprr11.

• EE vv [3.7]

## II [[ 11 ]] :: :: rr 11 :: RR aa nn dd [[ ]]

## OO [[ 11 ]] :: 00 .. 77 66 11 77 44 66

## II [[ 22 ]] :: :: rr 22 :: :: RR aa nn dd [[ ]]

## OO [[ 22 ]] :: ´́ RR aa nn dd [[ ]]

## II [[ 33 ]] :: :: {{ rr 11 ,, rr 22 }}

## OO [[ 33 ]] :: {{ 00 .. 77 66 11 77 44 66 ,, 00 .. 00 44 00 11 44 44 22 }}

## II [[ 44 ]] :: :: {{ rr 11 ,, rr 22 }}

## OO [[ 44 ]] :: {{ 00 .. 77 66 11 77 44 66 ,, 00 .. 33 77 00 22 66 11 }}

Valuesee xxpprr22 are assigned to expressionsee xxpprr11 of different types as follows:

Numbers Noassignment is made.

Symbols ee xxpprr22 replaces any value previously assigned toee xxpprr11. No assignment is made for generic and
chameleonic symbols [2.2].

Projections First,the filters ofee xxpprr11 are simplified in turn, and any FF ll aa tt , CC oo mm mm, or RR ee oo rr properties [4]
of its projectorff are used. Then the specified part in the simplified formvv of ff is assigned the
value ee xxpprr22. The actions of the assignment for various types ofvv are as follows:

Symbols Thevalue of ff becomes a list (or nested set of lists) with one entry whose
indices give the filters ofee xxpprr11 and whose value isee xxpprr22.

Lists If the indices of an existing entry ofvv are equivalent [2.6] to the filters of
ee xxpprr11,, then the value of that entry is replaced byee xxpprr22. If no such entry is
present, then an additional entry with indices given by the filters ofee xxpprr11 and
with valueee xxpprr22 is introduced. New entries are positioned in the list immedi-
ately after any entries with more specific [2.6] indices.

Projections Unlessthe relevant filter of ee xxpprr11 is -- 11 , 00 , or a positive integer, no assign-
ment is made. If the filter corresponds to an existing part ofvv, this part is
replaced by the expressionee xxpprr22; otherwise, additionalNN uu ll ll fi lters are
introduced so as to include the specified part.

Lists If ee xxpprr22 is a list, then each entry inee xxpprr11 is assigned (in parallel) the value of the corresponding
ee xxpprr22 entry (orNN uu ll ll if no such entry exists); otherwise, all entries inee xxpprr11 are assigned the
value ee xxpprr22.
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## II [[ 11 ]] :: :: aa :: 11

## OO [[ 11 ]] :: 11

## II [[ 22 ]] :: :: aa

## OO [[ 22 ]] :: 11

## II [[ 33 ]] :: :: aa :: 22

## OO [[ 33 ]] :: 22

## II [[ 44 ]] :: :: aa

## OO [[ 44 ]] :: 22

## II [[ 55 ]] :: :: gg __ :: CC oo mm mm

## OO [[ 55 ]] :: CC oo mm mm

## II [[ 66 ]] :: :: gg [[ bb ,, aa ]] :: xx

## OO [[ 66 ]] :: xx

## II [[ 77 ]] :: :: gg

## OO [[ 77 ]] :: {{ [[ [[ 22 ,, bb ]] ]] :: xx }}

## II [[ 88 ]] :: :: gg [[ aa ,, bb ]]

## OO [[ 88 ]] :: xx

## II [[ 99 ]] :: :: ff [[ xx ,, yy ]] :: aa xx yy

## OO [[ 99 ]] :: aa xx yy

## II [[ 11 00 ]] :: :: ff

## OO [[ 11 00 ]] :: {{ [[ xx ]] :: {{ [[ yy ]] :: aa xx yy }} }}

## II [[ 11 11 ]] :: :: ff [[ xx ,, yy ]] :: bb xx yy

## OO [[ 11 11 ]] :: bb xx yy

## II [[ 11 22 ]] :: :: ff

## OO [[ 11 22 ]] :: {{ [[ xx ]] :: {{ [[ yy ]] :: bb xx yy }} }}

## II [[ 11 33 ]] :: :: ff [[ xx ˆ̂ 22 ,, zz ]] :: cc

## OO [[ 11 33 ]] :: cc

## II [[ 11 44 ]] :: :: ff

22
## OO [[ 11 44 ]] :: {{ [[ xx ]] :: {{ [[ zz ]] :: cc }} ,, [[ xx ]] :: {{ [[ yy ]] :: bb xx yy }} }}

## II [[ 11 55 ]] :: :: ff [[ $$ xx ,, $$ yy ]] :: dd ** $$ yy ++ $$ xx

## OO [[ 11 55 ]] :: $$ xx ++ dd $$ yy

## II [[ 11 66 ]] :: :: ff

22
## OO [[ 11 66 ]] :: {{ [[ xx ]] :: {{ [[ zz ]] :: cc }} ,, [[ xx ]] :: {{ [[ yy ]] :: bb xx yy }} ,, [[ $$ xx ]] :: {{ [[ $$ yy ]] :: $$ xx ++ dd $$ yy }} }}

## II [[ 11 77 ]] :: :: ff [[ $$ qq ,, aa ˆ̂ $$ qq ]] :: pp [[ $$ qq ]]

## OO [[ 11 77 ]] :: pp [[ $$ qq ]]
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## II [[ 11 88 ]] :: :: ff

22 $$ qq
## OO [[ 11 88 ]] :: {{ [[ xx ]] :: {{ [[ zz ]] :: cc }} ,, [[ xx ]] :: {{ [[ yy ]] :: bb xx yy }} ,, [[ $$ qq ]] :: {{ [[ 22 ]] :: pp [[ $$ qq ]] }} ,,

[[ $$ xx ]] :: {{ [[ $$ yy ]] :: $$ xx ++ dd $$ yy }} }}

## II [[ 11 99 ]] :: :: ff [[ 33 ,, 88 ]]

## OO [[ 11 99 ]] :: pp [[ 33 ]]

## II [[ 22 00 ]] :: :: vv [[ 11 ]] :: vv 11

## OO [[ 22 00 ]] :: vv 11

## II [[ 22 11 ]] :: :: vv

## OO [[ 22 11 ]] :: {{ vv 11 }}

## II [[ 22 22 ]] :: :: vv [[ 33 ]] :: vv 33

## OO [[ 22 22 ]] :: vv 33

## II [[ 22 33 ]] :: :: vv

## OO [[ 22 33 ]] :: {{ [[ 33 ]] :: vv 33 ,, [[ 11 ]] :: vv 11 }}

## II [[ 22 44 ]] :: :: vv [[ 22 ]] :: vv 22

## OO [[ 22 44 ]] :: vv 22

## II [[ 22 55 ]] :: :: vv

## OO [[ 22 55 ]] :: {{ vv 11 ,, vv 22 ,, vv 33 }}

## II [[ 22 66 ]] :: :: vv [[ xx ]] :: vv xx

## OO [[ 22 66 ]] :: vv xx

## II [[ 22 77 ]] :: :: vv

## OO [[ 22 77 ]] :: {{ [[ xx ]] :: vv xx ,, [[ 11 ]] :: vv 11 ,, [[ 22 ]] :: vv 22 ,, [[ 33 ]] :: vv 33 }}

## II [[ 22 88 ]] :: :: LL oo gg [[ 00 ]]

## OO [[ 22 88 ]] :: LL oo gg [[ 00 ]]

## II [[ 22 99 ]] :: :: LL oo gg [[ 00 ]] :: ii nn ff

## OO [[ 22 99 ]] :: ii nn ff

## II [[ 33 00 ]] :: :: LL oo gg

## OO [[ 33 00 ]] :: {{ [[ [[ 00 ]] ]] :: ii nn ff }}

## II [[ 33 11 ]] :: :: aa ++ bb :: 22

## OO [[ 33 11 ]] :: 22

## II [[ 33 22 ]] :: :: PP ll uu ss

## OO [[ 33 22 ]] :: {{ [[ [[ 22 ,, bb ]] ]] :: 22 }}

## II [[ 33 33 ]] :: :: aa ++ bb ++ cc

## OO [[ 33 33 ]] :: 22 ++ cc

## II [[ 33 44 ]] :: :: tt :: rr [[ xx ,, yy ˆ̂ 22 ,, bb ** xx ]]

22
## OO [[ 33 44 ]] :: rr [[ xx ,, yy ,, bb xx ]]
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## II [[ 33 55 ]] :: :: tt [[ 22 ]] [[ 11 ]] :: cc

## OO [[ 33 55 ]] :: cc

## II [[ 33 66 ]] :: :: tt

22
## OO [[ 33 66 ]] :: rr [[ xx ,, cc ,, bb xx ]]

## II [[ 33 77 ]] :: :: tt [[ 33 ,, 00 ]] :: PP oo ww

## OO [[ 33 77 ]] :: PP oo ww

## II [[ 33 88 ]] :: :: tt

22 xx
## OO [[ 33 88 ]] :: rr [[ xx ,, cc ,, bb ]]

## II [[ 33 99 ]] :: :: tt [[ 22 ,, -- 11 ]] :: 33 // 22

## OO [[ 33 99 ]] :: 33 // 22

## II [[ 44 00 ]] :: :: tt

22
33 cc xx

## OO [[ 44 00 ]] :: rr [[ xx ,, -- -- -- -- ,, bb ]]
22

## II [[ 44 11 ]] :: :: tt [[ 44 ]] :: ee 44

## OO [[ 44 11 ]] :: ee 44

## II [[ 44 22 ]] :: :: tt

22
33 cc xx

## OO [[ 44 22 ]] :: rr [[ xx ,, -- -- -- -- ,, bb ,, ee 44 ]]
22

## II [[ 44 33 ]] :: :: tt [[ 77 ]] :: ee 77

## OO [[ 44 33 ]] :: ee 77

## II [[ 44 44 ]] :: :: tt

22
33 cc xx

## OO [[ 44 44 ]] :: rr [[ xx ,, -- -- -- -- ,, bb ,, ee 44 ,, ,, ,, ee 77 ]]
22

## II [[ 44 55 ]] :: :: tt [[ 33 ,, 00 ]] :: :: PP ll uu ss

## OO [[ 44 55 ]] :: ´́ PP ll uu ss

## II [[ 44 66 ]] :: :: tt

22
33 cc

## OO [[ 44 66 ]] :: rr [[ xx ,, -- -- -- -- ,, bb ++ xx ,, ee 44 ,, ,, ,, ee 77 ]]
22

## II [[ 44 77 ]] :: :: pp :: 11 ;; qq :: 22

## OO [[ 44 77 ]] :: 22

## II [[ 44 88 ]] :: :: {{ aa ,, pp ,, qq }} :: {{ 55 ,, qq ,, pp }}

## OO [[ 44 88 ]] :: {{ 55 ,, 22 ,, 11 }}
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## II [[ 44 99 ]] :: :: {{ aa ,, pp ,, qq }}

## OO [[ 44 99 ]] :: {{ 55 ,, 22 ,, 11 }}

## II [[ 55 00 ]] :: :: aa :: bb :: cc :: 88

## OO [[ 55 00 ]] :: 88

## II [[ 55 11 ]] :: :: {{ aa ,, bb ,, cc }}

## OO [[ 55 11 ]] :: {{ 88 ,, 88 ,, 88 }}

## II [[ 55 22 ]] :: :: {{ aa ,, bb ,, cc }} :: 77

## OO [[ 55 22 ]] :: 77

## II [[ 55 33 ]] :: :: {{ aa ,, bb ,, cc ++ aa }}

## OO [[ 55 33 ]] :: {{ 77 ,, 77 ,, 11 44 }}

## II [[ 55 44 ]] :: :: {{ aa ,, bb ,, cc }} :: {{ 44 }}

## OO [[ 55 44 ]] :: {{ aa ,, bb ,, cc }} :: {{ 44 }}

## II [[ 55 55 ]] :: :: {{ aa ,, bb ,, cc ,, aa ++ bb ,, bb ++ cc }}

## OO [[ 55 55 ]] :: {{ 77 ,, 77 ,, 77 ,, 11 44 ,, 11 44 }}

ee xxpprr:: or ee xxpprr:: NN uu ll ll or SS ee tt [[ ee xxpprr]] or SS ee tt [[ ee xxpprr,, NN uu ll ll ]]
removes any values assigned for the literal expressionee xxpprr. If f ilters in projections are removed, the projec-
tions are correspondingly shortened."Removal" of a projector results in its replacement byNN pp [2.3]. If
ee xxpprr is a list, values for each entry are removed. __ ssyymmbb:: removes properties [4] assigned to the symbol
ssyymmbb (restoring any initial properties ifssyymmbb is system-defined).
• LL cc ll [6.3]
• DD ee ll [7.3]

SS ee tt [[ ]]
removes values assigned to all expressions.

## II [[ 11 ]] :: :: aa :: bb :: 33

## OO [[ 11 ]] :: 33

## II [[ 22 ]] :: :: {{ aa ,, bb ,, cc }}

## OO [[ 22 ]] :: {{ 33 ,, 33 ,, cc }}

## II [[ 33 ]] :: :: aa ::

## II [[ 44 ]] :: :: {{ aa ,, bb ,, cc }}

## OO [[ 44 ]] :: {{ aa ,, 33 ,, cc }}

## II [[ 55 ]] :: :: ff [[ xx ]] :: xx ˆ̂ 22 ;; ff [[ yy ]] :: 44 ;; ff [[ $$ xx ]] :: $$ xx ˆ̂ 33

33
## OO [[ 55 ]] :: $$ xx

## II [[ 66 ]] :: :: ff

22 33
## OO [[ 66 ]] :: {{ [[ yy ]] :: 44 ,, [[ xx ]] :: xx ,, [[ $$ xx ]] :: $$ xx }}

## II [[ 77 ]] :: :: ff [[ xx ]] ::
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## II [[ 88 ]] :: :: ff

33
## OO [[ 88 ]] :: {{ [[ yy ]] :: 44 ,, [[ $$ xx ]] :: $$ xx }}

## II [[ 99 ]] :: :: ff [[ $$ yy ]] ::

## II [[ 11 00 ]] :: :: ff

33
## OO [[ 11 00 ]] :: {{ [[ yy ]] :: 44 ,, [[ $$ xx ]] :: $$ xx }}

## II [[ 11 11 ]] :: :: ff [[ $$ xx ]] ::

## II [[ 11 22 ]] :: :: ff

## OO [[ 11 22 ]] :: {{ [[ yy ]] :: 44 }}

## II [[ 11 33 ]] :: :: ff ::

## II [[ 11 44 ]] :: :: ff

## OO [[ 11 44 ]] :: ff

## II [[ 11 55 ]] :: :: ff [[ xx ]]

## OO [[ 11 55 ]] :: ff [[ xx ]]

## II [[ 11 66 ]] :: :: tt :: rr [[ 11 ,, 22 ,, 33 ,, 44 ,, 55 ]]

## OO [[ 11 66 ]] :: rr [[ 11 ,, 22 ,, 33 ,, 44 ,, 55 ]]

## II [[ 11 77 ]] :: :: tt [[ 22 ]] ::

## II [[ 11 88 ]] :: :: tt

## OO [[ 11 88 ]] :: rr [[ 11 ,, 33 ,, 44 ,, 55 ]]

## II [[ 11 99 ]] :: :: tt [[ 00 ]] ::

## II [[ 22 00 ]] :: :: tt

## OO [[ 22 00 ]] :: [[ 11 ,, 33 ,, 44 ,, 55 ]]

## II [[ 22 11 ]] :: :: aa :: bb :: cc :: 44

## OO [[ 22 11 ]] :: 44

## II [[ 22 22 ]] :: :: {{ aa ,, bb ,, cc }}

## OO [[ 22 22 ]] :: {{ 44 ,, 44 ,, 44 }}

## II [[ 22 33 ]] :: :: {{ aa ,, bb }} ::

## II [[ 22 44 ]] :: :: {{ aa ,, bb ,, cc }}

## OO [[ 22 44 ]] :: {{ aa ,, bb ,, 44 }}

## II [[ 22 55 ]] :: :: SS ee tt [[ ]]

## II [[ 22 66 ]] :: :: {{ aa ,, bb ,, cc }}

## OO [[ 22 66 ]] :: {{ aa ,, bb ,, cc }}

II nn cc [[ ee xxpprr,, (sstteepp : 11 )]]
increments the value ofee xxpprr by sstteepp.
• DD oo [6.2]

DD ee cc [[ ee xxpprr,, (sstteepp : 11 )]]
decrements the value ofee xxpprr by sstteepp.
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## II [[ 11 ]] :: :: ii :: 11 ;; xx :: aa ;;

## II [[ 22 ]] :: :: DD ee cc [[ ii ,, 66 ]]

## OO [[ 22 ]] :: -- 55

## II [[ 33 ]] :: :: ii

## OO [[ 33 ]] :: -- 55

## II [[ 44 ]] :: :: II nn cc [[ xx ]]

## OO [[ 44 ]] :: 11 ++ aa

## II [[ 55 ]] :: :: xx

## OO [[ 55 ]] :: 11 ++ aa

Assignment and deassignment projections have the special capability to effect permanent changes on their filters;
all other system projections must leave their filters unchanged.
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3.3 Replacementsand substitutions

Values assigned for expressions [3.2] are used whenever they are applicable. More controlled evaluation is pro-
vided by the use of substitution projections.

ee xxpprr11 -- >> ee xxpprr22 or RR ee pp [[ ee xxpprr11,, ee xxpprr22,, (llee vvssppeecc : II nn ff ),, (rrpptt : II nn ff ),, (mmaaxx : II nn ff )]]
is a purely syntactic construct which represents a replacement ofee xxpprr11 by ee xxpprr22. The replacement is speci-
fied to be active when used inSS projection substitutions on an expressionee xxpprr only for the first mmaaxx occur-
rences ofee xxpprr11 appearing at or below lev el llee vv in ee xxpprr, and during the firstrrpptt passes throughee xxpprr.

ee xxpprr11 -- -- >> ee xxpprr22 or RR ee pp dd [[ ee xxpprr11,, ee xxpprr22,, (llee vvssppeecc : II nn ff ),, (rrpptt : II nn ff ),, (mmaaxx : II nn ff )]]
represents a replacement in whichee xxpprr22 is maintained in an unsimplified form; a new simplif ied form is
obtained whenever the replacement is performed.

SS [[ ee xxpprr,,  rr eepp11,, rr eepp22,, . . . ,, (rrpptt : 11 ),, (llee vvssppeecc : II nn ff ),, (ddoommccrriitt : 11 )]]
performs substitutions inee xxpprr specified by the replacementsrr eepp11, rr eepp22, . . .  in the domain defined by llee vv--
ssppeecc andddoommccrriitt [2.5]. Eachsuccessive subpart ofee xxpprr is compared with the left members of each active
replacementrr eeppii in turn; if a match [2.6] is found, then the part is replaced by the corresponding right mem-
ber, with any necessary substitutions for generic symbols made. The resulting complete expression is
scanned until no further replacements can be used, or at mostrrpptt times. (rrpptt may be II nn ff ). When a
replacement is used, the resulting subexpression is not scanned for possible further substitutions until it is
reached on at least the next pass through the complete expression.

## II [[ 11 ]] :: :: SS [[ xx ˆ̂ 22 ++ yy ˆ̂ 22 ,, xx -- >> aa ,, yy -- >> 11 ]]

22
## OO [[ 11 ]] :: 11 ++ aa

## II [[ 22 ]] :: :: SS [[ 33 xx -- xx (( xx ++ 11 )) ,, xx -- >> 22 bb -- 22 ]]

## OO [[ 22 ]] :: -- 66 ++ 66bb -- (( -- 22 ++ 22 bb )) (( -- 11 ++ 22 bb ))

## II [[ 33 ]] :: :: SS [[ {{ [[ ii ]] :: 33 ii -- 22 ,, [[ 22 ii ++ 11 ]] :: 55 ii }} ,, 22 ii -- >> 33 ]]

## OO [[ 33 ]] :: {{ [[ ii ]] :: 55 // 22 ,, [[ 22 ii ++ 11 ]] :: 11 55 // 22 }}

## II [[ 44 ]] :: :: gg tt :: gg [[ 33 // 22 ]] ++ gg [[ 44 ]] ++ gg [[ xx ]]

## OO [[ 44 ]] :: gg [[ 33 // 22 ]] ++ gg [[ 44 ]] ++ gg [[ xx ]]

## II [[ 55 ]] :: :: rr 11 :: gg [[ $$ xx ]] -- >> ff 11 [[ $$ xx ]]

## OO [[ 55 ]] :: gg [[ $$ xx ]] -- >> ff 11 [[ $$ xx ]]

## II [[ 66 ]] :: :: rr 22 :: gg [[ $$ xx __ == NN aa tt pp [[ $$ xx ]] ]] -- >> ff 22 [[ $$ xx ]]

## OO [[ 66 ]] :: gg [[ $$ xx __ == NN aa tt pp [[ $$ xx ]] ]] -- >> ff 22 [[ $$ xx ]]

## II [[ 77 ]] :: :: rr 33 :: gg [[ $$ xx __ == NN uu mm bb pp [[ $$ xx ]] ]] -- >> ff 33 [[ $$ xx ]]

## OO [[ 77 ]] :: gg [[ $$ xx __ == NN uu mm bb pp [[ $$ xx ]] ]] -- >> ff 33 [[ $$ xx ]]

## II [[ 88 ]] :: :: SS [[ gg tt ,, rr 11 ]]

## OO [[ 88 ]] :: ff 11 [[ 33 // 22 ]] ++ ff 11 [[ 44 ]] ++ ff 11 [[ xx ]]

## II [[ 99 ]] :: :: SS [[ gg tt ,, rr 22 ]]

## OO [[ 99 ]] :: ff 22 [[ 44 ]] ++ gg [[ 33 // 22 ]] ++ gg [[ xx ]]

## II [[ 11 00 ]] :: :: SS [[ gg tt ,, rr 22 ,, rr 11 ]]

## OO [[ 11 00 ]] :: ff 11 [[ 33 // 22 ]] ++ ff 11 [[ xx ]] ++ ff 22 [[ 44 ]]
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## II [[ 11 11 ]] :: :: SS [[ gg tt ,, rr 33 ,, rr 22 ,, rr 11 ]]

## OO [[ 11 11 ]] :: ff 11 [[ xx ]] ++ ff 33 [[ 33 // 22 ]] ++ ff 33 [[ 44 ]]

## II [[ 11 22 ]] :: :: SS [[ gg tt ,, rr 22 ,, rr 33 ,, rr 11 ]]

## OO [[ 11 22 ]] :: ff 11 [[ xx ]] ++ ff 22 [[ 44 ]] ++ ff 33 [[ 33 // 22 ]]

## II [[ 11 33 ]] :: :: SS [[ xx ˆ̂ 22 ,, xx -- >> xx ++ 11 ]]

22
## OO [[ 11 33 ]] :: (( 11 ++ xx ))

## II [[ 11 44 ]] :: :: SS [[ xx ˆ̂ 22 ,, xx -- >> xx ++ 11 ,, 44 ]]

22
## OO [[ 11 44 ]] :: (( 44 ++ xx ))

## II [[ 11 55 ]] :: :: SS [[ ff [[ xx ]] ++ ff [[ yy ]] ,, ff [[ xx ]] -- >> 11 ,, ff [[ $$ xx ]] -- >> $$ xx ˆ̂ 22 ]]

22
## OO [[ 11 55 ]] :: 11 ++ yy

## II [[ 11 66 ]] :: :: rr ff :: ff [[ $$ xx ]] -- >> ff [[ $$ xx -- 11 ]] ++ ff [[ $$ xx -- 22 ]]

## OO [[ 11 66 ]] :: ff [[ $$ xx ]] -- >> ff [[ -- 22 ++ $$ xx ]] ++ ff [[ -- 11 ++ $$ xx ]]

## II [[ 11 77 ]] :: :: SS [[ ff [[ 44 ]] ,, rr ff ]]

## OO [[ 11 77 ]] :: ff [[ 22 ]] ++ ff [[ 33 ]]

## II [[ 11 88 ]] :: :: SS [[ ff [[ 44 ]] ,, rr ff ,, 44 ]]

## OO [[ 11 88 ]] :: ff [[ -- 44 ]] ++ 44 ff [[ -- 33 ]] ++ 66 ff [[ -- 22 ]] ++ 44 ff [[ -- 11 ]] ++ ff [[ 00 ]]

## II [[ 11 99 ]] :: :: rr ff ee :: {{ ff [[ 11 ]] -- >> 11 ,, ff [[ 00 ]] -- >> 11 }}

## OO [[ 11 99 ]] :: {{ ff [[ 11 ]] -- >> 11 ,, ff [[ 00 ]] -- >> 11 }}

## II [[ 22 00 ]] :: :: SS [[ ff [[ 44 ]] ,, rr ff ,, rr ff ee ,, 44 ]]

## OO [[ 22 00 ]] :: ff [[ -- 44 ]] ++ 44 ff [[ -- 33 ]] ++ 66 ff [[ -- 22 ]] ++ 44 ff [[ -- 11 ]] ++ ff [[ 00 ]]

## II [[ 22 11 ]] :: :: SS [[ ff [[ 44 ]] ,, rr ff ee ,, rr ff ,, 44 ]]

## OO [[ 22 11 ]] :: 55

## II [[ 22 22 ]] :: :: SS [[ ff [[ 44 ]] ,, rr ff ee ,, rr ff ,, II nn ff ]]

## OO [[ 22 22 ]] :: 55

## II [[ 22 33 ]] :: :: hh tt :: SS [[ xx ,, $$ xx -- >> hh [[ $$ xx ]] ,, 55 ]]

## OO [[ 22 33 ]] :: hh [[ hh [[ hh [[ hh [[ hh [[ xx ]] ]] ]] ]] ]]

## II [[ 22 44 ]] :: :: hh rr :: hh [[ $$ xx ]] -- >> yy [[ $$ xx ]]

## OO [[ 22 44 ]] :: hh [[ $$ xx ]] -- >> yy [[ $$ xx ]]

## II [[ 22 55 ]] :: :: SS [[ hh tt ,, hh rr ]]

## OO [[ 22 55 ]] :: yy [[ hh [[ hh [[ hh [[ hh [[ xx ]] ]] ]] ]] ]]

## II [[ 22 66 ]] :: :: SS [[ hh tt ,, hh rr ,, 22 ]]

## OO [[ 22 66 ]] :: yy [[ yy [[ hh [[ hh [[ hh [[ xx ]] ]] ]] ]] ]]

## II [[ 22 77 ]] :: :: SS [[ hh tt ,, hh rr ,, 11 ,, -- 11 ]]

## OO [[ 22 77 ]] :: hh [[ hh [[ hh [[ hh [[ hh [[ xx ]] ]] ]] ]] ]]
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## II [[ 22 88 ]] :: :: SS [[ hh tt ,, hh rr ,, 11 ,, -- 22 ]]

## OO [[ 22 88 ]] :: hh [[ hh [[ hh [[ hh [[ yy [[ xx ]] ]] ]] ]] ]]

## II [[ 22 99 ]] :: :: SS [[ hh tt ,, hh rr ,, 22 ,, -- 22 ]]

## OO [[ 22 99 ]] :: hh [[ hh [[ hh [[ hh [[ yy [[ xx ]] ]] ]] ]] ]]

## II [[ 33 00 ]] :: :: SS [[ hh tt ,, hh rr ,, 22 ,, -- 33 ]]

## OO [[ 33 00 ]] :: hh [[ hh [[ hh [[ yy [[ yy [[ xx ]] ]] ]] ]] ]]

## II [[ 33 11 ]] :: :: hh rr pp :: RR ee pp [[ hh [[ $$ xx ]] ,, yy pp [[ $$ xx ]] ,, 11 ]]

## OO [[ 33 11 ]] :: RR ee pp [[ hh [[ $$ xx ]] ,, yy pp [[ $$ xx ]] ,, 11 ]]

## II [[ 33 22 ]] :: :: SS [[ hh tt ,, hh rr pp ]]

## OO [[ 33 22 ]] :: yy pp [[ hh [[ hh [[ hh [[ hh [[ xx ]] ]] ]] ]] ]]

## II [[ 33 33 ]] :: :: SS [[ hh tt ,, hh rr pp ,, 22 ]]

## OO [[ 33 33 ]] :: yy pp [[ yy pp [[ hh [[ hh [[ hh [[ xx ]] ]] ]] ]] ]]

## II [[ 33 44 ]] :: :: SS [[ hh tt ,, hh rr pp ,, II nn ff ]]

## OO [[ 33 44 ]] :: yy pp [[ yy pp [[ hh [[ hh [[ hh [[ xx ]] ]] ]] ]] ]]

## II [[ 33 55 ]] :: :: SS [[ hh tt ,, hh rr pp ,, II nn ff ,, II nn ff ]]

## OO [[ 33 55 ]] :: yy pp [[ yy pp [[ hh [[ hh [[ hh [[ xx ]] ]] ]] ]] ]]

## II [[ 33 66 ]] :: :: SS [[ DD [[ ff [[ xx ]] ,, xx ]] ,, (( ´́ DD [[ $$ yy ,, {{ $$ xx ,, 11 ,, $$ zz }} ]] )) -- -- >> SS [[ dd [[ $$ yy ]] ,, $$ xx -- >> $$ zz ]] ]]

## OO [[ 33 66 ]] :: dd [[ ff [[ xx ]] ]]

## II [[ 33 77 ]] :: :: rr kk :: kk [[ $$ xx ]] -- -- >> (( PP rr [[ $$ xx ]] ;; $$ xx ˆ̂ 22 ))

22
## OO [[ 33 77 ]] :: kk [[ $$ xx ]] -- -- >> (( PP rr [[ $$ xx ]] ;; $$xx ))

## II [[ 33 88 ]] :: :: tt kk :: AA rr [[ 44 ,, kk ]]

## OO [[ 33 88 ]] :: {{ kk [[ 11 ]] ,, kk [[ 22 ]] ,, kk [[ 33 ]] ,, kk [[ 44 ]] }}

## II [[ 33 99 ]] :: :: SS [[ tt kk ,, rr kk ]]

11
22
33
44

## OO [[ 33 99 ]] :: {{ 11 ,, 44 ,, 99 ,, 11 66 }}

Many relations involving mathematical functions are given in external files [1.4] in the form of replacements, to be
applied usingSS.

SS ii [[ ee xxpprr11,,  rr eepp11,, rr eepp22,, . . . ,, (llee vvssppeecc : II nn ff ),, (ddoommccrriitt : 11 )]]
is equivalent to SS [[ ee xxpprr,,  rr eepp11,, rr eepp22,, . . . ,, II nn ff ,, (llee vvssppeecc : II nn ff ),, (ddoommccrriitt : 11 )]] ; the rr eeppii are repeatedly
used inee xxpprr until the result no longer changes.

AA rr ee pp [[  rr eepp11,, rr eepp22,, . . . ]]
performs explicit assignments usingSS ee tt or SS ee tt dd projections [3.2] on theRR ee pp or RR ee pp dd replacements
rr eeppii.
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## II [[ 11 ]] :: :: rr :: aa -- >> bb ++ cc

## OO [[ 11 ]] :: aa -->> bb ++ cc

## II [[ 22 ]] :: :: aa

## OO [[ 22 ]] :: aa

## II [[ 33 ]] :: :: AA rr ee pp [[ rr ]]

## OO [[ 33 ]] :: bb ++ cc

## II [[ 44 ]] :: :: aa

## OO [[ 44 ]] :: bb ++ cc

II rr ee pp [[  rr eepp11,, rr eepp22,, . . . ]]
yields a list of "inverted" replacements.

## II [[ 11 ]] :: :: ff [[ $$ xx ]] -- >> aa ˆ̂ $$ xx

$$ xx
## OO [[ 11 ]] :: ff [[ $$ xx ]] -- >> aa

## II [[ 22 ]] :: :: II rr ee pp [[ %% ]]

$$ xx
## OO [[ 22 ]] :: aa -- >> ff [[ $$ xx ]]
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3.4 Numericalevaluation

NN [[ ee xxpprr,, (aacccc : 66 ),, (ttrruunncc : 00 )]]
<<LL dd ii ss tt >>

yields the numerical value ofee xxpprr in terms of real or complex decimal numbers, maintaining if possible an
accuracy of at most aacccc significant figures, and setting all numerical coefficients smaller in magnitude than
ttrruunncc to zero.

AA , FF andCC xx projections [2.1] are generated when required.

Numerical values for arbitrary expressions may be defined by assignments [3.2] for the correspondingNN [[ ee xxpprr]] or
NN [[ ee xxpprr,, nn]] .

## II [[ 11 ]] :: :: NN [[ GG aa mm mm aa [[ 33 .. 22 ]] ]]

## OO [[ 11 ]] :: 22 .. 44 22 33 99 77

## II [[ 22 ]] :: :: NN [[ GG aa mm mm aa [[ 33 .. 22 ]] ,, 11 22 ]]

## OO [[ 22 ]] :: 22 .. 44 22 33 99 66 55 44 77 99 99 44

## II [[ 33 ]] :: :: NN [[ (( 11 .. 22 ++ 55 II )) ˆ̂ (( 66 ++ 77 II )) ]]

## OO [[ 33 ]] :: ** 11 .. 33 00 88 77 11 ++ 00 .. 99 44 22 22 77 88 II

## II [[ 44 ]] :: :: NN [[ LL oo gg [[ 22 ++ 22 II ]] -- SS ii nn [[ EE xx pp [[ 11 ++ AA ss ii nn [[ 22 II ]] ]] ]] ,, 11 00 ]]

## OO [[ 44 ]] :: ** -- 11 .. 44 77 66 77 11 22 11 77 -- 66 .. 11 55 99 33 99 77 55 55 77 II

## II [[ 55 ]] :: :: PP ii

## OO [[ 55 ]] :: PP ii

## II [[ 66 ]] :: :: NN [[ PP ii ]]

## OO [[ 66 ]] :: 33 .. 11 44 11 55 99

## II [[ 77 ]] :: :: NN [[ ss ee vv ee nn tt hh ]] :: .. 11 44 22 88 55 77 11 44 22 88 55 77 11 44 22 88 55 77

## OO [[ 77 ]] :: 00 .. 11 44 22 88 55 77

## II [[ 88 ]] :: :: 77 ss ee vv ee nn tt hh ++ 77

## OO [[ 88 ]] :: 77 ++ 77 ss ee vv ee nn tt hh

## II [[ 99 ]] :: :: NN [[ %% ]]

## OO [[ 99 ]] :: 88

## II [[ 11 00 ]] :: :: NN [[ ff [[ $$ xx __ == NN uu mm bb pp [[ $$ xx ]] ]] ]] :: :: NN [[ SS uu mm [[ $$ xx ˆ̂ 22 // ii ˆ̂ 55 ,, {{ ii ,, 11 ,, 11 00 }} ]] ]]

22
$$ xx

## OO [[ 11 00 ]] :: ´́ NN [[ SS uu mm [[ -- -- -- ,, {{ ii ,, 11 ,, 11 00 }} ]] ]]
55

ii

## II [[ 11 11 ]] :: :: NN [[ ff [[ xx ]] ++ aa ** ff [[ 22 ]] ++ bb ** ff [[ 33 ++ 44 II ]] ++ cc ** ff [[ 22 -- SS ii nn [[ 11 77 DD ee gg ]] ]] ]]

## OO [[ 11 11 ]] :: ** (( 44 .. 11 44 77 66 33 aa -- 77 .. 22 55 88 33 55 bb ++ 33 .. 00 22 33 66 22 cc ++ ff [[ xx ]] )) ++ 22 44 .. 88 88 55 88 bb II

## II [[ 11 22 ]] :: :: uu :: {{ 11 // 77 00 ,, 11 // 77 00 00 ,, 11 // 77 00 00 00 ,, 11 // 77 00 00 00 00 }}

## OO [[ 11 22 ]] :: {{ 11 // 77 00 ,, 11 // 77 00 00 ,, 11 // 77 00 00 00 ,, 11 // 77 00 00 00 00 }}
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## II [[ 11 33 ]] :: :: NN [[ uu ]]

## OO [[ 11 33 ]] :: {{ 00 .. 00 11 44 22 88 55 77 ,, 00 .. 00 00 11 44 22 88 55 77 ,, 11 .. 44 22 88 55 77 ** ˆ̂ -- 44 ,, 11 .. 44 22 88 55 77 ** ˆ̂ -- 55 }}

## II [[ 11 44 ]] :: :: NN [[ uu ,, 99 ]]

## OO [[ 11 44 ]] :: {{ 00 .. 00 11 44 22 88 55 77 11 44 33 ,, 00 .. 00 00 11 44 22 88 55 77 11 44 33 ,, 11 .. 44 22 88 55 77 11 44 33 ** ˆ̂ -- 44 ,, 11 .. 44 22 88 55 77 11 44 33 ** ˆ̂ -- 55 }}

## II [[ 11 55 ]] :: :: NN [[ uu ,, 99 ,, 00 .. 00 00 11 ]]

## OO [[ 11 55 ]] :: {{ 00 .. 00 11 44 22 88 55 77 11 44 33 ,, 00 .. 00 00 11 44 22 88 55 77 11 44 33 ,, 00 ,, 00 }}

## II [[ 11 66 ]] :: :: NN [[ uu ,, ,, 00 .. 00 00 11 ]]

## OO [[ 11 66 ]] :: {{ 00 .. 00 11 44 22 88 55 77 ,, 00 .. 00 00 11 44 22 88 55 77 ,, 00 ,, 00 }}

NN ee qq [[ ee xxpprr11,, ee xxpprr22,, (aacccc : 11 ** ˆ̂ -- 88 ),, (nn : 22 ),, (rr aannggee : {{ -- 11 00 ,, 11 00 }} )]]
tests for numerical equality ofee xxpprr11 andee xxpprr22 within fractional accuracy aacccc by evaluating them at leastnn
times with random numerical choices (in the specified rr aannggee) for all symbolic parameters appearing in them.
Complex numerical values are treated when possible.
• EE qq [5]

## II [[ 11 ]] :: :: ee 11 :: (( xx ++ yy )) ˆ̂ 33

33
## OO [[ 11 ]] :: (( xx ++ yy ))

## II [[ 22 ]] :: :: ee 22 :: EE xx [[ ee 11 ]]

22 22 33 33
## OO [[ 22 ]] :: 33 xx yy ++ 33 xx yy ++ xx ++ yy

## II [[ 33 ]] :: :: ee 11 == ee 22

33 22 22 33 33
## OO [[ 33 ]] :: (( xx ++ yy )) == 33 xx yy ++ 33 xx yy ++ xx ++ yy

## II [[ 44 ]] :: :: NN ee qq [[ ee 11 ,, ee 22 ]]

## OO [[ 44 ]] :: 11

## II [[ 55 ]] :: :: NN ee qq [[ ee 11 ++ 11 ,, ee 22 ]]

## OO [[ 55 ]] :: 00

## II [[ 66 ]] :: :: NN ee qq [[ ff [[ xx ]] ,, ff [[ xx ++ 11 ]] ]]

## OO [[ 66 ]] :: NN ee qq [[ ff [[ xx ]] ,, ff [[ 11 ++ xx ]] ]]

• SS uu mm , PP rr oo dd [9.2]
• DD, II nn tt [9.4]



3.5 SMPREFERENCE MANUAL / Fundamental operations 3.5

3.5 Deferredsimplification

´́ ee xxpprr or HH oo ll dd [[ ee xxpprr]]
yields an expression entirely equivalent to ee xxpprr but all of whose parts are "held" in an unsimplified form,
until "released" byRR ee ll .
(Prefix form is "forward-quote" or "acute accent" character.)

RR ee ll [[ ee xxpprr]]
releases all "held" parts ofee xxpprr for simplification.

• EE vv [3.7]

Projectors in simplified projections are maintained in "held" form.

Use ofHH oo ll dd projections allows expressions to be treated by "name" rather than by "value".

## II [[ 11 ]] :: :: tt :: ´́ 11 ++ aa ++ 33

## OO [[ 11 ]] :: ´́ 11 ++ aa ++ 33

## II [[ 22 ]] :: :: tt [[ 22 ]]

## OO [[ 22 ]] :: ´́ aa

## II [[ 33 ]] :: :: RR ee ll [[ tt ]]

## OO [[ 33 ]] :: 44 ++ aa

## II [[ 44 ]] :: :: tt [[ 33 ]] :: 44

## OO [[ 44 ]] :: 44

## II [[ 55 ]] :: :: tt

## OO [[ 55 ]] :: ´́ 11 ++ aa ++ 44

## II [[ 66 ]] :: :: uu :: ff [[ xx ]]

## OO [[ 66 ]] :: ff [[ xx ]]

## II [[ 77 ]] :: :: uu [[ 00 ]]

## OO [[ 77 ]] :: ´́ ff

## II [[ 88 ]] :: :: SS [[ uu ,, ff -- >> tt ]]

## OO [[ 88 ]] :: PP rr oo jj [[ ´́ 11 ++ aa ++ 44 ,, {{ xx }} ]]

## II [[ 99 ]] :: :: SS [[ uu ,, ff -- >> ´́ tt ]]

## OO [[ 99 ]] :: tt [[ xx ]]
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3.6 Pre-simplification

!! ee xxpprr
represents the simplified form ofexpr regardless of its environment.

Simplifications indicated by! are performed during input.

! may be used to insert simplified forms as filters in projections for which theSmpproperty [4] has the value0.

! denotes pre-simplification only if it is not the first character of an input line [1.6].

#I[1]:: _f[Smp]:0

#O[1]: 0

#I[2]:: f[!1+1,1+1]

#O[2]: f[2,1 + 1 ]

#I[3]:: a:b

#O[3]: b

#I[4]:: a:c

#O[4]: c

#I[5]:: {a,b,c}

#O[5]: {c,b,c}

#I[6]:: (!a):d

#O[6]: d

#I[7]:: {a,b,c}

#O[7]: {d,b,d}

2
Pr[1];!Pr[2]

1

#O[8]: 2

#I[9]:: j:$xˆ2

2
#O[9]: $x

#I[10]:: Ar[4,j]

#O[10]: {$x,2,j[3],j[4]}

#I[11]:: Ar[4,!j]

#O[11]: {1,4,9,16}
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3.7 Partial simplification

EE vv [[ ee xxpprr]]
yields a held form obtained by simplifyingee xxpprr but leaving unsimplified any delayed values which appear.

## II [[ 11 ]] :: :: aa :: bb ;; aa aa :: :: bb

## OO [[ 11 ]] :: ´́ bb

## II [[ 22 ]] :: :: bb :: cc

## OO [[ 22 ]] :: cc

## II [[ 33 ]] :: :: {{ EE vv [[ aa ]] ,, EE vv [[ aa aa ]] }}

## OO [[ 33 ]] :: {{ ´́ cc ,, ´́ bb }}

## II [[ 44 ]] :: :: EE vv [[ ## II [[ 11 ]] ]]

## OO [[ 44 ]] :: ´́ aa :: bb ;; aaaa :::: bb



4. Properties

__ ssyymmbb or PP rr oo pp [[ ssyymmbb]]
is a list giving properties of the symbolssyymmbb used to specify treatment ofssyymmbb or its projections.

The operations of projection [2.3, 7.3], assignment [3.2] and deassignment [3.2] may be applied to__ ssyymmbb just as
to symbols.

__ ssyymmbb:: causes the properties of a system-defined symbolssyymmbb to revert to their initial form [3.2].

## II [[ 11 ]] :: :: __ aa

## OO [[ 11 ]] :: __ aa

## II [[ 22 ]] :: :: __ aa :: {{ [[ pp 11 ]] :: 11 ,, [[ pp 22 ]] :: 00 }}

## OO [[ 22 ]] :: {{ [[ pp 11 ]] :: 11 ,, [[ pp 22 ]] :: 00 }}

## II [[ 33 ]] :: :: __ aa [[ pp 33 ]] :: xx

## OO [[ 33 ]] :: xx

## II [[ 44 ]] :: :: __ aa

## OO [[ 44 ]] :: {{ [[ pp 33 ]] :: xx ,, [[ pp 11 ]] :: 11 ,, [[ pp 22 ]] :: 00 }}

## II [[ 55 ]] :: :: __ aa [[ pp 11 ]] ::

## II [[ 66 ]] :: :: __ aa

## OO [[ 66 ]] :: {{ [[ pp 33 ]] :: xx ,, [[ pp 22 ]] :: 00 }}

## II [[ 77 ]] :: :: __ DD oo tt

## OO [[ 77 ]] :: {{ [[ SS yy ss ]] :: 11 ,, [[ FF ll aa tt ]] :: 11 ,, [[ TT ii ee rr ]] :: 11 }}

## II [[ 88 ]] :: :: __ DD oo tt [[ CC oo mm mm ]] :: 11

## OO [[ 88 ]] :: 11

## II [[ 99 ]] :: :: __ DD oo tt

## OO [[ 99 ]] :: {{ [[ CC oo mm mm ]] :: 11 ,, [[ SS yy ss ]] :: 11 ,, [[ FF ll aa tt ]] :: 11 ,, [[ TT ii ee rr ]] :: 11 }}

## II [[ 11 00 ]] :: :: __ DD oo tt ::

## II [[ 11 11 ]] :: :: __ DD oo tt

## OO [[ 11 11 ]] :: {{ [[ SS yy ss ]] :: 11 ,, [[ FF ll aa tt ]] :: 11 ,, [[ TT ii ee rr ]] :: 11 }}

A symbol is considered to "carry" a particular propertypp if the value of__ ssyymmbb[[ pp]] is not "false" [5].

The propertiesGG ee nn , MM gg ee nn , CC hh aa mm , SS mm pp , TT ii ee rr , FF ll aa tt , RR ee oo rr and CC oo mm mm, which affect treatment of assign-
ments for projections, must be defined before the projections are assigned.

The following are system-defined properties for a symbolss:

SS yy ss Symbol with system-defined values for projections.

CC oo nn ss Symbol for which some projections are evaluated by binary code internally loaded byCC oo nn ss or
LL oo aa dd [10.7].

II nn ll ii nn ee When a program invoking a projection fromss is constructed byCC oo nn ss or PP rr oo gg [10.7], the pro-
gram will use directly the value of the projection rather than call an intermediate language function
corresponding toss.
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GG ee nn Generic symbol [2.2], representing the class of expressions on which application of the template
__ ss[[ GG ee nn ]] yields a non-zero number [2.6].

MM gg ee nn Multi-generic symbol [2.2].

CC hh aa mm Chameleonic symbol [2.2].

II nn ii tt Any value assigned for__ ss[[ II nn ii tt ]] is simplified, and then removed, whenss next appears as a pro-
jector.

SS mm pp The iith filter in a projection fromss is simplified until any projector not carrying the propertyRR ee cc
has appeared recursively at most__ ss[[ SS mm pp ]] [[ ii]] times [3.1]. If the value of__ ss[[ SS mm pp ]] [[ ii]] is 00 , the
fi lter is left unsimplified. If no value is given, it is taken by default asII nn ff , and the filter is simpli-
fied until it no longer changes. If the value of__ ss[[ SS mm pp ]] is a number or symbol, it is taken to apply
to all filters.

SS ee rr Filters in projections fromss are simplified from left to right even when parallel processing is possi-
ble.

RR ee cc Arbitrary recursive appearances ofss as a projector are permitted [3.1].

PP rr The value of__ ss[[ PP rr ]] is used as the printing format forss and its projections.
• FF mm tt , SS xx [10.1]

TT rr aa cc ee If the value of__ ss[[ TT rr aa cc ee ]] is "true", then any projections fromss are printed before evaluation.
Any other values are applied as templates to projections fromss.
• [10.10]

TT ii ee rr The projectionsss[[ xx ]] [[ yy ]] and ss[[ xx ,, yy ]] are distinguished [2.3]; filters separated by commas are
used together in the extraction of parts specified by projections.Values assigned to projections are
represented by list entries with null projection indices containing the complete sequences of filters
in the projections.

FF ll aa tt All projections fromss are flattened [7.7], so thatss is treated as an "associative nn-ary function".
Assignments for projections are made as ifss carried the propertyTT ii ee rr .

RR ee oo rr Filters of projections fromss are placed in canonical order, by reordering them using permutation
symmetries given as the value of__ ss[[ RR ee oo rr ]] [7.7]. Assignmentsfor projections are made as ifss
carried the propertyTT ii ee rr .

CC oo mm mm Equivalent to__ ss[[ RR ee oo rr ]] :: SS yy mm [7.7]. Causesfi lters of projections fromss to be placed in canoni-
cal order, so thatss represents a "commutative function".

DD ii ss tt __ ff[[ DD ii ss tt ]] :: ::   gg11,(hh11:gg11),(kk11:ff),(ppssppeecc11:II nn ff )   defines ff to be distributive over projections
from ggii appearing as its filters in positions specified byppssppeeccii, yielding projections ofhhii and kkii.
The definitions are used as defaults inEE xx [7.8].

PP oo ww dd ii ss tt __ ff[[ PP oo ww dd ii ss tt ]] :: ::   gg11,(hh11:PP ll uu ss )   defines projections offf to be "power expandable" over
projections ofhhii appearing as their first filters, and yielding projections fromggii. The definitions are
used as defaults inEE xx [7.8].

LL dd ii ss tt Projections fromss are "distributed" over the entries of lists appearing as filters in projections fromss
[7.7].

CC oo nn ss tt ss is treated as a numerical constant for differentiation [9.4] and other purposes.

EE xx tt rr The projectorff of a projection containingss (as an isolated symbol or as a projector) in its filters is
replaced by a template given as the value of__ ss[[ EE xx tt rr ,, ff]] (see below).

EE xx tt ee The value of__ ss[[ EE xx tt ee ]] is applied as a template to any projection whose filters involve ss (as an
isolated symbol or as a projector), and for whose projectorff no entry__ ss[[ EE xx tt rr ,, ff]] exists (see
below). EE xx tt ee is also effective for entries in lists.

TT yy pp ee ss is treated as carrying the additional properties assigned to a symbol given as the value of
__ ss[[ TT yy pp ee ]] . These additional properties are considered only if properties given directly for ss are
inadequate. Any number ofTT yy pp ee indirection levels may be used.
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FF ii ll ee The value of__ ss[[ FF ii ll ee ]] is used as the default ffoorrmmaatt [A.6] entry in any ff iilleessppeecc for the file ss
[10.3]. __ ss[[ FF ii ll ee ]] is reassigned automatically whenffoorrmmaatt is modified in aff iilleessppeecc or when the
graphics codeggccooddee [A.6] is modified in anOO pp ee nn [10.3] projection.

All system-defined symbols carry the propertyTT ii ee rr .

## II [[ 11 ]] :: :: ff [[ $$ xx ]] :: :: $$ xx ˆ̂ PP ii

PP ii
## OO [[ 11 ]] :: ´́ $$ xx

## II [[ 22 ]] :: :: ff [[ 33 ]]

PP ii
## OO [[ 22 ]] :: 33

## II [[ 33 ]] :: :: CC oo nn ss [[ ff ]]

## OO [[ 33 ]] :: {{ ´́ ff }}

## II [[ 44 ]] :: :: __ ff

## OO [[ 44 ]] :: {{ [[ CC oo nn ss ]] :: 11 }}

## II [[ 55 ]] :: :: ff [[ 33 ]]

## OO [[ 55 ]] :: 33 11 .. 55 44 44 33

## II [[ 66 ]] :: :: __ ff [[ CC oo nn ss ]] ::

## II [[ 77 ]] :: :: ff [[ 33 ]]

PP ii
## OO [[ 77 ]] :: 33

## II [[ 88 ]] :: :: gg [[ $$ xx ,, $$ yy ]] :: :: ff [[ $$ xx ]] ++ $$ yy

## OO [[ 88 ]] :: ´́ ff [[ $$ xx ]] ++ $$ yy

## II [[ 99 ]] :: :: PP rr oo gg [[ gg ]]

dd oo uu bb ll ee gg (( )) ;;
dd oo uu bb ll ee ff (( )) ;;

// **
gg [[ $$ xx ,, $$ yy ]] :: :: ff [[ $$ xx ]] ++ $$ yy

** //

dd oo uu bb ll ee gg (( dd __ xx ,, dd __ yy ))
dd oo uu bb ll ee dd __ xx ;;
dd oo uu bb ll ee dd __ yy ;;
{{

rr ee tt uu rr nn ff (( dd __ xx )) ++ dd __ yy ;;
}}

## OO [[ 99 ]] :: {{ ´́ gg }}

## II [[ 11 00 ]] :: :: ff __ :: II nn ll ii nn ee

## OO [[ 11 00 ]] :: II nn ll ii nn ee
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## II [[ 11 11 ]] :: :: PP rr oo gg [[ gg ]]

dd oo uu bb ll ee gg (( )) ;;
dd oo uu bb ll ee pp oo ww (( )) ;;

// **
gg [[ $$ xx ,, $$ yy ]] :: :: ff [[ $$ xx ]] ++ $$ yy

PP ii
ff [[ $$ xx ]] :: :: $$ xx

** //

dd oo uu bb ll ee gg (( dd __ xx ,, dd __ yy ))
dd oo uu bb ll ee dd __ xx ;;
dd oo uu bb ll ee dd __ yy ;;
{{

rr ee tt uu rr nn pp oo ww (( dd __ xx ,, 33 .. 11 44 11 55 99 22 66 55 33 55 88 99 88 )) ++ dd __ yy ;;
}}

## OO [[ 11 11 ]] :: {{ ´́ gg }}

## II [[ 11 ]] :: :: __ $$ xx

## OO [[ 11 ]] :: {{ [[ GG ee nn ]] :: 11 }}

## II [[ 22 ]] :: :: __ $$ xx [[ GG ee nn ]] :: II nn tt pp

## OO [[ 22 ]] :: II nn tt pp

## II [[ 33 ]] :: :: ff [[ $$ xx ]] :: $$ xx ˆ̂ 22

22
## OO [[ 33 ]] :: $$ xx

## II [[ 44 ]] :: :: ff [[ xx ]] ++ ff [[ 33 ]]

## OO [[ 44 ]] :: 99 ++ ff [[ xx ]]

## II [[ 11 ]] :: :: __ ff [[ II nn ii tt ]] :: :: PP rr [[ "" UU ss ii nn gg ff "" ]]

## OO [[ 11 ]] :: ´́ PP rr [[ "" UU ss ii nn gg ff "" ]]

## II [[ 22 ]] :: :: ff

## OO [[ 22 ]] :: ff

## II [[ 33 ]] :: :: ff [[ xx ]] ++ ff [[ yy ]]

UU ss ii nn gg ff

## OO [[ 33 ]] :: ff [[ xx ]] ++ ff [[ yy ]]

## II [[ 44 ]] :: :: __ ff

## OO [[ 44 ]] :: __ ff

## II [[ 11 ]] :: :: __ gg [[ SS mm pp ]] :: 00

## OO [[ 11 ]] :: 00

## II [[ 22 ]] :: :: __ hh [[ SS mm pp ]] :: {{ 00 ,, ,, }}

## OO [[ 22 ]] :: {{ 00 ,, ,, }}
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## II [[ 33 ]] :: :: __ ii [[ SS mm pp ]] [[ $$ xx ]] :: :: OO dd dd pp [[ $$ xx ]]

## OO [[ 33 ]] :: ´́ OO dd dd pp [[ $$ xx ]]

## II [[ 44 ]] :: :: {{ ff [[ 11 ++ 11 ]] ,, gg [[ 11 ++ 11 ]] ,, hh [[ 11 ++ 11 ,, 11 ++ 11 ,, 11 ++ 11 ,, 11 ++ 11 ]] ,, ii [[ 11 ++ 11 ,, 11 ++ 11 ,, 11 ++ 11 ,, 11 ++ 11 ]] }}

## OO [[ 44 ]] :: {{ ff [[ 22 ]] ,, gg [[ 11 ++ 11 ]] ,, hh [[ 11 ++ 11 ,, 22 ,, 22 ,, 22 ]] ,, ii [[ 22 ,, 11 ++ 11 ,, 22 ,, 11 ++ 11 ]] }}

## II [[ 11 ]] :: :: __ ff [[ PP rr ]] :: aa

## OO [[ 11 ]] :: aa

## II [[ 22 ]] :: :: ff ˆ̂ 22 ++ ff [[ xx ]]

22
## OO [[ 22 ]] :: ** ff [[ xx ]] ++ aa

## II [[ 33 ]] :: :: LL pp rr [[ %% ]]

ff [[ xx ]] ++ ff ˆ̂ 22

## II [[ 44 ]] :: :: __ bb ii rr dd [[ PP rr ]] :: FF mm tt [[ {{ {{ 00 ,, 00 }} ,, {{ 00 ,, 11 }} ,, {{ 00 ,, 22 }} }} ,, "" [[ ]] "" ,, "" \\ // "" ,, "" __ __ "" ]]

__ __
\\ //

## OO [[ 44 ]] :: [[ ]]

## II [[ 55 ]] :: :: bb ii rr dd ˆ̂ bb ii rr dd bb ii rr dd ˆ̂ bb ii rr dd ˆ̂ bb ii rr dd

__ __
__ __ __ __ \\ //

__ __ \\ // \\ // [[ ]]
\\ // [[ ]] ++ [[ ]]

## OO [[ 55 ]] :: ** [[ ]]

## II [[ 66 ]] :: :: LL pp rr [[ %% ]]

bb ii rr dd ˆ̂ (( bb ii rr dd ++ bb ii rr dd ˆ̂ bb ii rr dd ))

## II [[ 77 ]] :: :: __ gg [[ PP rr ]] [[ $$ xx ,, $$ yy ]] :: FF mm tt [[ {{ {{ 00 ,, 00 }} ,, {{ 11 ,, -- 11 }} ,, {{ 22 ,, -- 22 }} }} ,, $$ xx ,, "" ss tt ee pp "" ,, $$ yy ]]

## OO [[ 77 ]] :: $$ xx
ss tt ee pp

$$ yy

## II [[ 88 ]] :: :: {{ gg [[ ss tt ee pp ,, ss tt ee pp ]] ,, gg [[ (( aa ++ bb )) // cc ,, xx // (( yy ++ zz )) ]] ,, gg [[ 33 ]] }}

aa ++ bb
## OO [[ 88 ]] :: ** {{ ss tt ee pp ,, -- -- -- -- -- ,, gg [[ 33 ]] }}

ss tt ee pp cc
ss tt ee pp ss tt ee pp

xx
-- -- -- -- --
yy ++ zz

## II [[ 11 ]] :: :: ff __ :: TT rr aa cc ee

## OO [[ 11 ]] :: TT rr aa cc ee
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## II [[ 22 ]] :: :: ff [[ ff [[ xx ]] ]] ++ ff [[ yy ]]

ff [[ xx ]]

ff [[ ff [[ xx ]] ]]

ff [[ yy ]]

## OO [[ 22 ]] :: ff [[ yy ]] ++ ff [[ ff [[ xx ]] ]]

## II [[ 33 ]] :: :: __ gg [[ TT rr aa cc ee ]] :: :: PP rr [[ LL ee nn [[ $$ xx ]] ]]

## OO [[ 33 ]] :: ´́ PP rr [[ LL ee nn [[ $$ xx ]] ]]

## II [[ 44 ]] :: :: gg [[ gg [[ 11 ,, 22 ,, 33 ]] ,, 11 ]] ++ gg [[ 44 ]]

33
22
11

## OO [[ 44 ]] :: gg [[ 44 ]] ++ gg [[ gg [[ 11 ,, 22 ,, 33 ]] ,, 11 ]]

## II [[ 55 ]] :: :: SS ee tt __ :: TT rr aa cc ee

## OO [[ 55 ]] :: TT rr aa cc ee

## II [[ 66 ]] :: :: aa :: bb :: cc

aa :: ((bb :: cc ))

bb :: cc

## OO [[ 66 ]] :: cc

## II [[ 11 ]] :: :: ff [[ xx ]] [[ yy ]]

## OO [[ 11 ]] :: ff [[ xx ,, yy ]]

## II [[ 22 ]] :: :: ff __ :: TT ii ee rr

## OO [[ 22 ]] :: TT ii ee rr

## II [[ 33 ]] :: :: ff [[ xx ]] [[ yy ]]

## OO [[ 33 ]] :: PP rr oo jj [[ ff [[ xx ]] ,, {{ yy }} ]]

## II [[ 44 ]] :: :: {{ PP ll uu ss [[ aa ,, bb ,, 11 ]] ,, PP ll uu ss [[ aa ,, bb ]] [[ 11 ]] }}

## OO [[ 44 ]] :: {{ 11 ++ aa ++ bb ,, aa }}

## II [[ 11 ]] :: :: ff __ :: FF ll aa tt

## OO [[ 11 ]] :: FF ll aa tt

## II [[ 22 ]] :: :: ff [[ ff [[ aa ,, bb ]] ,, ff [[ cc ++ ff [[ dd ,, ee ]] ,, ff [[ ff [[ cc ]] ]] ]] ,, ee ]]

## OO [[ 22 ]] :: ff [[ aa ,, bb ,, cc ++ ff [[ dd ,, ee ]] ,, cc ,, ee ]]

## II [[ 33 ]] :: :: gg __ :: CC oo mm mm

## OO [[ 33 ]] :: CC oo mm mm

## II [[ 44 ]] :: :: gg [[ bb ,, aa ]] ++ gg [[ dd ,, cc ]] ++ gg [[ cc ,, dd ]]

## OO [[ 44 ]] :: gg [[ aa ,, bb ]] ++ 22 gg [[ cc ,, dd ]]
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## II [[ 55 ]] :: :: __ hh [[ RR ee oo rr ]] :: AA ss yy mm

## OO [[ 55 ]] :: AA ss yy mm

## II [[ 66 ]] :: :: {{ hh [[ bb ,, aa ]] ,, hh [[ aa ,, bb ]] ,, hh [[ aa ,, aa ]] ,, hh [[ cc ,, bb ,, aa ]] ,, hh [[ aa ,, cc ,, bb ]] ,, hh [[ aa ,, bb ,, aa ]] }}

## OO [[ 66 ]] :: {{ -- hh [[ aa ,, bb ]] ,, hh [[ aa ,, bb ]] ,, 00 ,, -- hh [[ aa ,, bb ,, cc ]] ,, -- hh [[ aa ,, bb ,, cc ]] ,, 00 }}

## II [[ 77 ]] :: :: __ ii [[ RR ee oo rr ]] :: {{ CC yy cc ll ii cc [[ 11 ,, 22 ,, 33 ]] ,, AA ss yy mm [[ 44 ,, 55 ]] }}

## OO [[ 77 ]] :: {{ CC yy cc ll ii cc [[ 11 ,, 22 ,, 33 ]] ,, AA ss yy mm [[ 44 ,, 55 ]] }}

## II [[ 88 ]] :: :: {{ ii [[ bb ,, aa ,, cc ,, ee ,, dd ]] ,, ii [[ bb ,, bb ,, aa ,, dd ,, ee ]] ,, ii [[ bb ,, cc ,, aa ,, ee ,, dd ]] }}

## OO [[ 88 ]] :: {{ -- ii [[ aa ,, cc ,, bb ,, dd ,, ee ]] ,, ii [[ aa ,, bb ,, bb ,, dd ,, ee ]] ,, -- ii [[ aa ,, bb ,, cc ,, dd ,, ee ]] }}

## II [[ 11 ]] :: :: __ ff [[ DD ii ss tt ]] :: :: PP ll uu ss

## OO [[ 11 ]] :: ´́ PP ll uu ss

## II [[ 22 ]] :: :: EE xx [[ ff [[ aa ++ ff [[ bb ++ cc ]] ]] ]]

## OO [[ 22 ]] :: ff [[ aa ]] ++ ff [[ ff [[ bb ]] ]] ++ ff [[ ff [[ cc ]] ]]

## II [[ 33 ]] :: :: __ ff [[ DD ii ss tt ]] :: :: {{ MM uu ll tt ,, DD oo tt }}

## OO [[ 33 ]] :: ´́ {{ MM uu ll tt ,, DD oo tt }}

## II [[ 44 ]] :: :: EE xx [[ ff [[ aa bb cc ]] ++ ff [[ uu .. vv .. ww ]] ++ ff [[ xx ++ yy ]] ]]

## OO [[ 44 ]] :: ff [[ xx ++ yy]] ++ ff [[ uu ]] .. ff [[ vv ]] .. ff [[ ww ]] ++ ff [[ aa ]] ff [[ bb ]] ff [[ cc ]]

## II [[ 55 ]] :: :: __ jj [[ DD ii ss tt ]] :: :: {{ {{ gg ,, hh ,, kk }} }}

## OO [[ 55 ]] :: ´́ {{ {{ gg ,, hh ,, kk }} }}

## II [[ 66 ]] :: :: tt :: jj [[ gg [[ aa ,, bb ]] ,, gg pp [[ xx ,, yy ]] ,, gg [[ cc ,, dd ,, ee ]] ]]

## OO [[ 66 ]] :: jj [[ gg [[ aa ,, bb ]] ,, gg pp [[ xx ,, yy ]] ,, gg [[ cc ,, dd ,, ee ]] ]]

## II [[ 77 ]] :: :: EE xx [[ tt ]]

## OO [[ 77 ]] :: hh [[ kk [[ aa ,, gg pp [[ xx ,, yy ]] ,, gg [[ cc ,, dd ,, ee ]] ]] ,, kk [[ bb ,, gg pp [[ xx ,, yy ]] ,, gg [[ cc ,, dd ,, ee ]] ]] ]]

## II [[ 88 ]] :: :: __ jj [[ DD ii ss tt ]] :: :: {{ {{ gg ,, hh ,, jj }} ,, gg pp }}

## OO [[ 88 ]] :: ´́ {{ {{ gg ,, hh ,, jj }} ,, gg pp }}

## II [[ 99 ]] :: :: EE xx [[ tt ]]

## OO [[ 99 ]] :: hh [[ gg pp [[ hh [[ jj [[ aa ,, xx ,, cc ]] ,, jj [[ aa ,, xx ,, dd ]] ,, jj [[ aa ,, xx ,, ee ]] ]] ,,

hh [[ jj [[ aa ,, yy ,, cc ]] ,, jj [[ aa ,, yy ,, dd ]] ,, jj [[ aa ,, yy ,, ee ]] ]] ]] ,,

gg pp [[ hh [[ jj [[ bb ,, xx ,, cc ]] ,, jj [[ bb ,, xx ,, dd ]] ,, jj [[ bb ,, xx ,, ee ]] ]] ,,

hh [[ jj [[ bb ,, yy ,, cc ]] ,, jj [[ bb ,, yy ,, dd ]] ,, jj [[ bb ,, yy ,, ee ]] ]] ]] ]]

## II [[ 11 ]] :: :: __ ff [[ PP oo ww dd ii ss tt ]] :: :: MM uu ll tt

## OO [[ 11 ]] :: ´́ MM uu ll tt

## II [[ 22 ]] :: :: EE xx [[ ff [[ aa ++ bb ,, 33 ]] ]]

## OO [[ 22 ]] :: ff [[ aa ,, 33 ]] ++ ff [[ bb ,, 33 ]] ++ 33 ff [[ aa ,, 11 ]] ff [[ bb ,, 22 ]] ++ 33 ff [[ aa ,, 22 ]] ff [[ bb ,, 11 ]]
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## II [[ 33 ]] :: :: __ ff [[ PP oo ww dd ii ss tt ]] :: :: {{ {{ MM uu ll tt ,, PP ll uu ss }} ,, {{ DD oo tt ,, gg }} }}

## OO [[ 33 ]] :: ´́ {{ {{ MM uu ll tt ,, PP ll uu ss }} ,, {{ DD oo tt ,, gg }} }}

## II [[ 44 ]] :: :: EE xx [[ ff [[ aa ++ bb ++ cc ,, 22 ]] ]]

22 22 22
## OO [[ 44 ]] :: 22 aa bb ++ 22aa cc ++ 22bb cc ++ aa ++ bb ++ cc

## II [[ 55 ]] :: :: EE xx [[ ff [[ gg [[ aa ,, bb ]] ,, 33 ]] ]]

## OO [[ 55 ]] :: gg [[ aa ,, bb ]] .. gg [[ aa ,, bb ]] .. gg [[ aa ,, bb ]]

## II [[ 11 ]] :: :: ff __ :: LL dd ii ss tt

## OO [[ 11 ]] :: LL dd ii ss tt

## II [[ 22 ]] :: :: ff [[ {{ aa 11 ,, aa 22 ,, aa 33 }} ,, {{ bb 11 ,, bb 22 }} ,, cc ]]

## OO [[ 22 ]] :: {{ ff [[ aa 11 ,, bb 11 ,, cc ]] ,, ff [[ aa 22 ,, bb 22 ,, cc ]] ,, ff [[ aa 33 ,, cc ]] }}

## II [[ 33 ]] :: :: ff [[ {{ {{ 11 ,, 22 }} ,, {{ 33 ,, 44 }} }} ,, cc ,, {{ aa 11 ,, aa 22 ,, aa 33 }} ]]

## OO [[ 33 ]] :: {{ {{ ff [[ 11 ,, cc ,, aa 11 ]] ,, ff [[ 22 ,, cc ,, aa 11 ]] }} ,, {{ ff [[ 33 ,, cc ,, aa 22 ]] ,, ff [[ 44 ,, cc ,, aa 22 ]] }} ,, ff [[ cc ,, aa 33 ]] }}

## II [[ 44 ]] :: :: ff [[ {{ [[ xx ]] :: aa xx ,, [[ yy ]] :: aa yy }} ,, {{ [[ zz ]] :: bb zz ,, [[ xx ]] :: bb xx }} ,, cc ]]

## OO [[ 44 ]] :: {{ [[ xx ]] :: ff [[ aa xx ,, bb xx ,, cc ]] ,, [[ yy ]] :: ff [[ aa yy ,, cc ]] ,, [[ zz ]] :: ff [[ bb zz ,, cc ]] }}

## II [[ 55 ]] :: :: {{ 44 ,, 55 ,, 33 }} ++ aa {{ 33 ,, 44 ,, {{ 22 ,, 55 }} }}

## OO [[ 55 ]] :: {{ 44 ++ 33 aa ,, 55 ++ 44 aa ,, {{ 33 ++ 22 aa ,, 33 ++ 55 aa }} }}

## II [[ 66 ]] :: :: rr [[ $$ xx ]] :: $$ xx ++ 33

## OO [[ 66 ]] :: 33 ++ $$ xx

## II [[ 77 ]] :: :: rr

## OO [[ 77 ]] :: {{ [[ $$ xx ]] :: 33 ++ $$ xx }}

## II [[ 88 ]] :: :: rr pp :: rr ˆ̂ 22

22
## OO [[ 88 ]] :: {{ [[ $$ xx ]] :: (( 33 ++ $$ xx )) }}

## II [[ 99 ]] :: :: rr pp [[ xx ]]

22
## OO [[ 99 ]] :: (( 33 ++ xx ))

## II [[ 11 ]] :: :: __ ff [[ SS mm pp ]] :: 00

## OO [[ 11 ]] :: 00

## II [[ 22 ]] :: :: ff [[ 11 ++ 11 ]] ++ gg [[ 11 ++ 11 ]]

## OO [[ 22 ]] :: ff [[ 11 ++ 11]] ++ gg [[ 22 ]]

## II [[ 33 ]] :: :: gg __ ff

## OO [[ 33 ]] :: ff

## II [[ 44 ]] :: :: __ gg

## OO [[ 44 ]] :: {{ [[ TT yy pp ee ]] :: :: ff }}
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## II [[ 55 ]] :: :: ff [[ 11 ++ 11 ]] ++ gg [[ 11 ++ 11 ]]

## OO [[ 55 ]] :: ff [[ 11 ++ 11]] ++ gg [[ 11 ++ 11 ]]

ssyymmbb __ :: pp or PP rr ss ee tt [[ ssyymmbb,, pp]]
is equivalent to__ ssyymmbb[[ pp]] :: 11 and assigns the propertypp to the symbolssyymmbb.

ssyymmbb __ sstt or TT yy ss ee tt [[ ssyymmbb,, sstt]]
is equivalent to__ ssyymmbb[[ TT yy pp ee ]] :: :: sstt and assigns the symbolssyymmbb to have the type of the symbolsstt.

## II [[ 11 ]] :: :: ff __ :: pp 11

## OO [[ 11 ]] :: pp 11

## II [[ 22 ]] :: :: __ ff

## OO [[ 22 ]] :: {{ [[ pp 11 ]] :: 11 }}

## II [[ 33 ]] :: :: ff __ :: gg __ :: pp 22

## OO [[ 33 ]] :: pp 22

## II [[ 44 ]] :: :: __ ff

## OO [[ 44 ]] :: {{ [[ pp 22 ]] :: 11 ,, [[ pp 11 ]] :: 11 }}

## II [[ 55 ]] :: :: ff __ gg __ tt 11

## OO [[ 55 ]] :: tt 11

## II [[ 66 ]] :: :: __ ff

## OO [[ 66 ]] :: {{ [[ TT yy pp ee ]] :: :: tt 11 ,, [[ pp 22 ]] :: 11 ,, [[ pp 11 ]] :: 11 }}

Entries__ ss[[ EE xx tt rr ]] and__ ss[[ EE xx tt ee ]] in the property list of a symbolss allow for "type extension". Standardpro-
jections may be replaced by special projections if some of their filters are of some special extended type.Hence,
for example, a product may be entered as a projection ofMM uu ll tt , but is replaced by a projection ofPP ss mm uu ll tt if one
or more of its filters is a power series (PP ss projection [9.5]). Projections reached by type extension are usually not
described separately in this document.

Type extension is carried out before any FF ll aa tt , CC oo mm mm, or RR ee oo rr properties of the original operator are used.
Thus such properties must be specifically given to "relacement extensions" if they are desired.

## II [[ 11 ]] :: :: __ ff [[ EE xx tt rr ,, gg ]] :: ff gg

## OO [[ 11 ]] :: ff gg

## II [[ 22 ]] :: :: __ ff [[ EE xx tt rr ,, MM uu ll tt ]] :: ff mm uu ll tt

## OO [[ 22 ]] :: ff mm uu ll tt

## II [[ 33 ]] :: :: gg [[ ff [[ xx ]] ,, yy ]] ++ gg [[ xx ,, yy ]] ** ff [[ aa ,, bb ]] ++ cc ** aa ** bb ** ff

## OO [[ 33 ]] :: ff gg [[ ff [[ xx ]] ,, yy ]] ++ ff mm uu ll tt [[ gg [[ xx ,, yy ]] ,, ff [[ aa ,, bb ]] ]] ++ ff mm uu ll tt [[ cc ,, aa ,, bb ,, ff ]]

## II [[ 44 ]] :: :: __ ff [[ EE xx tt ee ]] :: ff gg ee nn

## OO [[ 44 ]] :: ff gg ee nn

## II [[ 55 ]] :: :: gg [[ ff [[ xx ]] ,, yy ]] ++ ff [[ ff [[ xx ]] ,, yy ]]

## OO [[ 55 ]] :: ff gg [[ ff [[ xx ]] ,, yy ]] ++ ff gg ee nn [[ ff [[ ff [[ xx ]] ,, yy ]] ]]
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## II [[ 66 ]] :: :: jj __ ff

## OO [[ 66 ]] :: ff

## II [[ 77 ]] :: :: ff ** aa ++ gg ** bb ++ jj ** cc

## OO [[ 77 ]] :: ff mm uu ll tt [[ ff ,, aa ]] ++ ff mm uu ll tt [[ jj ,, cc ]] ++ bb gg

## II [[ 88 ]] :: :: {{ ff [[ 11 ]] ,, ff [[ 22 ]] }}

## OO [[ 88 ]] :: ff gg ee nn [[ {{ ff [[ 11 ]] ,, ff [[ 22 ]] }} ]]
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An expression is treated as "false" if it is zero, and "true" if it is any non-zero number.

PP [[ ee xxpprr]]
yields11 if ee xxpprr is "true", and00 otherwise.

The relational and logical projections described below yield 00 or 11 if their "truth" or "falsity" can be determined
(by syntactic comparison or linear elimination of symbolic parameters); otherwise they yield simplified forms of
undetermined truth value. Whenonly one filter is given, the relational projections defined below yield as images
that filter. When more than two filters are given, they yield the conjunction of results for each successive pair of
fi lters; however, UU nn ee qq is an exception, yielding the conjunction of results for all possible pairs of filters.

ee xxpprr11 == ee xxpprr22 or EE qq [[ ee xxpprr11,, ee xxpprr22]]
<<CC oo mm mm>>

represents an equation asserting the equality ofee xxpprr11 andee xxpprr22. Equations represented byEE qq projections
are used inSS oo ll [9.3].
• NN ee qq [3.4]

ee xxpprr11 ˜̃ == ee xxpprr22 or UU nn ee qq [[ ee xxpprr11,, ee xxpprr22]]
<<CC oo mm mm>>

asserts the inequality ofee xxpprr11 andee xxpprr22. UU nn ee qq [[ ee xxpprr11,, ee xxpprr22,, . . .]] asserts inequality of all theee xxpprrii.

ee xxpprr11 >> ee xxpprr22 or GG tt [[ ee xxpprr11,, ee xxpprr22]]
asserts thatee xxpprr11 is numerically larger thanee xxpprr22.

ee xxpprr11 >> == ee xxpprr22 or GG ee [[ ee xxpprr11,, ee xxpprr22]]
asserts thatee xxpprr11 is numerically larger than or equal toee xxpprr22.

ee xxpprr11 << ee xxpprr22
is equivalent toexpr2 > expr1.

ee xxpprr11 << == ee xxpprr22
is equivalent toexpr2 >= expr1.

The assignment [3.2]expr1 > expr2 : 1 defines the expressionexpr1 to be greater thanexpr2 .
The projectionGe tests for assignments of relevant Gt projections.

If # and ## represent special input forms for relational projections thenexpr1 # expr2 ## expr3 is converted to
( expr1 # expr2) & ( expr2 ## expr3) [2.10]. However, combinations of the formexpr1 ˜= expr2 ˜= expr3 ˜=
. . .  are converted to ( expr1 ˜= expr2) & ( expr2 ˜= expr3) & ( expr1 ˜= expr3) & . . .  ,  asserting
inequality of all theexpri.

#I[1]:: {2+1=3,x=1,P[x=1],P[2+1=3]}

#O[1]: {1,x = 1 ,0,1}

#I[2]:: {Eq[2],Uneq[2],2˜=2+1,Uneq[1,2,1],Uneq[1,2,3,4]}

#O[2]: {2,1,1,0,1}

#I[3]:: {x<y,x+3>x+2,x+a<x+b,2x+a>x-3a}

#O[3]: {y > x ,1,b > a,4a + x > 0}

#I[4]:: {x>y>z,x>y>=z,x=y=z}

#O[4]: {x > y & y > z ,y >= z & x > y,x = y & y = z}
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#I[5]:: a>0:1

#O[5]: 1

#I[6]:: {a>0,a<0,0<a,a>=0,a>1}

#O[6]: {1,0,1,1,a > 1}

#I[7]:: f[$x]>f[$y]:$x>$y

#O[7]: $x > $y

#I[8]:: {f[3]>f[2],f[x]>f[y],f[x+a]>f[x],f[x+b]>f[x]}

#O[8]: {1,x > y ,1,b > 0}

#I[9]:: 47˜=d˜=d+1˜=e˜=f˜=57

#O[9]: 46 ˜= d & 47 ˜= d & 47 ˜= e & 47 ˜= f & d ˜= 56 & d ˜= 57

& d ˜= e & d ˜= f & e ˜= 57 & e ˜= f & f ˜= 5 7

& 1 + d ˜= e & 1 + d ˜= f

˜̃ ee xxpprr or NN oo tt [[ ee xxpprr]]
yields "true" ifee xxpprr is 00 and00 if ee xxpprr is "true".

ee xxpprr11 && ee xxpprr22 && ee xxpprr33 . . .  or AA nn dd [[ ee xxpprr11,, ee xxpprr22,, ee xxpprr33,, . . .]]
<<CC oo mm mm ,, FF ll aa tt >>

forms the conjunction of theee xxpprrii.

ee xxpprr11 || ee xxpprr22 || ee xxpprr33 . . .  or OO rr [[ ee xxpprr11,, ee xxpprr22,, ee xxpprr33,, . . .]]
<<CC oo mm mm ,, FF ll aa tt >>

forms the inclusive disjunction of theee xxpprrii.

ee xxpprr11 || || ee xxpprr22 || || ee xxpprr33 . . .  or XX oo rr [[ ee xxpprr11,, ee xxpprr22,, ee xxpprr33,, . . .]]
<<CC oo mm mm ,, FF ll aa tt >>

forms the exclusive disjunction of theee xxpprrii.

ee xxpprr11 == >> ee xxpprr22
or II mm pp [[ ee xxpprr11,, ee xxpprr22]]

represents the logical implication "ifee xxpprr11 thenee xxpprr22 ".

## II [[ 11 ]] :: :: 11 && 00 || 44 >> 33

## OO [[ 11 ]] :: 11

## II [[ 22 ]] :: :: OO uu tt ee rr [[ ff ,, {{ 11 ,, 00 }} ,, {{ 11 ,, 00 }} ]]

## OO [[ 22 ]] :: {{ {{ ff [[ 11 ,, 11 ]] ,, ff [[ 11 ,, 00 ]] }} ,, {{ ff [[ 00 ,, 11 ]] ,, ff [[ 00 ,, 00 ]] }} }}

## II [[ 33 ]] :: :: OO uu tt ee rr [[ AA nn dd ,, {{ 11 ,, 00 }} ,, {{ 11 ,, 00 }} ]]

## OO [[ 33 ]] :: {{ {{ 11 ,, 00 }} ,, {{ 00 ,, 00 }} }}

## II [[ 44 ]] :: :: OO uu tt ee rr [[ OO rr ,, {{ 11 ,, 00 }} ,, {{ 11 ,, 00 }} ]]

## OO [[ 44 ]] :: {{ {{ 11 ,, 11 }} ,, {{ 11 ,, 00 }} }}

## II [[ 55 ]] :: :: OO uu tt ee rr [[ XX oo rr ,, {{ 11 ,, 00 }} ,, {{ 11 ,, 00 }} ]]

## OO [[ 55 ]] :: {{ {{ 00 ,, 11 }} ,, {{ 11 ,, 00 }} }}

## II [[ 66 ]] :: :: OO uu tt ee rr [[ II mm pp ,, {{ 11 ,, 00 }} ,, {{ 11 ,, 00 }} ]]

## OO [[ 66 ]] :: {{ {{ 11 ,, 00 }} ,, {{ 11 ,, 11 }} }}
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II ss [[ ee xxpprr]]
yields 11 if ee xxpprr represents a logical tautology "true" regardless of the "truth" or "falsity" of any symbols
appearing in it, and yields00 otherwise.
• NN ee qq [3.4]

## II [[ 11 ]] :: :: {{ II ss [[ pp || ˜̃ pp ]] ,, II ss [[ pp || || pp ]] ,, II ss [[ pp && ˜̃ pp ]] ,, II ss [[ (( pp == >> qq )) == (( (( ˜̃ qq )) == >> (( ˜̃ pp )) )) ]] }}

## OO [[ 11 ]] :: {{ 11 ,, 00 ,, 00 ,, 11 }}

## II [[ 22 ]] :: :: bb aa ss ee :: (( ee vv ee nn || oo dd dd )) == >> (( ii nn tt && rr ee aa ll ))

## OO [[ 22 ]] :: ee vv ee nn || oo dd dd == >> ii nn tt && rr ee aa ll

## II [[ 33 ]] :: :: {{ II ss [[ bb aa ss ee == >> oo dd dd == >> ii nn tt ]] ,, II ss [[ bb aa ss ee == >> ii nn tt == >> oo dd dd ]] ,, II ss [[ bb aa ss ee == >> (( ˜̃ rr ee aa ll )) == >> (( ˜̃ ee vv ee nn )) ]] }}

## OO [[ 33 ]] :: {{ 11 ,, 00 ,, 11 }}

• II ff [6.1]
• II nn tt pp ,, eettcc. [7.6]

OO rr dd [[ ee xxpprr11,, ee xxpprr22]]
yields ++ 11 if ee xxpprr11 is lexically [10.5] ordered beforeee xxpprr22, -- 11 if ee xxpprr11 is lexically ordered afteree xxpprr22, and
00 if they are literally equivalent [2.6].
• RR ee oo rr , SS oo rr tt [7.7]

## II [[ 11 ]] :: :: {{ OO rr dd [[ aa ,, bb ]] ,, OO rr dd [[ bb ,, aa ]] ,, OO rr dd [[ ff [[ xx ]] ,, xx ]] ,, OO rr dd [[ aa ,, aa ]] }}

## OO [[ 11 ]] :: {{ 11 ,, -- 11 ,, -- 11 ,, 00 }}
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6.1 Conditionalstatements

6.2 Iteration
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6.1 Conditionalstatements

II ff [[ pprr eedd,, (ee xxpprr11 : NN uu ll ll ),, (ee xxpprr22 : NN uu ll ll ),, (ee xxpprr33 : NN uu ll ll )]]
yields ee xxpprr11 if the predicate expressionpprr eedd is determined to be "true" [5];ee xxpprr22 if it is determined to be
"false", andee xxpprr33 if its truth or falsity cannot be determined [5]. Only theee xxpprrii selected by evaluation of
pprr eedd is simplified.

## II [[ 11 ]] :: :: ff 11 [[ $$ xx ]] :: :: II ff [[ $$ xx >> 00 ,, aa ]]

## OO [[ 11 ]] :: ´́ II ff [[ $$ xx >> 00 ,, aa ]]

## II [[ 22 ]] :: :: ff 22 [[ $$ xx ]] :: :: II ff [[ $$ xx >> 00 ,, aa ,, bb ]]

## OO [[ 22 ]] :: ´́ II ff [[ $$ xx >> 00 ,, aa ,, bb ]]

## II [[ 33 ]] :: :: ff 33 [[ $$ xx ]] :: :: II ff [[ $$ xx >> 00 ,, aa ,, bb ,, cc ]]

## OO [[ 33 ]] :: ´́ II ff [[ $$ xx >> 00 ,, aa ,, bb ,, cc ]]

## II [[ 44 ]] :: :: {{ ff 11 [[ 11 ]] ,, ff 22 [[ 11 ]] ,, ff 33 [[ 11 ]] }}

## OO [[ 44 ]] :: {{ aa ,, aa ,, aa }}

## II [[ 55 ]] :: :: {{ ff 11 [[ -- 11 ]] ,, ff 22 [[ -- 11 ]] ,, ff 33 [[ -- 11 ]] }}

## OO [[ 55 ]] :: {{ ,, bb ,, bb }}

## II [[ 66 ]] :: :: {{ ff 11 [[ xx ]] ,, ff 22 [[ xx ]] ,, ff 33 [[ xx ]] }}

## OO [[ 66 ]] :: {{ ,, ,, cc }}

SS ee ll [[ pprr eedd11,, ee xxpprr11,, pprr eedd22,, ee xxpprr22,, . . .]]
testspprr eedd11, pprr eedd22, . . .  in turn, selecting theee xxpprrii associated with the first one determined to be "true" [5]
(NN uu ll ll if none are "true"). Only thepprr eeddii tested and theee xxpprrii selected are simplified.

## II [[ 11 ]] :: :: ff [[ $$ xx ]] :: :: SS ee ll [[ $$ xx >> 55 ,, aa ,, $$ xx << 33 ,, bb ]]

## OO [[ 11 ]] :: ´́ SS ee ll [[ $$ xx >> 55 ,, aa ,, 33 >> $$ xx ,, bb ]]

## II [[ 22 ]] :: :: {{ ff [[ 77 ]] ,, ff [[ 44 ]] ,, ff [[ 22 ]] ,, ff [[ xx ]] }}

## OO [[ 22 ]] :: {{ aa ,, ,, bb ,, }}

## II [[ 33 ]] :: :: gg [[ $$ xx ]] :: :: SS ee ll [[ $$ xx >> 55 ,, aa ,, $$ xx << 33 ,, bb ,, PP rr [[ "" nn oo vv aa ll uu ee ff oo rr "" ,, $$ xx ]] ]]

## OO [[ 33 ]] :: ´́ SS ee ll [[ $$ xx >> 55 ,, aa ,, 33 >> $$ xx ,, bb ,, PP rr [[ "" nn oo vv aa ll uu ee ff oo rr "" ,, $$ xx ]] ]]

## II [[ 44 ]] :: :: {{ gg [[ 77 ]] ,, gg [[ 44 ]] ,, gg [[ 22 ]] ,, gg [[ xx ]] }}

nn oo vv aa ll uu ee ff oo rr 44
nn oo vv aa ll uu ee ff oo rr xx

## OO [[ 44 ]] :: {{ aa ,, ,, bb ,, }}
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6.2 Iteration

RR pp tt [[ ee xxpprr,, (nn : 11 )]]
simplifiesee xxpprr nn times, yielding the last value found.

## II [[ 11 ]] :: :: RR pp tt [[ PP rr [[ xx ]] ,, 33 ]]

xx
xx
xx

## OO [[ 11 ]] :: xx

## II [[ 22 ]] :: :: rr :: xx

## OO [[ 22 ]] :: xx

## II [[ 33 ]] :: :: RR pp tt [[ rr :: 11 // (( 11 ++ rr )) ,, 33 ]]

11
## OO [[ 33 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- --

11
11 ++ -- -- -- -- -- -- -- -- --

11
11 ++ -- -- -- -- --

11 ++ xx

LL oo oo pp [[ (pprr eeccoonndd : 11 ),, ee xxpprr,, (ppoossttccoonndd : 11 )]]
repeatedly simplifies pprr eeccoonndd, ee xxpprr andppoossttccoonndd in turn, yielding the last value ofee xxpprr found beforepprr ee--
ccoonndd or ppoossttccoonndd ceases to be "true" [5].

## II [[ 11 ]] :: :: ii :: 00 ;; LL oo oo pp [[ ii << 55 ,, PP rr [[ ii ,, ii !! ]] ;; II nn cc [[ ii ]] ]]

00 11
11 11
22 22
33 66
44 22 44

## OO [[ 11 ]] :: 55

## II [[ 22 ]] :: :: ii

## OO [[ 22 ]] :: 55

## II [[ 33 ]] :: :: ii :: 00 ;; LL oo oo pp [[ ,, PP rr [[ ii ]] ;; II nn cc [[ ii ]] ,, ii << 33 ]]

00
11
22

## OO [[ 33 ]] :: 33

## II [[ 44 ]] :: :: ii :: 00 ;; LL oo oo pp [[ ii << 00 ,, PP rr [[ ii ]] ;; II nn cc [[ ii ]] ]]

## II [[ 55 ]] :: :: ii :: 00 ;; LL oo oo pp [[ ,, PP rr [[ ii ]] ;; II nn cc [[ ii ]] ,, ii << 00 ]]

00

## OO [[ 55 ]] :: 11

FF oo rr [[ iinniitt,, tteesstt,, nnee xxtt,, ee xxpprr]]
fi rst simplifies iinniitt, and then repeatedly simplifiesee xxpprr andnnee xxtt in turn until tteesstt fails to be "true" (according
to the sequenceiinniitt →→ <tteesstt →→ ee xxpprr →→ nnee xxtt>), yielding the last form ofee xxpprr found.



6.2 SMPREFERENCE MANUAL / Control structures 6.2

## II [[ 11 ]] :: :: FF oo rr [[ ii :: 00 ,, ii << 55 ,, II nn cc [[ ii ]] ,, PP rr [[ ii ,, ii !! ]] ]]

00 11
11 11
22 22
33 66
44 22 44

## OO [[ 11 ]] :: 22 44

## II [[ 22 ]] :: :: ii

## OO [[ 22 ]] :: 55

## II [[ 33 ]] :: :: FF oo rr [[ xx :: 11 00 00 00 00 ,, xx ˜̃ == 00 ,, xx :: FF ll oo oo rr [[ xx // 33 33 ]] ,, PP rr [[ xx ]] ]]

11 00 00 00 00
33 00 33
99

## OO [[ 33 ]] :: 99

DD oo [[ vvaarr,, (ssttaarrtt : 11 ),, eenndd,, (sstteepp : 11 ),, ee xxpprr]]
fi rst setsvvaarr to ssttaarrtt and then repeatedly evaluatesee xxpprr, successively incrementing the value ofvvaarr by sstteepp
until it reaches the valueeenndd ; the image is the last form ofee xxpprr found.

## II [[ 11 ]] :: :: DD oo [[ ii ,, 44 ,, PP rr [[ ii ,, ii !! ]] ]]

11 11
22 22
33 66
44 22 44

## OO [[ 11 ]] :: 22 44

## II [[ 22 ]] :: :: ii

## OO [[ 22 ]] :: ii

## II [[ 33 ]] :: :: DD oo [[ ii ,, 22 ,, 88 ,, 33 ,, PP rr [[ ii ,, ii !! ]] ]]

22 22
55 11 22 00
88 44 00 33 22 00

## OO [[ 33 ]] :: 44 00 33 22 00

## II [[ 44 ]] :: :: DD oo [[ ii ,, xx ,, xx ++ 22 ,, ff [[ 11 // ii ]] :: ii ]]

## OO [[ 44 ]] :: 22 ++ xx

## II [[ 55 ]] :: :: ff

11 11 11
## OO [[ 55 ]] :: {{ [[ -- -- -- -- -- ]] :: 22 ++ xx,, [[ -- -- -- -- -- ]] :: 11 ++ xx,, [[ -- ]] :: xx }}

22 ++ xx 11 ++ xx xx

• II nn cc , DD ee cc [3.2]
• RR ee tt , JJ mm pp [6.3]



6.3 SMPREFERENCE MANUAL / Control structures 6.3

6.3 Proceduresand flow control

ee xxpprr11;; ee xxpprr22;; . . .ee xxpprrnn or PP rr oo cc [[ ee xxpprr11,, ee xxpprr22,, . . .,, ee xxpprrnn]]
represents a procedure in which the expressionsee xxpprrii are simplified in turn, yielding finally the value of
ee xxpprrnn.

In the formee xxpprr11;; ee xxpprr22;; . . .;; ee xxpprrkk;; the last filter ofPP rr oo cc is taken to beNN uu ll ll [1.1].

The unsimplified form of eachee xxpprrii is maintained throughout the execution of aPP rr oo cc , so as to allow resimplifi-
cation if required by a control transfer.

Unless specified otherwise byLL cc ll projections, all expressions may be accessed and affected in any procedure.
Objects local to a procedure are (ccff. [1.3]):

%% %% The last expression (other thanNN uu ll ll [2.2]) generated by simplification of a segment in the proce-
dure.

%% II [[ ii]] Theiith (unsimplified) segment.
<<LL dd ii ss tt >>

%% OO [[ ii]] The value of theiith segment.
<<LL dd ii ss tt >>

%% TT [[ ii]] The approximate time (in seconds [A.8]) required to generate%% OO [[ ii]] .
<<LL dd ii ss tt >>

GG ee tt [[ ]] initiates an interactive procedure, terminated by⊂⊂iinnppuutt tteerrmmiinnaattiioonn cchhaarraacctteerr⊃⊃ [1.5] or aRR ee tt projec-
tion. A prompt%% II [[ ii]] :: :: is given for theiith input segment.

## II [[ 11 ]] :: :: tt :: EE ˆ̂ 22 -- 11

22
## OO [[ 11 ]] :: -- 11 ++ EE

## II [[ 22 ]] :: :: GG ee tt [[ ]]

%% II [[ 11 ]] :: :: NN [[ tt ]]

%% OO [[ 11 ]] :: 66 .. 33 88 99 00 66

%% II [[ 22 ]] :: :: tt pp :: tt ++ 22

22
%% OO [[ 22 ]] :: 11 ++ EE

%% II [[ 33 ]] :: :: GG ee tt [[ ]]

%% II [[ 11 ]] :: :: tt pp

22
%% OO [[ 11 ]] :: 11 ++ EE

%% II [[ 22 ]] :: :: tt qq :: NN [[ tt pp ]]

%% OO [[ 22 ]] :: 88 .. 33 88 99 00 66

%% II [[ 33 ]] :: :: %% %%

%% OO [[ 33 ]] :: 88 .. 33 88 99 00 66

%% II [[ 44 ]] :: :: %% OO

22
%% OO [[ 44 ]] :: {{ [[ 33 ]] :: 88 .. 33 88 99 00 66 ,, [[ 22 ]] :: 88 .. 33 88 99 00 66 ,, [[ 11 ]] :: 11 ++ EE ,, [[ 00 ]] :: II nn ii tt }}
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%% II [[ 55 ]] :: :: %%

22
%% OO [[ 55 ]] :: -- 11 ++ EE

%% II [[ 66 ]] :: :: RR ee tt [[ ]]

%% II [[ 44 ]] :: :: %% II

%% OO [[ 44 ]] :: {{ [[ 33 ]] :: :: << ,, [[ 22 ]] :: :: tt pp :: tt ++ 22,, [[ 11 ]] :: :: NN [[ tt ]] ,, [[ 00 ]] :: :: II nn ii tt }}

%% II [[ 55 ]] :: :: tt qq -- 11

%% OO [[ 55 ]] :: 77 .. 33 88 99 00 66

%% II [[ 66 ]] :: :: RR ee tt [[ ]]

## II [[ 33 ]] :: :: %% ˆ̂ 22

22
## OO [[ 33 ]] :: 77 .. 33 88 99 00 66

## II [[ 44 ]] :: :: tt pp ˆ̂ 33

22 33
## OO [[ 44 ]] :: (( 11 ++ EE ))

## II [[ 11 ]] :: :: PP rr [[ 11 ]] ;; PP rr [[ 22 ]] ;; PP rr [[ 77 ]]

11
22
77

## OO [[ 11 ]] :: 77

## II [[ 22 ]] :: :: PP rr [[ 11 ]] ;; PP rr [[ 22 ]] ;;

11
22

## II [[ 33 ]] :: :: ff [[ $$ xx ]] :: :: (( $$ xx -- 11 ;; %% %% -- %% %% ˆ̂ 22 ))

22
## OO [[ 33 ]] :: ´́ $$xx -- 11 ;; %%%% -- %% %%

## II [[ 44 ]] :: :: {{ ff [[ xx ]] ,, ff [[ 22 ]] }}

22
## OO [[ 44 ]] :: {{ -- 11 ++ xx -- (( -- 11 ++ xx)) ,, 00 }}

## II [[ 55 ]] :: :: GG ee tt [[ ]]

%% II [[ 11 ]] :: :: yy -- 11

%% OO [[ 11 ]] :: -- 11 ++ yy

%% II [[ 22 ]] :: :: %% %% ˆ̂ 22 -- 44

22
%% OO [[ 22 ]] :: -- 44 ++ (( -- 11 ++ yy ))

%% II [[ 33 ]] :: :: RR ee tt [[ 11 44 ]]

%% OO [[ 33 ]] :: 11 44

## OO [[ 55 ]] :: 11 44

LL cc ll [[ ss11,, ss22,, . . .]]
declares the symbolsss11,,s2, to be "local variables" in the currentPP rr oo cc (and any nested within it); the
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original values and properties of thessii are removed, to be restored upon exit from thePP rr oo cc .

Local variables are conventionally given names beginning with the character%%[2.2].

LL cc ll may be used in interactive procedures.

## II [[ 11 ]] :: :: LL cc ll [[ aa ]] ;; aa :: 55 ;; PP rr [[ aa ]] ;; aa

55

## OO [[ 11 ]] :: 55

## II [[ 22 ]] :: :: aa

## OO [[ 22 ]] :: aa

## II [[ 33 ]] :: :: bb :: 11

## OO [[ 33 ]] :: 11

## II [[ 44 ]] :: :: GG ee tt [[ ]]

%% II [[ 11 ]] :: :: cc :: 22

%% OO [[ 11 ]] :: 22

%% II [[ 22 ]] :: :: {{ bb ,, cc }}

%% OO [[ 22 ]] :: {{ 11 ,, 22 }}

%% II [[ 33 ]] :: :: LL cc ll [[ bb ,, cc ]]

%% OO [[ 33 ]] :: LL cc ll [[ bb ,, cc ]]

%% II [[ 44 ]] :: :: {{ bb ,, cc }}

%% OO [[ 44 ]] :: {{ bb ,, cc }}

%% II [[ 55 ]] :: :: bb :: cc :: 55

%% OO [[ 55 ]] :: 55

%% II [[ 66 ]] :: :: {{ bb ,, cc }}

%% OO [[ 66 ]] :: {{ 55 ,, 55 }}

%% II [[ 77 ]] :: :: RR ee tt [[ bb ]]

%% OO [[ 77 ]] :: 55

## OO [[ 44 ]] :: 55

## II [[ 55 ]] :: :: {{ bb ,, cc }}

## OO [[ 55 ]] :: {{ 11 ,, 22 }}

## II [[ 66 ]] :: :: LL cc ll [[ %% xx ]] ;; %% yy :: %% xx :: 33 ;; (( LL cc ll [[ %% xx ]] ;; %% xx :: 77 ;; PP rr [[ %% xx ,, %% yy ]] )) ;; PP rr [[ %% xx ,, %% yy ]] ;; %% xx

77 33
33 33

## OO [[ 66 ]] :: 33

LL bb ll [[ ee xxpprr]]
represents a "label" within aPP rr oo cc ; its "identifier" ee xxpprr is resimplified when aJJ mm pp might transfer control
to its position.

JJ mm pp [[ ee xxpprr]]
causes "control" to be "transferred" to the nearest label which matchesLL bb ll [[ ee xxpprr]] . The currentPP rr oo cc and
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then any successive enclosingPP rr oo cc are scanned to find a suitableLL bb ll . After JJ mm pp has acted, the remain-
ing segments of thePP rr oo cc containing theLL bb ll are (re)simplified. For positive integernn,, JJ mm pp [[ nn]] transfers
control to thennth segment in the current procedure.JJ mm pp may be used in interactive procedures: if the speci-
fiedLL bb ll is not present, input lines are read without simplification until it is encountered.

## II [[ 11 ]] :: :: PP rr [[ 11 ]] ;; JJ mm pp [[ oo nn ]] ;; PP rr [[ 22 ]] ;; LL bb ll [[ oo nn ]] ;; PP rr [[ 33 ]]

11
33

## OO [[ 11 ]] :: 33

## II [[ 22 ]] :: :: PP rr [[ 11 ]] ;; (( xx ;; JJ mm pp [[ oo nn ]] )) ;; PP rr [[ 22 ]] ;; LL bb ll [[ oo nn ]] ;; PP rr [[ 33 ]]

11
33

## OO [[ 22 ]] :: 33

## II [[ 33 ]] :: :: PP rr [[ 11 ]] ;; JJ mm pp [[ oo nn ]] ;; PP rr [[ 22 ]]

11

## OO [[ 33 ]] :: JJ mm pp [[ oo nn ]]

## II [[ 44 ]] :: :: ii :: 00 ;; LL bb ll [[ aa ]] ;; PP rr [[ ii ]] ;; II nn cc [[ ii ]] ;; II ff [[ ii << 33 ,, JJ mm pp [[ aa ]] ]]

00
11
22

## II [[ 55 ]] :: :: PP rr [[ aa ]] ;; JJ mm pp [[ 44 ]] ;; PP rr [[ yy ]] ;; PP rr [[ zz ]] ;; PP rr [[ ww ]]

aa
zz
ww

## OO [[ 55 ]] :: ww

## II [[ 66 ]] :: :: ii :: xx ;; LL bb ll [[ ii ++ xx ]] ;; PP rr [[ ii ]] ;; II nn cc [[ ii ]] ;; JJ mm pp [[ xx ++ 11 ]] ;; JJ mm pp [[ xx ++ 22 ]]

xx

## OO [[ 66 ]] :: JJ mm pp [[ xx ++ 11 ]]

RR ee tt [[ ee xxpprr,, (nn : 11 )]]
exits at mostnn nested control structures, yieldingee xxpprr as the value of the outermost one.RR ee tt is effective in
PP rr oo cc , RR pp tt , LL oo oo pp , FF oo rr and DD oo . It may be used to exit interactive subsidiary procedures.
RR ee tt [[ ee xxpprr,, II nn ff ]] returns from any number of nested procedures to standard input mode.

## II [[ 11 ]] :: :: aa ;; RR ee tt [[ bb ]] ;; cc

## OO [[ 11 ]] :: bb

## II [[ 22 ]] :: :: ff [[ RR ee tt [[ aa ]] ,, bb ]]

## OO [[ 22 ]] :: ff [[ aa ,, bb ]]

## II [[ 33 ]] :: :: aa ;; (( bb ;; RR ee tt [[ xx ]] )) ;; cc

## OO [[ 33 ]] :: cc

## II [[ 44 ]] :: :: aa ;; (( bb ;; RR ee tt [[ xx ,, 22 ]] )) ;; cc

## OO [[ 44 ]] :: xx
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## II [[ 55 ]] :: :: aa ;; (( bb ;; RR ee tt [[ xx ,, II nn ff ]] )) ;; cc

## OO [[ 55 ]] :: xx

## II [[ 66 ]] :: :: DD oo [[ ii ,, 11 00 ,, II ff [[ ii >> 33 ,, RR ee tt [[ ii ]] ]] ]]

## OO [[ 66 ]] :: 44

## II [[ 77 ]] :: :: DD oo [[ ii ,, 11 00 ,, II ff [[ ii >> 33 ,, RR ee tt [[ ii ]] ]] ;; PP rr [[ ii ]] ]]

11
22
33

## OO [[ 77 ]] :: 11 00

## II [[ 88 ]] :: :: DD oo [[ ii ,, 11 00 ,, II ff [[ ii >> 33 ,, RR ee tt [[ ii ,, 22 ]] ]] ;; PP rr [[ ii ]] ]]

11
22
33

## OO [[ 88 ]] :: 44
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7.1 Projectionand list generation

xx .. .. yy or SS ee qq [[ xx,, yy]]
yields if possible a null projection [2.3] consisting of a sequence of expressions whose integer parameters
form linear progressions between those inxx andyy. For two integersmm andnn (with nn >> mm), mm.. .. nn yields
[[ mm,, mm++ 11 ,, mm++ 22 ,, .. .. ..,, nn-- 11 ,, nn]] .
Similarly, ff[[ mm11,, mm22]] .. .. ff[[ nn11,, nn22]] yields
[[ ff[[ mm11,, mm22]] ,, ff[[ mm11++ 11 ,, mm22++ii]] ,, ff [[ mm11++ 22 ,, mm22++ 22 ii]] ,, . . .,, ff[[ nn11,, nn22]] ]]
if ii == (nn22--mm22)/(nn11--mm11) is an integer. Only the values of integer parameters may differ betweenxx andyy, and
all such differences must be integer multiples of the smallest.

## II [[ 11 ]] :: :: 11 .. .. 55

## OO [[ 11 ]] :: [[ 11 ,, 22 ,, 33 ,, 44 ,, 55 ]]

## II [[ 22 ]] :: :: {{ 11 .. .. 55 }}

## OO [[ 22 ]] :: {{ 11 ,, 22 ,, 33 ,, 44 ,, 55 }}

## II [[ 33 ]] :: :: ff [[ 11 .. .. 55 ,, 11 00 ,, 22 xx .. .. 66 xx ]]

## OO [[ 33 ]] :: ff [[ 11 ,, 22 ,, 33 ,, 44 ,, 55 ,, 11 00 ,, 22 xx ,, 33 xx ,, 44 xx ,, 55 xx ,, 66 xx ]]

## II [[ 44 ]] :: :: ff [[ 11 ]] .. .. ff [[ 55 ]]

## OO [[ 44 ]] :: [[ ff [[ 11 ]] ,, ff [[ 22 ]] ,, ff [[ 33 ]] ,, ff [[ 44 ]] ,, ff [[ 55 ]] ]]

## II [[ 55 ]] :: :: ff [[ 00 ,, 00 ]] .. .. ff [[ 44 ,, 88 ]]

## OO [[ 55 ]] :: [[ ff [[ 00 ,, 00 ]] ,, ff [[ 11 ,, 22 ]] ,, ff [[ 22 ,, 44 ]] ,, ff [[ 33 ,, 66 ]] ,, ff [[ 44 ,, 88 ]] ]]

## II [[ 66 ]] :: :: ff [[ 00 ,, 00 ]] .. .. ff [[ 44 ,, 99 ]]

## OO [[ 66 ]] :: ff [[ 00 ,, 00 ]] .. .. ff [[ 44 ,, 99 ]]

## II [[ 77 ]] :: :: xx ˆ̂ 22 .. .. xx ˆ̂ 44

22 33 44
## OO [[ 77 ]] :: [[ xx ,, xx ,, xx ]]

## II [[ 88 ]] :: :: ff [[ gg [[ 11 00 (( xx ++ yy )) ,, 00 ]] ,, 11 00 00 ]] .. .. ff [[ gg [[ 66 00 (( xx ++ yy )) ,, 55 ]] ,, 66 00 00 ]]

## OO [[ 88 ]] :: [[ ff [[ gg [[ 11 00 (( xx ++ yy )) ,, 00 ]] ,, 11 00 00 ]] ,, ff [[ gg [[ 22 00 (( xx ++ yy )) ,, 11 ]] ,, 22 00 00 ]] ,,

ff [[ gg [[ 33 00 (( xx ++ yy )) ,, 22 ]] ,, 33 00 00 ]] ,, ff [[ gg [[ 44 00 (( xx ++ yy )) ,, 33 ]] ,, 44 00 00 ]] ,,

ff [[ gg [[ 55 00 (( xx ++ yy )) ,, 44 ]] ,, 55 00 00 ]] ,, ff [[ gg [[ 66 00 (( xx ++ yy )) ,, 55 ]] ,, 66 00 00 ]] ]]

AA rr [[ ssppeecc,, (tteemmpp : EE qq ),, (iiccrriitt : 11 ),, (vvccrriitt : 11 )]]
generates a list whose entries have sets of indices with ranges specified byssppeecc, and whose values are
obtained by application of the templatetteemmpp to these indices. Sequences of indices at each level in the list
are defined by

nn 11 ,, 22 ,, . . .,, nn

{{ ss,, ee,, (ii:11 )}} ss,, ss ++ ii,, ss ++ 22 ii,, . . .,, ss ++ kk** ii wherekk is the largest integer such thatss ++
kk** ii is not greater thanee.

{{ {{ xx11,, xx22,, . . .}} }} xx11, xx22, . . .

and collected into a complete specification {{ ssppeecc11,, ssppeecc22,, . . .}} . For a contiguous [2.4] list with one level,
ssppeecc may be given as nn. Entries with sets of indices on which application of the templateiiccrriitt would yield 00
are omitted. Entries whose values would yield00 on application of the templatevvccrriitt are also omitted.
• OO uu tt ee rr [9.6]
• DD ii mm [7.4]
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## II [[ 11 ]] :: :: AA rr [[ 55 ,, ff ]]

## OO [[ 11 ]] :: {{ ff [[ 11 ]] ,, ff [[ 22 ]] ,, ff [[ 33 ]] ,, ff [[ 44 ]] ,, ff [[ 55 ]] }}

## II [[ 22 ]] :: :: AA rr [[ {{ {{ 22 ,, 11 22 ,, 33 }} }} ,, ff ]]

## OO [[ 22 ]] :: {{ [[ 22 ]] :: ff [[ 22 ]] ,, [[ 55 ]] :: ff [[ 55 ]] ,, [[ 88 ]] :: ff [[ 88 ]] ,, [[ 11 11 ]] :: ff [[ 11 11 ]] }}

## II [[ 33 ]] :: :: AA rr [[ {{ {{ xx ,, xx ++ 44 }} }} ,, ff ]]

## OO [[ 33 ]] :: {{ [[ xx ]] :: ff [[ xx ]] ,, [[ 11 ++ xx ]] :: ff [[ 11 ++ xx ]] ,, [[ 22 ++ xx ]] :: ff [[ 22 ++ xx ]] ,,

[[ 33 ++ xx ]] :: ff [[ 33 ++ xx ]] ,, [[ 44 ++ xx ]] :: ff [[ 44 ++ xx ]] }}

## II [[ 44 ]] :: :: AA rr [[ {{ {{ {{ ii 11 ,, ii 22 ,, ii 33 }} }} }} ,, ff ]]

## OO [[ 44 ]] :: {{ [[ ii 11 ]] :: ff [[ ii 11 ]] ,, [[ ii 22 ]] :: ff [[ ii 22 ]] ,, [[ ii 33 ]] :: ff [[ ii 33 ]] }}

## II [[ 55 ]] :: :: AA rr [[ {{ 22 ,, 22 }} ,, ff ]]

## OO [[ 55 ]] :: {{ {{ ff [[ 11 ,, 11 ]] ,, ff [[ 11 ,, 22 ]] }} ,, {{ ff [[ 22 ,, 11 ]] ,, ff [[ 22 ,, 22 ]] }} }}

## II [[ 66 ]] :: :: AA rr [[ {{ 22 ,, 22 ,, 22 }} ,, ff ]]

## OO [[ 66 ]] :: {{ {{ {{ ff [[ 11 ,, 11 ,, 11 ]] ,, ff [[ 11 ,, 11 ,, 22 ]] }} ,, {{ ff [[ 11 ,, 22 ,, 11 ]] ,, ff [[ 11 ,, 22 ,, 22 ]] }} }} ,,

{{ {{ ff [[ 22 ,, 11 ,, 11 ]] ,, ff [[ 22 ,, 11 ,, 22 ]] }} ,, {{ ff [[ 22 ,, 22 ,, 11 ]] ,, ff [[ 22 ,, 22 ,, 22 ]] }} }} }}

## II [[ 77 ]] :: :: AA rr [[ {{ 22 ,, {{ 22 ,, 55 }} }} ,, ff ]]

## OO [[ 77 ]] :: {{ {{ [[ 22 ]] :: ff [[ 11 ,, 22 ]] ,, [[ 33 ]] :: ff [[ 11 ,, 33 ]] ,, [[ 44 ]] :: ff [[ 11 ,, 44 ]] ,, [[ 55 ]] :: ff [[ 11 ,, 55 ]] }} ,,

{{ [[ 22 ]] :: ff [[ 22 ,, 22 ]] ,, [[ 33 ]] :: ff [[ 22 ,, 33 ]] ,, [[ 44 ]] :: ff [[ 22 ,, 44 ]] ,, [[ 55 ]] :: ff [[ 22 ,, 55 ]] }} }}

## II [[ 88 ]] :: :: AA rr [[ 55 ]]

## OO [[ 88 ]] :: {{ 11 ,, 22 ,, 33 ,, 44 ,, 55 }}

## II [[ 99 ]] :: :: AA rr [[ 55 ,, FF cc tt ll ]]

## OO [[ 99 ]] :: {{ 11 ,, 22 ,, 66 ,, 22 44 ,, 11 22 00 }}

## II [[ 11 00 ]] :: :: AA rr [[ {{ 33 ,, 33 }} ]]

## OO [[ 11 00 ]] :: {{ {{ 11 ,, 00 ,, 00 }} ,, {{ 00 ,, 11 ,, 00 }} ,, {{ 00 ,, 00 ,, 11 }} }}

## II [[ 11 11 ]] :: :: AA rr [[ {{ 44 ,, 22 }} ,, (( $$ xx ++ 11 )) ˆ̂ (( $$ yy -- 11 )) ]]

## OO [[ 11 11 ]] :: {{ {{ 11 ,, 22 }} ,, {{ 11 ,, 33 }} ,, {{ 11 ,, 44 }} ,, {{ 11 ,, 55 }} }}

## II [[ 11 22 ]] :: :: AA rr [[ 22 ,, @@ 11 ]]

## OO [[ 11 22 ]] :: {{ ff [[ 11 ]] ,, ff [[ 22 ]] }}

## II [[ 11 33 ]] :: :: AA rr [[ {{ {{ 33 ,, 55 }} }} ,, @@ 11 ]]

## OO [[ 11 33 ]] :: {{ [[ 33 ]] :: ff [[ 33 ]] ,, [[ 44 ]] :: ff [[ 44 ]] ,, [[ 55 ]] :: ff [[ 55 ]] }}

## II [[ 11 44 ]] :: :: AA rr [[ 11 00 ,, ff ,, EE vv ee nn pp ]]

## OO [[ 11 44 ]] :: {{ [[ 22 ]] :: ff [[ 22 ]] ,, [[ 44 ]] :: ff [[ 44 ]] ,, [[ 66 ]] :: ff [[ 66 ]] ,, [[ 88 ]] :: ff [[ 88 ]] ,, [[ 11 00 ]] :: ff [[ 11 00 ]] }}

## II [[ 11 55 ]] :: :: AA rr [[ {{ 33 ,, 33 }} ,, ff ,, $$ xx >> $$ yy -- 11 ]]

## OO [[ 11 55 ]] :: {{ {{ ff [[ 11 ,, 11 ]] }} ,, {{ ff [[ 22 ,, 11 ]] ,, ff [[ 22 ,, 22 ]] }} ,, {{ ff [[ 33 ,, 11 ]] ,, ff [[ 33 ,, 22 ]] ,, ff [[ 33 ,, 33 ]] }} }}

## II [[ 11 66 ]] :: :: AA rr [[ 11 00 ,, $$ xx ˆ̂ 22 -- 33 $$ xx ,, EE vv ee nn pp ]]

## OO [[ 11 66 ]] :: {{ [[ 22 ]] :: -- 22 ,, [[ 44 ]] :: 44 ,, [[ 66 ]] :: 11 88 ,, [[ 88 ]] :: 44 00 ,, [[ 11 00 ]] :: 77 00 }}



7.1 SMPREFERENCE MANUAL / Structural operations 7.1

## II [[ 11 77 ]] :: :: AA rr [[ 11 00 ,, $$ xx ˆ̂ 22 -- 33 $$ xx ,, 11 ,, EE vv ee nn pp ]]

## OO [[ 11 77 ]] :: {{ -- 22 ,, -- 22 ,, 00 ,, 44 ,, 11 00 ,, 11 88 ,, 22 88 ,, 44 00 ,, 55 44 ,, 77 00 }}

## II [[ 11 88 ]] :: :: uu :: 00 ;; AA rr [[ 11 00 ,, `̀ II nn cc [[ uu ]] ]]

## OO [[ 11 88 ]] :: {{ 11 ,, 22 ,, 33 ,, 44 ,, 55 ,, 66 ,, 77 ,, 88 ,, 99 ,, 11 00 }}

RR ee pp ll [[ ee xxpprr,, (nn : 11 )]]
yields a null projection [2.3] containingnn replications ofee xxpprr.

## II [[ 11 ]] :: :: RR ee pp ll [[ ff [[ xx ]] ,, 44 ]]

## OO [[ 11 ]] :: [[ ff [[ xx ]] ,, ff [[ xx ]] ,, ff [[ xx ]] ,, ff [[ xx ]] ]]

## II [[ 22 ]] :: :: {{ RR ee pp ll [[ 00 ,, 55 ]] }}

## OO [[ 22 ]] :: {{ 00 ,, 00 ,, 00 ,, 00 ,, 00 }}

## II [[ 33 ]] :: :: AA rr [[ 44 ,, RR ee pp ll [[ $$ 11 ,, $$ 11 ]] ]]

## OO [[ 33 ]] :: {{ 11 ,, 22 ,, 22 ,, 33 ,, 33 ,, 33 ,, 44 ,, 44 ,, 44 ,, 44 }}

LL ii ss tt [[ ee xxpprr11,, ee xxpprr22,, . . .]]
yields the contiguous list{{ ee xxpprr11,, ee xxpprr22,, . . .}} .

## II [[ 11 ]] :: :: LL ii ss tt [[ xx ,, yy ,, zz ]]

## OO [[ 11 ]] :: {{ xx ,, yy ,, zz }}

## II [[ 22 ]] :: :: AA rr [[ 55 ,, LL ii ss tt ]]

## OO [[ 22 ]] :: {{ {{ 11 }} ,, {{ 22 }} ,, {{ 33 }} ,, {{ 44 }} ,, {{ 55 }} }}
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7.2 Template application

AA pp [[ tteemmpp,, {{ ee xxpprr11,, (ee xxpprr22,, . . .)}} ]]
applies the templatetteemmpp to theee xxpprrii [2.7].

## II [[ 11 ]] :: :: AA pp [[ ff ,, {{ aa ,, bb ,, cc }} ]]

## OO [[ 11 ]] :: ff [[ aa ,, bb ,, cc ]]

## II [[ 22 ]] :: :: AA pp [[ $$ zz ˆ̂ $$ xx -- $$ xx ,, {{ aa ,, bb }} ]]

aa
## OO [[ 22 ]] :: -- aa ++ bb

## II [[ 33 ]] :: :: AA pp [[ {{ aa ,, bb ,, cc ,, dd }} ,, {{ 22 }} ]]

## OO [[ 33 ]] :: bb

## II [[ 44 ]] :: :: ff :: gg

## OO [[ 44 ]] :: gg

## II [[ 55 ]] :: :: AA pp [[ ff ,, {{ aa ,, bb }} ]]

## OO [[ 55 ]] :: ff [[ aa ,, bb ]]

## II [[ 66 ]] :: :: AA pp [[ !! ff ,, {{ aa ,, bb }} ]]

## OO [[ 66 ]] :: gg [[ aa ,, bb ]]

## II [[ 77 ]] :: :: AA pp [[ AA pp ,, {{ ff ,, {{ aa ,, bb }} }} ]]

## OO [[ 77 ]] :: gg [[ aa ,, bb ]]

AA tt [[ tteemmpp,, ee xxpprr,, (ppaarrttssppeecc : LL [[ ee xxpprr]] )]]
yields the expression obtained fromee xxpprr by applying (if possible) the templatetteemmpp to parts specified by
ppaarrttssppeecc. ppaarrttssppeecc may consist of a list giving the filters necessary to select a particular part ofee xxpprr, or of a
list of such lists, representing a sequence of parts.The template is applied in turn to each specified part; for
overlapping part specifications it is applied first to the deepest parts.ppaarrttssppeecc is obtained by default by
graphical part selection inee xxpprr usingLL [10.4].

## II [[ 11 ]] :: :: tt :: aa xx ˆ̂ 22 ++ gg [[ yy ˆ̂ 22 bb ˆ̂ 22 -- 33 hh [[ 77 pp ++ qq ˆ̂ 22 ,, qq ˆ̂ 33 ]] ]]

22 33 22 22 22
## OO [[ 11 ]] :: gg [[ -- 33 hh [[ 77 pp ++ qq ,,qq ]] ++ bb yy ]] ++ aa xx

## II [[ 22 ]] :: :: AA tt [[ ff ,, tt ,, PP oo ss [[ xx ˆ̂ 22 ,, tt ]] ]]

22 33 22 22 22
## OO [[ 22 ]] :: gg [[ -- 33 hh [[ 77 pp ++ qq ,,qq ]] ++ bb yy ]] ++ aa ff [[ xx ]]

## II [[ 33 ]] :: :: AA tt [[ ff ,, tt ,, PP oo ss [[ $$ xx ˆ̂ 22 ,, tt ]] ]]

22 33 22 22 22
## OO [[ 33 ]] :: gg [[ -- 33 hh [[ 77 pp ++ ff [[ qq ]] ,, qq ]] ++ ff [[ bb ]] ff [[ yy ]] ]] ++ aa ff [[ xx ]]

## II [[ 44 ]] :: :: {{ rr -- >> -- AA tt aa nn [[ (( aa xx ˆ̂ 22 ++ bb xx )) // (( aa xx yy ++ 33 aa xx ++ bb yy ++ 33 bb )) ]] // 22 ww }}

22
aa xx ++ bb xx

-- ww AA tt aa nn [[ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ]]
33 bb ++ 33aa xx ++ bb yy ++ aa xx yy

## OO [[ 44 ]] :: {{ rr -- >> -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- }}
22
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## II [[ 55 ]] :: :: AA tt [[ MM aa pp [[ FF aa cc ,, $$ 11 ]] ,, %% ,, PP oo ss [[ AA tt aa nn [[ $$ xx ]] ,, %% ]] ]]

xx
-- ww AA tt aa nn [[ -- -- -- -- -- ]]

33 ++ yy
## OO [[ 55 ]] :: {{ rr -- >> -- -- -- -- -- -- -- -- -- -- -- -- -- -- }}

22

MM aa pp [[ tteemmpp,, ee xxpprr,, (llee vvssppeecc : 11 ),, (ddoommccrriitt : 11 ),, (lltteemmpp : NN uu ll ll ),, (mmaaxx : II nn ff )]]
yields the expression obtained by recursively applying the templatetteemmpp at mostmmaaxx times to the parts of
ee xxpprr in the domain specified by llee vvssppeecc andddoommccrriitt [2.5]. Any non-NN uu ll ll result obtained by applying the
templatelltteemmpp to the (positive or neg ative) integer specifying the level in ee xxpprr reached is used as a second
expression on which to applytteemmpp. (With llee vv:: 00 MM aa pp is equivalent toAA pp with a singleee xxpprrii..)

## II [[ 11 ]] :: :: tt :: {{ {{ aa ,, bb }} ,, {{ xx ˆ̂ 22 ,, yy ˆ̂ 22 }} ,, zz }}

22 22
## OO [[ 11 ]] :: {{ {{ aa ,, bb }} ,, {{ xx ,, yy }} ,, zz }}

## II [[ 22 ]] :: :: MM aa pp [[ ff ,, tt ]]

22 22
## OO [[ 22 ]] :: {{ ff [[ {{ aa ,, bb }} ]] ,, ff [[ {{ xx ,, yy }} ]] ,, ff [[ zz ]] }}

## II [[ 33 ]] :: :: MM aa pp [[ ff ,, tt ,, 22 ]]

22 22
## OO [[ 33 ]] :: {{ ff [[ {{ ff [[ aa ]] ,, ff [[ bb ]] }} ]] ,, ff [[ {{ ff [[ xx ]] ,, ff [[ yy ]] }} ]] ,, ff [[ zz ]] }}

## II [[ 44 ]] :: :: MM aa pp [[ ff ,, tt ,, 22 ,, ,, $$ xx ]]

22 22
## OO [[ 44 ]] :: {{ ff [[ {{ ff [[ aa ,, 22 ]] ,, ff [[ bb ,, 22 ]] }} ,, 11 ]] ,, ff [[ {{ ff [[ xx ,, 22 ]] ,, ff [[ yy ,, 22 ]] }} ,, 11 ]] ,, ff [[ zz ,, 11 ]] }}

## II [[ 55 ]] :: :: MM aa pp [[ ff ,, tt ,, II nn ff ,, ,, $$ xx ]]

ff [[ 22 ,, 33 ]] ff [[ 22 ,, 33 ]]
## OO [[ 55 ]] :: {{ ff [[ {{ ff [[ aa ,, 22 ]] ,, ff [[ bb ,, 22 ]] }} ,, 11 ]] ,, ff [[ {{ ff [[ ff [[ xx ,, 33 ]] ,, 22 ]] ,, ff [[ ff [[ yy ,, 33 ]] ,, 22 ]] }} ,, 11 ]] ,,

ff [[ zz ,, 11 ]] }}

## II [[ 66 ]] :: :: MM aa pp [[ ff ,, tt ,, -- 11 ]]

ff [[ 22 ]] ff [[ 22 ]]
## OO [[ 66 ]] :: {{ {{ ff [[ aa ]] ,, ff [[ bb ]] }} ,, {{ ff [[ xx ]] ,, ff [[ yy ]] }} ,, ff [[ zz ]] }}

## II [[ 77 ]] :: :: MM aa pp [[ ff ,, tt ,, -- II nn ff ,, ,, $$ xx ]]

## OO [[ 77 ]] :: {{ ff [[ {{ ff [[ aa ,, -- 11 ]] ,, ff [[ bb ,, -- 11 ]] }} ,, -- 22 ]] ,,

ff [[ 22 ,, -- 11 ]] ff [[ 22 ,, -- 11 ]]
ff [[ {{ ff [[ ff [[ xx ,, -- 11 ]] ,, -- 22 ]] ,, ff [[ ff [[ yy ,, -- 11 ]] ,, -- 22 ]] }} ,, -- 33 ]] ,, ff [[ zz ,, -- 11 ]] }}

## II [[ 88 ]] :: :: uu :: AA rr [[ 11 00 ]]

## OO [[ 88 ]] :: {{ 11 ,, 22 ,, 33 ,, 44 ,, 55 ,, 66 ,, 77 ,, 88 ,, 99 ,, 11 00 }}

## II [[ 99 ]] :: :: MM aa pp [[ ff ,, uu ,, 11 ,, EE vv ee nn pp ]]

## OO [[ 99 ]] :: {{ 11 ,, ff [[ 22 ]] ,, 33 ,, ff [[ 44 ]] ,, 55 ,, ff [[ 66 ]] ,, 77 ,, ff [[ 88 ]] ,, 99 ,, ff [[ 11 00 ]] }}

## II [[ 11 00 ]] :: :: vv :: aa ˆ̂ (( bb ++ cc aa ˆ̂ 22 )) ++ 22 gg [[ aa -- bb ,, cc ˆ̂ 22 ++ dd ˆ̂ 22 ]]

22
22 22 bb ++ aa cc

## OO [[ 11 00 ]] :: 22 gg [[ aa -- bb ,, cc ++ dd ]] ++ aa
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## II [[ 11 11 ]] :: :: MM aa pp [[ ff ,, vv ,, -- 11 ]]

ff [[ 22 ]]
ff [[ 22 ]] ff [[ 22 ]] ff [[ bb ]] ++ ff [[ aa ]] ff [[ cc ]]

## OO [[ 11 11 ]] :: 22 gg [[ ff [[ aa ]] ++ ff [[ -- bb ]] ,, ff [[ cc ]] ++ ff [[ dd ]] ]] ++ ff [[ aa ]]

## II [[ 11 22 ]] :: :: MM aa pp [[ ff ,, vv ,, -- 11 ,, ˜̃ NN uu mm bb pp [[ $$ xx ]] ]]

22
22 22 ff [[ bb ]] ++ ff [[ aa ]] ff [[ cc ]]

## OO [[ 11 22 ]] :: 22 gg [[ ff [[ aa ]] ++ ff [[ -- bb ]] ,, ff [[ cc ]] ++ ff [[ dd ]] ]] ++ ff [[ aa ]]

## II [[ 11 33 ]] :: :: MM aa pp [[ ff ,, vv ,, -- II nn ff ,, ˜̃ II nn [[ aa ,, $$ xx ]] ]]

ff [[ 22 ]]
ff [[ 22 ]] ff [[ 22 ]] ff [[ bb ]] ++ aa ff [[ cc ]]

## OO [[ 11 33 ]] :: 22 gg [[ aa ++ ff [[ -- bb ]] ,, ff [[ ff [[ ff [[ cc ]] ]] ++ ff [[ ff [[ dd ]] ]] ]] ]] ++ aa

## II [[ 11 44 ]] :: :: MM aa pp [[ ff ,, vv ,, II nn ff ,, $$ yy && ˜̃ II nn [[ aa ,, $$ xx ]] ,, $$ 11 >> 22 ]]

ff [[ 22 ,, 11 ]] ff [[ 22 ,, 11 ]]
## OO [[ 11 44 ]] :: 22 gg [[ aa ++ ff [[ -- bb ,, 11 ]] ,, ff [[ ff [[ ff [[ cc ,, 11 ]] ,, 11 ]] ++ ff [[ ff [[ dd ,, 11 ]] ,, 11 ]] ,, 00 ]] ]]

ff [[ 22 ,, 11 ]]
ff [[ bb ,, 11 ]] ++ aa ff [[ cc ,, 11 ]]

++ aa
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7.3 Part extraction and removal

ee xxpprr[[ ff iilltt11,, ff iilltt22,, . . .]] or PP rr oo jj [[ ee xxpprr,, {{ ff iilltt11,, ff iilltt22,, . . .}} ]]
extracts the part ofee xxpprr specified by successive projections with the filtersff iilltt11, ff iilltt22, . . .  [2.3].

PP oo ss [[  ffoorrmm11  ,, ee xxpprr,, (tteemmpp : LL ii ss tt ),, (llee vv : II nn ff ),, (mmaaxx : II nn ff )]]
gives a list of the results obtained by applying the templatetteemmpp to sets of filters specifying the positions of
(at mostmmaaxx) occurrences of parts inee xxpprr (at or below lev el llee vv [2.5]) matching any of theffoorrmmii.
• II nn [7.5]

## II [[ 11 ]] :: :: tt :: 33 ff [[ aa ˆ̂ 22 ++ (( (( aa ++ bb )) // xx )) ]] // ff [[ zz ˆ̂ 33 ++ ff [[ xx ˆ̂ 22 ++ 11 00 xx ++ 22 55 ]] ]]

aa ++ bb 22
33 ff [[ -- -- -- -- -- ++ aa ]]

xx
## OO [[ 11 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

22 33
ff [[ ff [[ 22 55 ++ 11 00 xx ++ xx ]] ++ zz ]]

## II [[ 22 ]] :: :: PP oo ss [[ aa ˆ̂ 22 ,, tt ]]

## OO [[ 22 ]] :: {{ {{ 11 ,, 11 ,, 22 }} }}

## II [[ 33 ]] :: :: PP oo ss [[ $$ xx ˆ̂ 22 ,, tt ]]

## OO [[ 33 ]] :: {{ {{ 11 ,, 11 ,, 22 }} ,, {{ 22 ,, 11 ,, 11 ,, 11 ,, 33 }} }}

## II [[ 44 ]] :: :: PP oo ss [[ $$ xx ˆ̂ 22 ,, tt ,, {{ tt [[ $$ $$ xx ]] ,, {{ $$ $$ xx }} }} ]]

22 22
## OO [[ 44 ]] :: {{ {{ aa ,, {{ 11 ,, 11 ,, 22 }} }} ,, {{ xx ,, {{ 22 ,, 11 ,, 11 ,, 11 ,, 33 }} }} }}

## II [[ 55 ]] :: :: PP oo ss [[ ff ,, tt ]]

## OO [[ 55 ]] :: {{ {{ 11 ,, 00 }} ,, {{ 22 ,, 00 }} ,, {{ 22 ,, 11 ,, 11 ,, 00 }} }}

## II [[ 66 ]] :: :: PP oo ss [[ ff [[ $$ xx ]] ,, tt ]]

## OO [[ 66 ]] :: {{ {{ 11 }} ,, {{ 22 }} ,, {{ 22 ,, 11 ,, 11 }} }}

## II [[ 77 ]] :: :: PP oo ss [[ ff [[ $$ xx ]] ,, tt ,, ,, -- 33 ]]

## OO [[ 77 ]] :: {{ {{ 22 ,, 11 ,, 11 }} }}

## II [[ 88 ]] :: :: PP oo ss [[ DD ii vv ,, tt ]]

## OO [[ 88 ]] :: {{ {{ 00 }} ,, {{ 11 ,, 11 ,, 11 ,, 00 }} }}

## II [[ 99 ]] :: :: PP oo ss [[ MM uu ll tt ,, tt ]]

## OO [[ 99 ]] :: {{ }}

## II [[ 11 00 ]] :: :: PP oo ss [[ {{ aa ,, bb }} ,, tt ]]

## OO [[ 11 00 ]] :: {{ {{ 11 ,, 11 ,, 22 ,, 11 }} ,, {{ 11 ,, 11 ,, 11 ,, 11 ,, 11 }} ,, {{ 11 ,, 11 ,, 11 ,, 11 ,, 22 }} }}

## II [[ 11 11 ]] :: :: PP oo ss [[ aa ,, tt ,, 33 ]]

## OO [[ 11 11 ]] :: {{ 33 ,, 33 }}

## II [[ 11 22 ]] :: :: PP oo ss [[ aa ,, tt ,, ,, II nn ff ,, II nn ff ]]

## OO [[ 11 22 ]] :: {{ {{ 11 ,, 11 ,, 22 ,, 11 }} ,, {{ 11 ,, 11 ,, 11 ,, 11 ,, 11 }} }}

## II [[ 11 33 ]] :: :: PP oo ss [[ aa ,, tt ,, ,, II nn ff ,, 11 ]]

## OO [[ 11 33 ]] :: {{ {{ 11 ,, 11 ,, 22 ,, 11 }} }}
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EE ll ee mm [[ ee xxpprr,, {{ nn11,, nn22,, . . .}} ]]
extracts successively thenniith values in the listee xxpprr, irrespective of their indices.

## II [[ 11 ]] :: :: tt :: {{ [[ xx ]] :: aa ,, [[ yy ]] :: bb ,, [[ 11 ]] :: cc }}

## OO [[ 11 ]] :: {{ [[ xx ]] :: aa ,, [[ yy ]] :: bb ,, [[ 11 ]] :: cc }}

## II [[ 22 ]] :: :: EE ll ee mm [[ tt ,, {{ 11 }} ]]

## OO [[ 22 ]] :: aa

## II [[ 33 ]] :: :: tt [[ 11 ]]

## OO [[ 33 ]] :: cc

LL aa ss tt [[ lliisstt]]
yields the value of the last entry inlliisstt.

## II [[ 11 ]] :: :: tt :: {{ [[ xx ]] :: aa ,, [[ yy ]] :: bb }}

## OO [[ 11 ]] :: {{ [[ xx ]] :: aa ,, [[ yy ]] :: bb }}

## II [[ 22 ]] :: :: LL aa ss tt [[ tt ]]

## OO [[ 22 ]] :: bb

## II [[ 33 ]] :: :: LL aa ss tt [[ aa ]]

## OO [[ 33 ]] :: LL aa ss tt [[ aa ]]

II nn dd [[ lliisstt,, nn]]
yields the index of thennth entry inlliisstt.

## II [[ 11 ]] :: :: II nn dd [[ {{ [[ xx ]] :: aa ,, [[ yy ]] :: bb }} ,, 11 ]]

## OO [[ 11 ]] :: xx

## II [[ 22 ]] :: :: II nn dd [[ {{ xx ,, yy ,, zz }} ,, 22 ]]

## OO [[ 22 ]] :: 22

DD ii ss [[ ee xxpprr,, (llee vv : 11 )]]
yields a list in which all projections inee xxpprr (below lev el llee vv) are "disassembled" into lists with the same
parts.

## II [[ 11 ]] :: :: tt :: ff [[ gg [[ aa ,, bb ]] ,, cc ˆ̂ 22 ,, dd ]]

22
## OO [[ 11 ]] :: ff [[ gg [[ aa ,, bb ]] ,, cc ,, dd ]]

## II [[ 22 ]] :: :: DD ii ss [[ tt ]]

22
## OO [[ 22 ]] :: {{ [[ 00 ]] :: ´́ ff,, [[ 11 ]] :: gg [[ aa ,, bb ]] ,, [[ 22 ]] :: cc ,, [[ 33 ]] :: dd }}

## II [[ 33 ]] :: :: DD ii ss [[ tt ,, II nn ff ]]

## OO [[ 33 ]] :: {{ [[ 00 ]] :: ´́ ff,, [[ 11 ]] :: {{ [[ 00 ]] :: ´́ gg,, [[ 11 ]] :: aa ,, [[ 22 ]] :: bb }} ,,

[[ 22 ]] :: {{ [[ 00 ]] :: ´́ PP oo ww ,, [[ 11 ]] :: cc ,, [[ 22 ]] :: 22 }} ,, [[ 33 ]] :: dd }}
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## II [[ 44 ]] :: :: DD ii ss [[ 55 aa // 66 ]]

## OO [[ 44 ]] :: {{ [[ -- 11 ]] :: 55 // 66 ,, [[ 00 ]] :: aa }}

AA ss [[ ee xxpprr,, (llee vv : 11 )]]
yields an expression in which any suitable lists (at or below lev el llee vv) in ee xxpprr are "assembled" into projec-
tions with the same parts.

## II [[ 11 ]] :: :: DD ii ss [[ ff [[ xx ,, yy ,, zz ˆ̂ 22 ]] ]]

22
## OO [[ 11 ]] :: {{ [[ 00 ]] :: ´́ ff,, [[ 11 ]] :: xx ,, [[ 22 ]] :: yy ,, [[ 33 ]] :: zz }}

## II [[ 22 ]] :: :: AA ss [[ %% ]]

22
## OO [[ 22 ]] :: ff [[ xx ,, yy ,, zz ]]

DD ee ll [[ ffoorrmm,, ee xxpprr,, (llee vv : II nn ff ),, (nn : II nn ff )]]
yields an expression in which (at mostnn) parts matchingffoorrmm (and appearing at or below lev el llee vv) in ee xxpprr
have been deleted.
• SS ee tt [3.2]

## II [[ 11 ]] :: :: DD ee ll [[ aa ,, {{ aa ,, bb ,, aa ,, cc }} ]]

## OO [[ 11 ]] :: {{ bb ,, cc }}

## II [[ 22 ]] :: :: tt :: (( aa ++ bb ˆ̂ 22 ++ cc ** aa )) ˆ̂ (( aa ++ bb ** cc ))

22 aa ++ bb cc
## OO [[ 22 ]] :: (( aa ++ aa cc ++ bb ))

## II [[ 33 ]] :: :: DD ee ll [[ aa ,, tt ]]

22 bb cc
## OO [[ 33 ]] :: (( cc ++ bb ))

## II [[ 44 ]] :: :: DD ee ll [[ $$ xx __ == ˜̃ II nn tt pp [[ $$ xx ]] ,, {{ 33 ,, 22 .. 55 ,, 77 }} ]]

## II [[ 55 ]] :: :: MM aa pp [[ DD ee ll [[ $$ xx __ == ˜̃ II nn tt pp [[ $$ xx ]] ,, $$ 11 ]] ,, {{ 33 ,, 22 .. 55 ,, 77 }} ]]

## OO [[ 55 ]] :: {{ 33 ,, ,, 77 }}
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7.4 Structuredetermination

TT rr ee ee [[ ee xxpprr,, (nnllee vv : 11 )]]
yields a list of successive replacements specifying the construction ofee xxpprr from its level --nnllee vv parts.
• DD ii ss [7.3]

## II [[ 11 ]] :: :: tt :: aa ˆ̂ (( bb ++ cc )) ++ dd

bb ++ cc
## OO [[ 11 ]] :: dd ++ aa

## II [[ 22 ]] :: :: TT rr ee ee [[ %% ]]

## 33
## OO [[ 22 ]] :: {{ ## 11 -- >> dd ++ ## 22 ,, ## 22 -- >> aa ,, ## 33 -- >> bb ++ cc }}

LL ee nn [[ ee xxpprr]]
the number of filters or entries in a projection or listee xxpprr, and 00 for a symbolee xxpprr. (The "length" ofee xxpprr).

## II [[ 11 ]] :: :: tt :: aa ˆ̂ 22 ++ bb ˆ̂ 22 ++ cc ++ dd

22 22
## OO [[ 11 ]] :: cc ++ dd ++ aa ++ bb

## II [[ 22 ]] :: :: LL ee nn [[ tt ]]

## OO [[ 22 ]] :: 44

## II [[ 33 ]] :: :: LL ee nn [[ {{ aa ,, bb }} ]]

## OO [[ 33 ]] :: 22

DD ee pp [[ ee xxpprr]]
the maximum number of filters necessary to specify any part of ee xxpprr. (The "depth" ofee xxpprr [2.5]). Yields
II nn ff for a "static recursive" expression [3.1].

## II [[ 11 ]] :: :: DD ee pp [[ aa ]]

## OO [[ 11 ]] :: 11

## II [[ 22 ]] :: :: DD ee pp [[ aa ˆ̂ 22 ]]

## OO [[ 22 ]] :: 22

## II [[ 33 ]] :: :: DD ee pp [[ aa ˆ̂ 22 ++ bb ˆ̂ 22 ]]

## OO [[ 33 ]] :: 33

## II [[ 44 ]] :: :: DD ee pp [[ aa ˆ̂ 22 ++ bb ˆ̂ 22 ++ cc ˆ̂ 22 ]]

## OO [[ 44 ]] :: 33

## II [[ 55 ]] :: :: DD ee pp [[ ff [[ ff [[ ff [[ aa ]] ]] ]] ++ ff [[ aa ]] ]]

## OO [[ 55 ]] :: 55

DD ii mm [[ lliisstt,, (llllee vv : II nn ff )]]
gives the ranges of contiguous indices at or below lev el llllee vv in lliisstt (in the form used byAA rr [7.1]).
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## II [[ 11 ]] :: :: {{ {{ aa }} ,, {{ bb }} }}

## OO [[ 11 ]] :: {{ {{ aa }} ,, {{ bb }} }}

## II [[ 22 ]] :: :: DD ii mm [[ %% ]]

## OO [[ 22 ]] :: {{ 22 ,, 11 }}

## II [[ 33 ]] :: :: AA rr [[ {{ 22 ,, 33 ,, 11 }} ]]

## OO [[ 33 ]] :: {{ {{ {{ 11 }} ,, {{ 00 }} ,, {{ 00 }} }} ,, {{ {{ 00 }} ,, {{ 00 }} ,, {{ 00 }} }} }}

## II [[ 44 ]] :: :: DD ii mm [[ %% ]]

## OO [[ 44 ]] :: {{ 22 ,, 33 ,, 11 }}

## II [[ 55 ]] :: :: DD ii mm [[ %% ]]

## OO [[ 55 ]] :: {{ 33 }}

HH aa ss hh [[ ee xxpprr,, (nn : 22 ˆ̂ 11 55 )]]
a positive integer less thannn which provides an almost unique "hash code" foree xxpprr. Tw o expressions with dif-
ferent hash codes cannot be identical.

## II [[ 11 ]] :: :: HH aa ss hh [[ aa ]]

## OO [[ 11 ]] :: 77 77 11 11

## II [[ 22 ]] :: :: HH aa ss hh [[ aa ˆ̂ 22 ++ bb ˆ̂ 22 // cc ]]

## OO [[ 22 ]] :: 11 22 77 55 11
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7.5 Contentdetermination

II nn [[  ffoorrmm11  ,, ee xxpprr,, (llee vv : II nn ff )]]
yields11 if a part matching any of theffoorrmmii occurs inee xxpprr at or below lev el llee vv, and 00 otherwise.

## II [[ 11 ]] :: :: tt :: xx ++ aa ** xx ** yy ˆ̂ 22 ++ xx ˆ̂ 22

22 22
## OO [[ 11 ]] :: xx ++ aa xx yy ++ xx

## II [[ 22 ]] :: :: II nn [[ yy ˆ̂ 22 ,, tt ]]

## OO [[ 22 ]] :: 11

## II [[ 33 ]] :: :: II nn [[ {{ zz ,, xx ˆ̂ 22 }} ,, tt ]]

## OO [[ 33 ]] :: 11

## II [[ 44 ]] :: :: II nn [[ xx ˆ̂ $$ ii __ == EE vv ee nn pp [[ $$ ii ]] ,, tt ]]

## OO [[ 44 ]] :: 11

## II [[ 55 ]] :: :: II nn [[ zz ,, tt ]]

## OO [[ 55 ]] :: 00

## II [[ 66 ]] :: :: II nn [[ yy ˆ̂ 22 ,, tt ,, 11 ]]

## OO [[ 66 ]] :: 00

CC oo nn tt [[ (ee xxpprr : (all symbols)),, (ccrriitt : 11 )]]
yields a held ordered list of the symbols inee xxpprr on which application of the templateccrriitt does not yield00
(default is to omit symbols appearing as projectors).

## II [[ 11 ]] :: :: tt :: aa ++ bb ˆ̂ cc

cc
## OO [[ 11 ]] :: aa ++ bb

## II [[ 22 ]] :: :: CC oo nn tt [[ tt ]]

## OO [[ 22 ]] :: ´́ {{ aa ,, bb ,, cc }}

## II [[ 33 ]] :: :: CC oo nn tt [[ tt ,, 11 ]]

## OO [[ 33 ]] :: ´́ {{ aa ,, bb ,, cc ,, PP ll uu ss ,, PP oo ww }}

## II [[ 44 ]] :: :: aa __ :: bb __ :: dd __ :: ss pp ee cc

## OO [[ 44 ]] :: ss pp ee cc

## II [[ 55 ]] :: :: __ aa

## OO [[ 55 ]] :: {{ [[ ss pp ee cc ]] :: 11 }}

## II [[ 66 ]] :: :: CC oo nn tt [[ tt ,, __ $$ xx [[ ss pp ee cc ]] ]]

## OO [[ 66 ]] :: ´́ {{ aa ,, bb }}

## II [[ 77 ]] :: :: CC oo nn tt [[ ,, __ $$ xx [[ ss pp ee cc ]] ]]

## OO [[ 77 ]] :: ´́ {{ aa ,, bb ,, dd }}
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7.6 Characterdetermination

The following projections yield11 if ee xxpprr is determined to be of the specified character, and 00 otherwise. The
determination includes use of any assignments made for the testing projection;II nn tt pp [[ xx ]] :: 11 thus definesxx to be
an integer.

SS yy mm bb pp [[ ee xxpprr]] Single symbol.

NN uu mm bb pp [[ ee xxpprr]] Real or complex number.

RR ee aa ll pp [[ ee xxpprr]] Real number.

II mm aa gg pp [[ ee xxpprr]] Purely imaginary number.

II nn tt pp [[ ee xxpprr]] Integer.

NN aa tt pp [[ ee xxpprr]] Natural number (positive integer).

EE vv ee nn pp [[ ee xxpprr]] Even integer.

OO dd dd pp [[ ee xxpprr]] Odd integer.

RR aa tt pp [[ ee xxpprr,, (mmaaxxddeenn : 11 ** ˆ̂ 55 ),, (aacccc : 11 ** ˆ̂ -- 11 22 )]]
Rational number (to within accuracyaacccc) with denominator not greater thanmmaaxxddeenn.

PP rr oo jj pp [[ ee xxpprr]] Projection.

LL ii ss tt pp [[ ee xxpprr]] List.

CC oo nn tt pp [[ ee xxpprr,, (llee vv : II nn ff )]]
List or list of lists contiguous [2.4] to at least level llee vv.

FF uu ll ll pp [[ ee xxpprr,, (llee vv : II nn ff )]]
"Full" list whose indices (and those of its sublists at or below lev el llee vv ) are "contiguous"
and have ranges independent of the values of any other indices (so that the list is "rectan-
gular").

VV aa ll pp [[ ee xxpprr]] Value other thanNN uu ll ll .

HH ee ll dd pp [[ ee xxpprr]] "Held" expression [3.5].

PP oo ll yy pp [[ ee xxpprr,, (  ffoorrmm11  )]]
Polynomial in "bases" matchingffoorrmmii [9.1].

## II [[ 11 ]] :: :: {{ II nn tt pp [[ 33 ]] ,, II nn tt pp [[ 33 // 22 ]] ,, II nn tt pp [[ xx ]] }}

## OO [[ 11 ]] :: {{ 11 ,, 00 ,, 00 }}

## II [[ 22 ]] :: :: II nn tt pp [[ xx ]] :: 11

## OO [[ 22 ]] :: 11

## II [[ 33 ]] :: :: {{ II nn tt pp [[ xx ]] ,, II nn tt pp [[ xx ˆ̂ 22 ]] ,, II nn tt pp [[ yy ]] }}

## OO [[ 33 ]] :: {{ 11 ,, 00 ,, 00 }}

## II [[ 44 ]] :: :: II nn tt pp [[ $$ xx __ == __ $$ xx [[ ii nn tt ]] ]] :: 11

## OO [[ 44 ]] :: 11

## II [[ 55 ]] :: :: II nn tt pp [[ $$ xx ˆ̂ 22 ]] :: :: II nn tt pp [[ $$ xx ]]

## OO [[ 55 ]] :: ´́ II nn tt pp [[ $$ xx ]]

## II [[ 66 ]] :: :: yy __ :: ii nn tt

## OO [[ 66 ]] :: ii nn tt



7.6 SMPREFERENCE MANUAL / Structural operations 7.6

## II [[ 77 ]] :: :: {{ II nn tt pp [[ xx ˆ̂ 22 ]] ,, II nn tt pp [[ yy ]] ,, II nn tt pp [[ yy ˆ̂ 22 ]] ,, II nn tt pp [[ zz ˆ̂ 22 ]] }}

## OO [[ 77 ]] :: {{ 11 ,, 11 ,, 11 ,, 00 }}

## II [[ 88 ]] :: :: {{ RR aa tt pp [[ 00 .. 77 77 33 ]] ,, RR aa tt pp [[ NN [[ PP ii ]] ]] ,, RR aa tt pp [[ 22 // 33 ,, 44 ]] ,, RR aa tt pp [[ 22 // 33 ,, 22 ]] }}

## OO [[ 88 ]] :: {{ 11 ,, 00 ,, 11 ,, 00 }}

## II [[ 99 ]] :: :: {{ CC oo nn tt pp [[ {{ aa ,, bb ,, cc }} ]] ,, CC oo nn tt pp [[ {{ [[ xx ]] :: aa ,, [[ yy ]] :: bb }} ]] }}

## OO [[ 99 ]] :: {{ 11 ,, 00 }}

## II [[ 11 00 ]] :: :: tt :: {{ {{ aa ,, bb }} ,, {{ cc }} }}

## OO [[ 11 00 ]] :: {{ {{ aa ,, bb }} ,, {{ cc }} }}

## II [[ 11 11 ]] :: :: uu :: {{ {{ aa ,, bb }} ,, {{ [[ xx ]] :: cc }} }}

## OO [[ 11 11 ]] :: {{ {{ aa ,, bb }} ,, {{ [[ xx ]] :: cc }} }}

## II [[ 11 22 ]] :: :: {{ CC oo nn tt pp [[ uu ]] ,, CC oo nn tt pp [[ uu ,, 11 ]] ,, CC oo nn tt pp [[ uu ,, 22 ]] ,, CC oo nn tt pp [[ tt ]] }}

## OO [[ 11 22 ]] :: {{ 00 ,, 11 ,, 00 ,, 11 }}

## II [[ 11 33 ]] :: :: vv :: {{ {{ aa ,, bb }} ,, {{ cc ,, dd }} }}

## OO [[ 11 33 ]] :: {{ {{ aa ,, bb }} ,, {{ cc ,, dd }} }}

## II [[ 11 44 ]] :: :: {{ FF uu ll ll pp [[ tt ]] ,, FF uu ll ll pp [[ tt ,, 11 ]] ,, FF uu ll ll pp [[ tt ,, 22 ]] ,, FF uu ll ll pp [[ vv ]] }}

## OO [[ 11 44 ]] :: {{ 00 ,, 11 ,, 11 ,, 11 }}

## II [[ 11 55 ]] :: :: ff [[ xx ]] :: xx vv

## OO [[ 11 55 ]] :: xx vv

## II [[ 11 66 ]] :: :: {{ VV aa ll pp [[ ff ]] ,, VV aa ll pp [[ ff [[ xx ]] ]] ,, VV aa ll pp [[ ff [[ yy ]] ]] ,, VV aa ll pp [[ 11 ]] }}

## OO [[ 11 66 ]] :: {{ 11 ,, 11 ,, 00 ,, 00 }}

## II [[ 11 77 ]] :: :: {{ HH ee ll dd pp [[ ´́ ff ]] ,, HH ee ll dd pp [[ ## II [[ 11 55 ]] [[ 00 ]] ]] ,, HH ee ll dd pp [[ ff ]] }}

## OO [[ 11 77 ]] :: {{ 11 ,, 11 ,, 00 }}

## II [[ 11 88 ]] :: :: {{ PP oo ll yy pp [[ xx ˆ̂ 22 -- xx ++ 11 ]] ,, PP oo ll yy pp [[ xx ++ EE xx pp [[ xx ]] ]] }}

## OO [[ 11 88 ]] :: {{ 11 ,, 00 }}
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7.7 Listand projection manipulation

CC aa tt [[ lliisstt11,, lliisstt22,, . . .]]
<<FF ll aa tt >>

yields a contiguous list [2.4] obtained by concatenating the entries inlliisstt11, lliisstt22, . . .  . CC aa tt [[ lliisstt]] renders the
indices of entries inlliisstt contiguous, without affecting their values.

## II [[ 11 ]] :: :: tt 11 :: {{ aa ,, bb ,, cc }}

## OO [[ 11 ]] :: {{ aa ,, bb ,, cc }}

## II [[ 22 ]] :: :: tt 22 :: {{ dd ,, {{ ee ,, ff }} }}

## OO [[ 22 ]] :: {{ dd ,, {{ ee ,, ff }} }}

## II [[ 33 ]] :: :: CC aa tt [[ tt 11 ,, tt 22 ,, tt 11 ,, tt 11 ]]

## OO [[ 33 ]] :: {{ aa ,, bb ,, cc ,, dd ,, {{ ee ,, ff }} ,, aa ,, bb ,, cc ,, aa ,, bb ,, cc }}

## II [[ 44 ]] :: :: CC aa tt [[ {{ [[ xx ]] :: 11 ,, [[ yy ]] :: 22 }} ,, tt 11 ]]

## OO [[ 44 ]] :: {{ 11 ,, 22 ,, aa ,, bb ,, cc }}

## II [[ 55 ]] :: :: CC aa tt [[ {{ [[ aa ]] :: xx ,, [[ bb ]] :: yy ,, [[ cc ]] :: zz }} ]]

## OO [[ 55 ]] :: {{ xx ,, yy ,, zz }}

SS oo rr tt [[ lliisstt,, (ccaarr dd : NN uu ll ll ),, (oorr dd : OO rr dd )]]
yields a list vv obtained by sorting the top-level entries in lliisstt so that either the expressions
AA pp [[ ccaarr dd,, {{ EE ll ee mm [[ vv,, {{ ii}} ]] }} ]] are in canonical order (for increasing ii), or
AA pp [[ oorr dd,, {{ EE ll ee mm [[ vv,, {{ ii}} ]] ,, EE ll ee mm [[ vv,, {{ jj}} ]] }} ]] is non-negative for ii << jj and is non-positive for ii >> jj .

## II [[ 11 ]] :: :: tt :: {{ 22 ,, 11 ,, 33 ,, 44 ,, 11 }}

## OO [[ 11 ]] :: {{ 22 ,, 11 ,, 33 ,, 44 ,, 11 }}

## II [[ 22 ]] :: :: SS oo rr tt [[ tt ]]

## OO [[ 22 ]] :: {{ 11 ,, 11 ,, 22 ,, 33 ,, 44 }}

## II [[ 33 ]] :: :: SS oo rr tt [[ tt ,, EE vv ee nn pp ]]

## OO [[ 33 ]] :: {{ 11 ,, 11 ,, 33 ,, 22 ,, 44 }}

## II [[ 44 ]] :: :: SS oo rr tt [[ tt ,, ,, -- OO rr dd [[ $$ xx ,, $$ yy ]] ]]

## OO [[ 44 ]] :: {{ 44 ,, 33 ,, 22 ,, 11 ,, 11 }}

## II [[ 55 ]] :: :: SS oo rr tt [[ {{ bb ,, cc ,, aa }} ]]

## OO [[ 55 ]] :: {{ aa ,, bb ,, cc }}

## II [[ 66 ]] :: :: SS oo rr tt [[ {{ [[ bb ]] :: 33 ,, [[ cc ]] :: 11 ,, [[ aa ]] :: 22 }} ]]

## OO [[ 66 ]] :: {{ [[ cc ]] :: 11 ,, [[ aa ]] :: 22 ,, [[ bb ]] :: 33 }}

CC yy cc [[ ee xxpprr,, (nn : 11 )]]
gives a list or projection obtained by cycling entries or filters inee xxpprr to the left bynn positions with respect to
their first index.

RR ee vv [[ ee xxpprr]]
yields a list or projection obtained fromee xxpprr by reversing the order of entries or filters with respect to their
fi rst index.
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## II [[ 11 ]] :: :: tt :: {{ aa ,, bb ,, cc ,, dd }}

## OO [[ 11 ]] :: {{ aa ,, bb ,, cc ,, dd }}

## II [[ 22 ]] :: :: CC yy cc [[ tt ]]

## OO [[ 22 ]] :: {{ bb ,, cc ,, dd ,, aa }}

## II [[ 33 ]] :: :: CC yy cc [[ tt ,, -- 22 ]]

## OO [[ 33 ]] :: {{ cc ,, dd ,, aa ,, bb }}

## II [[ 44 ]] :: :: RR ee vv [[ tt ]]

## OO [[ 44 ]] :: {{ dd ,, cc ,, bb ,, aa }}

## II [[ 55 ]] :: :: rr :: ff [[ xx ,, yy ,, zz ,, ww ]]

## OO [[ 55 ]] :: ff [[ xx ,, yy ,, zz ,, ww ]]

## II [[ 66 ]] :: :: CC yy cc [[ %% ,, 11 55 ]]

## OO [[ 66 ]] :: ff [[ ww ,, xx ,, yy ,, zz ]]

## II [[ 77 ]] :: :: RR ee vv [[ %% ]] ++ CC yy cc [[ %% ,, -- 33 ]]

## OO [[ 77 ]] :: ff [[ xx ,, yy ,, zz ,, ww ]] ++ ff [[ zz ,, yy ,, xx ,, ww ]]

## II [[ 88 ]] :: :: RR ee vv [[ {{ [[ aa ]] :: 11 ,, [[ bb ]] :: 22 }} ]]

## OO [[ 88 ]] :: {{ [[ bb ]] :: 22 ,, [[ aa ]] :: 11 }}

RR ee oo rr [[ ee xxpprr,, (ff : ee xxpprr[00 ]) ,, (rr eeoorrdd : SS yy mm )]]
places filters of projections fromff in ee xxpprr in canonical order using the reordering (permutation) symmetries
specified byrr eeoorrdd. Symmetries are represented by the following codes (or lists of such codes applied in the
order given):

SS yy mm Completely symmetric under interchange of all filters.

AA ss yy mm Completely antisymmetric.
• Sig [9.6]

CC yy cc ll ii cc Completely cyclic.

SS yy mm [[ ii11,, ii22,, . . .]] Symmetric with respect to interchanges of filtersi1, i2, . . .  .

AA ss yy mm [[ ii11,, ii22,, . . .]] Antisymmetric with respect to interchanges of filtersi1, i2, . . .  .

CC yy cc ll ii cc [[ ii11,, ii22,, . . .]] Symmetric under cyclic interchange of filtersi1, i2, . . .  .

GG rr ee oo rr [[ {{ ppeerrmm11,, (wwtt11 : 11 )}} ,, {{ ppeerrmm22,, (wwtt22 : 11 )}} ,, . . .]]
Projections are multiplied by the weights obtained by application ofwti to them
when their filters are permuted so that thejth becomes thepermi[ j] th.

Projections from a symbolf are automatically reordered according to any permutation symmetries given
(using the above codes) as the value of the property_f[Reor] [4].

• Comm[4]

#I[1]:: _ts[Reor]:Sym

#O[1]: Sym

#I[2]:: {ts[a,b,c],ts[b,a,c],ts[c,a,b],ts[c,a,a]}

#O[2]: {ts[a,b,c],ts[a,b,c],ts[a,b,c],ts[a,a,c]}
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#I[3]:: _ta[Reor]:Asym

#O[3]: Asym

#I[4]:: {ta[a,b,c],ta[b,a,c],ta[c,a,b],ta[c,a,a]}

#O[4]: {ta[a,b,c],-ta[a,b,c],ta[a,b,c],0}

#I[5]:: _tc[Reor]:Cyclic

#O[5]: Cyclic

#I[6]:: {tc[a,b,c],tc[b,a,c],tc[c,a,b],tc[c,a,a]}

#O[6]: {tc[a,b,c],tc[a,c,b],tc[a,b,c],tc[a,a,c]}

#I[7]:: _tg[Reor]:Greor[{{1,3,2},7},{{3,2,1},11},{2,1,3}]

#O[7]: Greor[{{1,3,2},7},{{3,2,1},11},{2,1,3}]

#I[8]:: {tg[a,b,c],tg[a,c,b],tg[b,c,a],tg[d,c,b,a]}

#O[8]: {tg[a,b,c],7tg[a,b,c],77tg[a,b,c],11tg[b,c,d,a]}

#I[9]:: _t[Reor]:{Cyclic[1,3,4],Asym[2,5]}

#O[9]: {Cyclic[1,3,4],Asym[2,5]}

#I[10]:: {t[a,c,b,a,e],t[a,b,d,c,e],t[a,a,b,c,a], \
t[c,b,d,a,a],t[a,c,b,a,e,f,g]}

#O[10]: {t[a,c,a,b,e],t[a,b,d,c,e],0,-t[a,a,c,d,b],t[a,c,a,b,e,f,g]}

#I[11]:: Reor[f[a,c,b],,Greor[{{1,3,2},wt}]]

#O[11]: f[a,b,c] wt[f[a,b,c]]

#I[12]:: Reor[f[a,c,b],,Sym]

#O[12]: f[a,b,c]

LL dd ii ss tt [[ ee xxpprr,, (ff : ee xxpprr[00 ]) ,, (llee vvssppeecc : II nn ff ),, (ddoommccrriitt : 11 ),, (mmaaxx : 11 )]]
"distributes" projections fromff in the domain ofee xxpprr specified by llee vvssppeecc andddoommccrriitt over lists appearing
as their filters, making at mostmmaaxx passes throughee xxpprr.
ff [[ {{ [[ ii 11 ]] :: vv 11 11 ,, [[ ii 22 ]] :: vv 11 22 ,, .. .. }} ,, {{ [[ ii 11 ]] :: vv 22 11 ,, [[ ii 22 ]] :: vv 22 22 ,, .. .. }} ,, aa ,, .. .. ]] becomes
{{ [[ ii 11 ]] :: ff [[ vv 11 11 ,, vv 22 11 ,, aa ,, .. .. ]] ,, [[ ii 22 ]] :: ff [[ vv 11 22 ,, vv 22 22 ,, aa ,, .. .. ]] ,, .. .. }} whereaa is not a list.

Projections from symbols carrying the propertyLL dd ii ss tt [4] are automatically distributed over lists appear-
ing as their filters.

## II [[ 11 ]] :: :: tt :: ff [[ {{ aa ,, bb }} ,, ee ,, {{ cc ,, dd }} ]]

## OO [[ 11 ]] :: ff [[ {{ aa ,, bb }} ,, ee ,, {{ cc ,, dd }} ]]

## II [[ 22 ]] :: :: LL dd ii ss tt [[ tt ]]

## OO [[ 22 ]] :: {{ ff [[ aa ,, ee ,, cc ]] ,, ff [[ bb ,, ee ,, dd ]] }}

## II [[ 33 ]] :: :: uu :: ff [[ {{ aa ,, bb }} ,, {{ cc ,, dd }} ,, ff [[ {{ ii ,, jj }} ,, {{ kk ,, ll }} ]] ]]

## OO [[ 33 ]] :: ff [[ {{ aa ,, bb }} ,, {{ cc ,, dd }} ,, ff [[ {{ ii ,, jj }} ,, {{ kk ,, ll }} ]] ]]

## II [[ 44 ]] :: :: LL dd ii ss tt [[ uu ]]

## OO [[ 44 ]] :: {{ ff [[ aa ,, cc ,, ff [[ ii ,, kk ]] ]] ,, ff [[ bb ,, dd ,, ff [[ jj ,, ll ]] ]] }}
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## II [[ 55 ]] :: :: LL dd ii ss tt [[ uu ,, ff ,, 11 ]]

## OO [[ 55 ]] :: {{ ff [[ aa ,, cc ,, ff [[ {{ ii ,, jj }} ,, {{ kk ,, ll }} ]] ]] ,, ff [[ bb ,, dd ,, ff [[ {{ ii ,, jj }} ,, {{ kk ,, ll }} ]] ]] }}

## II [[ 66 ]] :: :: {{ xx ,, yy ,, zz }} == {{ 11 ,, 22 ,, 33 }}

## OO [[ 66 ]] :: {{ xx ,, yy ,, zz }} == {{ 11 ,, 22 ,, 33 }}

## II [[ 77 ]] :: :: LL dd ii ss tt [[ %% ]]

## OO [[ 77 ]] :: {{ xx == 11 ,, yy == 22 ,, zz == 33 }}

FF ll aa tt [[ ee xxpprr,, (llee vvssppeecc : II nn ff ),, (ff:ee xxpprr[[ 00 ]] or LL ii ss tt ),, (ddoommccrriitt : 11 )]]
"flattens" nested projections fromff or lists inee xxpprr in the domain specified byllee vvssppeecc andddoommccrriitt [2.5]. ff
projections appearing as filters withinff projections are replaced by null projections [2.3]. Sublists in lists
are "unraveled". Indicesin flattened lists are contiguous [2.4].

Projections from symbols carrying the propertyFF ll aa tt [4] are automatically "flattened".

## II [[ 11 ]] :: :: tt :: ff [[ ff [[ aa ,, bb ]] ,, ff [[ cc ]] ,, ff [[ ff [[ dd ]] ]] ,, ee ]]

## OO [[ 11 ]] :: ff [[ ff [[ aa ,, bb ]] ,, ff [[ cc ]] ,, ff [[ ff [[ dd ]] ]] ,, ee ]]

## II [[ 22 ]] :: :: FF ll aa tt [[ tt ]]

## OO [[ 22 ]] :: ff [[ aa ,, bb ,, cc ,, dd ,, ee ]]

## II [[ 33 ]] :: :: FF ll aa tt [[ tt ,, 22 ]]

## OO [[ 33 ]] :: ff [[ aa ,, bb ,, cc ,, dd ,, ee ]]

## II [[ 44 ]] :: :: uu :: {{ {{ aa ,, bb }} ,, {{ cc ,, {{ dd }} }} ,, ee }}

## OO [[ 44 ]] :: {{ {{ aa ,, bb }} ,, {{ cc ,, {{ dd }} }} ,, ee }}

## II [[ 55 ]] :: :: FF ll aa tt [[ uu ]]

## OO [[ 55 ]] :: {{ aa ,, bb ,, cc ,, dd ,, ee }}

## II [[ 66 ]] :: :: vv :: {{ [[ xx ]] :: aa ,, [[ yy ]] :: bb ,, [[ zz ]] :: cc }}

## OO [[ 66 ]] :: {{ [[ xx ]] :: aa ,, [[ yy ]] :: bb ,, [[ zz ]] :: cc }}

## II [[ 77 ]] :: :: FF ll aa tt [[ vv ]]

## OO [[ 77 ]] :: {{ aa ,, bb ,, cc }}

TT ii ee rr [[ lliisstt]]
generates a single level l ist in which the complete sequence of indices specifying each expression inlliisstt
appear in null projections.

Assignments for projections from symbols carrying the propertyTT ii ee rr automatically generate lists with a
single level in which the filters of the projections appear in indices as null projections [2.3].

## II [[ 11 ]] :: :: ff [[ xx ,, yy ]] :: gg [[ xx // yy ]]

xx
## OO [[ 11 ]] :: gg [[ -- ]]

yy

## II [[ 22 ]] :: :: ff

xx
## OO [[ 22 ]] :: {{ [[ xx ]] :: {{ [[ yy ]] :: gg [[ -- ]] }} }}

yy
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## II [[ 33 ]] :: :: ff :: TT ii ee rr [[ ff ]]

xx
## OO [[ 33 ]] :: {{ [[ [[ xx ,, yy ]] ]] :: gg [[ -- ]] }}

yy

## II [[ 44 ]] :: :: ff

xx
## OO [[ 44 ]] :: {{ [[ [[ xx ,, yy ]] ]] :: gg [[ -- ]] }}

yy

UU nn ii oo nn [[ lliisstt11,, lliisstt22,, . . .]]
<<CC oo mm mm ,, FF ll aa tt >>

yields a sorted contiguous [2.4] list of all entries appearing inlliisstt11, lliisstt22, . . .  .

## II [[ 11 ]] :: :: tt :: {{ aa ,, bb ,, aa ,, aa ,, dd ,, cc }}

## OO [[ 11 ]] :: {{ aa ,, bb ,, aa ,, aa ,, dd ,, cc }}

## II [[ 22 ]] :: :: UU nn ii oo nn [[ tt ]]

## OO [[ 22 ]] :: {{ aa ,, bb ,, cc ,, dd }}

## II [[ 33 ]] :: :: uu :: {{ aa ,, bb ,, ff ,, ee }}

## OO [[ 33 ]] :: {{ aa ,, bb ,, ff ,, ee }}

## II [[ 44 ]] :: :: UU nn ii oo nn [[ uu ,, tt ,, uu ]]

## OO [[ 44 ]] :: {{ aa ,, bb ,, cc ,, dd ,, ee ,, ff }}

II nn tt ee rr [[ lliisstt11,, lliisstt22,, . . .]]
<<CC oo mm mm ,, FF ll aa tt >>

yields a sorted contiguous [2.4] list of the entries common tolliisstt11, lliisstt22, . . .  .

## II [[ 11 ]] :: :: tt :: {{ aa ,, bb ,, aa ,, aa ,, cc ,, dd }}

## OO [[ 11 ]] :: {{ aa ,, bb ,, aa ,, aa ,, cc ,, dd }}

## II [[ 22 ]] :: :: uu :: {{ bb ,, aa ,, ee ,, ff }}

## OO [[ 22 ]] :: {{ bb ,, aa ,, ee ,, ff }}

## II [[ 33 ]] :: :: II nn tt ee rr [[ tt ,, uu ]]

## OO [[ 33 ]] :: {{ aa ,, bb }}
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7.8 Distribution and expansion

EE xx [[ ee xxpprr,, (ddlliisstt),, (nnddlliisstt : {{ }} ),, (rrpptt : II nn ff ),, (llee vvssppeecc : II nn ff ),, (ddoommccrriitt : 11 )]]
"expands"ee xxpprr in the domain specified by llee vvccrriitt andddoommccrriitt [2.5] using distributive replacements for pro-
jections specified inddlliisstt but not in nnddlliisstt, performing replacements on a particular level at most rrpptt times.
The default replacements inddlliisstt are standard mathematical results forMM uu ll tt , DD ii vv , DD oo tt , PP oo ww , EE xx pp ,
LL oo gg , GGand their extensions [4], together with any replacements defined byDD ii ss tt or PP oo ww dd ii ss tt properties
[4].

## II [[ 11 ]] :: :: tt :: (( aa ++ xx )) ˆ̂ 22 (( bb ++ xx (( xx ++ aa )) ++ (( bb ++ xx )) ˆ̂ 22 ))

22 22
## OO [[ 11 ]] :: (( aa ++ xx )) (( bb ++ xx ((aa ++ xx)) ++ ((bb ++ xx)) ))

## II [[ 22 ]] :: :: EE xx [[ tt ]]

33 22 33 22 22 22 22 22 33 22 22
## OO [[ 22 ]] :: 55 aa xx ++ bb xx ++ 22bb xx ++ aa bb ++ aa bb ++ 44 aa xx ++ aa xx ++ bb xx

22 22 22 44
++ 22aa bb xx ++ 44aa bb xx ++ 22aa bb xx ++ 22 aa bb xx ++ 22 xx

## II [[ 33 ]] :: :: EE xx [[ tt ,, PP oo ww ]]

22 22 22 22
## OO [[ 33 ]] :: (( 22 aa xx ++ aa ++ xx )) ((bb ++ 22bb xx ++ xx ((aa ++ xx)) ++ bb ++ xx ))

## II [[ 44 ]] :: :: EE xx [[ tt ,, ´́ MM uu ll tt ]]

22 22 22 22 22 22
## OO [[ 44 ]] :: bb ((aa ++ xx )) ++ xx (( aa ++ xx )) ++ (( aa ++ xx )) (( bb ++ xx )) ++ aa xx ((aa ++ xx ))

## II [[ 55 ]] :: :: EE xx [[ tt ,, ,, PP oo ww ]]

22 22 22 22 22 22
## OO [[ 55 ]] :: bb ((aa ++ xx )) ++ xx (( aa ++ xx )) ++ (( aa ++ xx )) (( bb ++ xx )) ++ aa xx ((aa ++ xx ))

## II [[ 66 ]] :: :: EE xx [[ tt ,, ,, ,, 11 ]]

22 33 22 22
## OO [[ 66 ]] :: bb ((aa ++ xx )) ++ xx ((aa ++ xx )) ++ (( aa ++ xx )) (( bb ++ xx ))

## II [[ 77 ]] :: :: EE xx [[ tt ,, ,, ,, 22 ]]

22 22 22 22 33 33
## OO [[ 77 ]] :: bb (( 22 aa xx ++ aa ++ xx )) ++ xx (( 33 aa xx ++ 33 aa xx ++ aa ++ xx ))

22 22 22 22
++ (( 22 aa xx ++ aa ++ xx )) (( 22 bb xx ++ bb ++ xx ))

## II [[ 88 ]] :: :: EE xx [[ tt ,, ,, ,, ,, 11 ]]

22 33 22 22
## OO [[ 88 ]] :: bb ((aa ++ xx )) ++ xx ((aa ++ xx )) ++ (( aa ++ xx )) (( bb ++ xx ))

## II [[ 99 ]] :: :: EE xx [[ tt ,, ,, ,, ,, 22 ]]

33 22 33 22 22 22 22 22 33 22 22
## OO [[ 99 ]] :: 55 aa xx ++ bb xx ++ 22bb xx ++ aa bb ++ aa bb ++ 44 aa xx ++ aa xx ++ bb xx

22 22 22 44
++ 22aa bb xx ++ 44aa bb xx ++ 22aa bb xx ++ 22 aa bb xx ++ 22 xx
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## II [[ 11 00 ]] :: :: EE xx [[ tt ,, ,, ,, ,, -- 11 ]]

22 22
## OO [[ 11 00 ]] :: (( aa ++ xx )) (( bb ++ xx ((aa ++ xx)) ++ ((bb ++ xx)) ))

## II [[ 11 11 ]] :: :: EE xx [[ tt ,, ,, ,, ,, -- 33 ]]

22 22 22 22
## OO [[ 11 11 ]] :: (( 22 aa xx ++ aa ++ xx )) ((bb ++ aa xx ++ 22bb xx ++ bb ++ 22 xx ))

## II [[ 11 22 ]] :: :: EE xx [[ tt ,, ,, ,, ,, ,, ˜̃ II nn [[ bb ,, $$ xx ]] ]]

22 22 22 22
## OO [[ 11 22 ]] :: (( 22 aa xx ++ aa ++ xx )) ((bb ++ aa xx ++ xx ++ ((bb ++ xx)) ))

## II [[ 11 33 ]] :: :: EE xx [[ tt ,, ,, ,, ,, ,, LL ee nn [[ $$ xx ]] == 22 ]]

33 22 33 22 22 22 22 22 33 22 22
## OO [[ 11 33 ]] :: 55 aa xx ++ bb xx ++ 22bb xx ++ aa bb ++ aa bb ++ 44 aa xx ++ aa xx ++ bb xx

22 22 22 44
++ 22aa bb xx ++ 44aa bb xx ++ 22aa bb xx ++ 22 aa bb xx ++ 22 xx

## II [[ 11 44 ]] :: :: EE xx [[ 22 (( uu ++ vv )) ]]

## OO [[ 11 44 ]] :: 22 uu ++ 22 vv

## II [[ 11 55 ]] :: :: EE xx [[ aa (( uu ++ vv )) ]]

## OO [[ 11 55 ]] :: aa uu ++ aa vv

## II [[ 11 66 ]] :: :: EE xx [[ (( uu ++ vv )) ˆ̂ 33 ]]

22 22 33 33
## OO [[ 11 66 ]] :: 33 uu vv ++ 33 uu vv ++ uu ++ vv

## II [[ 11 77 ]] :: :: EE xx [[ (( uu ++ vv )) // aa ]]

uu vv
## OO [[ 11 77 ]] :: -- ++ --

aa aa

## II [[ 11 88 ]] :: :: EE xx [[ aa .. (( uu ++ vv )) ]]

## OO [[ 11 88 ]] :: aa .. uu ++ aa .. vv

## II [[ 11 99 ]] :: :: EE xx [[ EE xx pp [[ uu vv ]] ]]

## OO [[ 11 99 ]] :: EE xx pp [[ uu vv ]]

## II [[ 22 00 ]] :: :: EE xx [[ LL oo gg [[ uu vv ]] ]]

## OO [[ 22 00 ]] :: LL oo gg [[ uu ]] ++ LL oo gg [[ vv ]]

## II [[ 22 11 ]] :: :: EE xx [[ LL oo gg [[ uu // vv ]] ]]

## OO [[ 22 11 ]] :: LL oo gg [[ uu ]] -- LL oo gg [[ vv ]]

## II [[ 22 22 ]] :: :: EE xx [[ LL oo gg [[ uu ˆ̂ vv ]] ]]

## OO [[ 22 22 ]] :: vv LL oo gg [[ uu ]]

## II [[ 22 33 ]] :: :: EE xx [[ ff [[ aa ++ bb ++ cc ]] ]]

## OO [[ 22 33 ]] :: ff [[ aa ++ bb ++ cc ]]

## II [[ 22 44 ]] :: :: __ ff [[ DD ii ss tt ]] :: :: PP ll uu ss

## OO [[ 22 44 ]] :: ´́ PP ll uu ss
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## II [[ 22 55 ]] :: :: EE xx [[ ff [[ aa ++ bb ++ cc ]] ]]

## OO [[ 22 55 ]] :: ff [[ aa ]] ++ ff [[ bb ]] ++ ff [[ cc ]]

## II [[ 22 66 ]] :: :: __ gg [[ PP oo ww dd ii ss tt ]] :: :: hh

## OO [[ 22 66 ]] :: ´́ hh

## II [[ 22 77 ]] :: :: EE xx [[ gg [[ aa ++ bb ,, 33 ]] ]]

## OO [[ 22 77 ]] :: hh [[ aa ++ bb ,, aa ++ bb ,, aa ++ bb ]]

DD ii ss tt [[ ee xxpprr,,  {{ ff11,, gg11,, ((hh11 : gg11),, (kk11 : ff11)),, (ppssppeecc11 : II nn ff )}}  ,,
(rrpptt : II nn ff ),, (llee vvssppeecc : II nn ff ),, (ddoommccrriitt : 11 )]]

distributes occurrences of the projectorsff ii in ee xxpprr (in the domain specified byllee vvssppeecc and ddoommccrriitt [2.5])
over projections fromggii appearing as their filters, yielding projections ofhhii andkkii. Distributions on a par-
ticular level are performed at mostrrpptt times. Adistribution specified by{{ ff,, gg,, hh,, kk,, ppssppeecc}} corresponds to
the replacement
ff[[ $$ $$ 11 ,, gg[[ xx11,, xx22,, . . .]] ,, $$ $$ 22 ]] -- >>
hh[[ kk[[ $$ $$ 11 ,, xx11,, $$ $$ 22 ]] ,, kk[[ $$ $$ 11 ,, xx22,, $$ $$ 22 ]] ,, . . .]] .

The possible positions at which thegg projection may appear inff are specified byppssppeecc according to

ii 11 throughii.

{{ ii}} ii only.

{{ ii,, jj}} ii throughjj.

{{ ii,, jj,, ppccrriitt}} ii throughjj and such that application of the templateppccrriitt yields "true".

## II [[ 11 ]] :: :: tt :: ff [[ gg [[ aa ,, bb ]] ,, cc ,, gg [[ xx ,, yy ,, zz ]] ]]

## OO [[ 11 ]] :: ff [[ gg [[ aa ,, bb ]] ,, cc ,, gg [[ xx ,, yy ,, zz ]] ]]

## II [[ 22 ]] :: :: DD ii ss tt [[ tt ,, {{ ff ,, gg }} ]]

## OO [[ 22 ]] :: gg [[ gg [[ ff [[ aa ,, cc ,, xx ]] ,, ff [[ bb ,, cc ,, xx ]] ]] ,, gg [[ ff [[ aa ,, cc ,, yy ]] ,, ff [[ bb ,, cc ,, yy ]] ]] ,, gg [[ ff [[ aa ,, cc ,, zz ]] ,, ff [[ bb ,, cc ,, zz ]] ]] ]]

## II [[ 33 ]] :: :: DD ii ss tt [[ tt ,, {{ ff ,, gg ,, hh ,, kk ,, {{ 33 }} }} ]]

## OO [[ 33 ]] :: hh [[ kk [[ gg [[ aa ,, bb ]] ,, cc ,, xx ]] ,, kk [[ gg [[ aa ,, bb ]] ,, cc ,, yy ]] ,, kk [[ gg [[ aa ,, bb ]] ,, cc ,, zz ]] ]]

## II [[ 44 ]] :: :: DD ii ss tt [[ tt ,, {{ ff ,, gg ,, hh ,, kk ,, {{ kk ,, gg }} }} ]]

## OO [[ 44 ]] :: hh [[ kk [[ aa ,, cc ,, gg [[ xx ,, yy ,, zz ]] ]] ,, kk [[ bb ,, cc ,, gg [[ xx ,, yy ,, zz ]] ]] ]]

## II [[ 55 ]] :: :: DD ii ss tt [[ tt ,, {{ ff ,, gg ,, hh ,, aa ˜̃ == $$ xx }} ]]

## OO [[ 55 ]] :: hh [[ gg [[ aa ,, bb ]] ˜̃ == cc ˜̃== xx ,, gg [[ aa ,, bb ]] ˜̃ == cc ˜̃== yy ,, gg [[ aa ,, bb ]] ˜̃ == cc ˜̃== zz ]]

## II [[ 66 ]] :: :: ss :: aa ++ bb (( cc ++ dd ))

## OO [[ 66 ]] :: aa ++ bb ((cc ++ dd ))

## II [[ 77 ]] :: :: DD ii ss tt [[ ss ,, {{ MM uu ll tt ,, PP ll uu ss }} ]]

## OO [[ 77 ]] :: aa ++ bb cc ++ bb dd

PP oo ww dd ii ss tt [[ ee xxpprr,,  {{ ffppooww11,, ffmmuulltt11,, (ffpplluuss11 : PP ll uu ss )}}  ,, (rrpptt : II nn ff ),, (llee vvssppeecc : II nn ff ),,
(ddoommccrriitt : 11 )]]

performs a "power expansion" on projections fromffppoowwii appearing inee xxpprr (in the domain specified byllee vv--
ssppeecc andddoommccrriitt) over projections fromffpplluuss appearing as their first filters, and yielding projections from
ffmmuulltt. Expansions on a particular level are performed at mostrrpptt times. Apower expansion specified by
{{ ffppooww,, ffmmuulltt,, ffpplluuss}} corresponds to the replacementffppooww[[ ffpplluuss[[ $$ $$ 11 ]] ,, $$ nn __ == NN aa tt pp [[ $$ nn ]] ]] -- >>
ffmmuulltt[[ RR ee pp ll [[ ffpplluuss[[ $$ $$ 11 ]] ,, $$ nn ]] followed by expansion of the result.
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## II [[ 11 ]] :: :: tt :: (( aa ++ bb )) ˆ̂ 33

33
## OO [[ 11 ]] :: (( aa ++ bb ))

## II [[ 22 ]] :: :: PP oo ww dd ii ss tt [[ tt ,, {{ PP oo ww ,, MM uu ll tt }} ]]

22 22 33 33
## OO [[ 22 ]] :: 33 aa bb ++ 33 aa bb ++ aa ++ bb

## II [[ 33 ]] :: :: PP oo ww dd ii ss tt [[ tt ,, {{ PP oo ww ,, DD oo tt }} ]]

## OO [[ 33 ]] :: aa .. aa .. aa ++ aa .. aa .. bb ++ aa .. bb .. aa ++ aa .. bb .. bb ++ bb .. aa .. aa ++ bb .. aa .. bb ++ bb .. bb .. aa ++ bb .. bb .. bb

## II [[ 44 ]] :: :: PP oo ww dd ii ss tt [[ ff [[ gg [[ aa ,, bb ]] ,, 33 ]] ,, {{ ff ,, hh ,, gg }} ]]

## OO [[ 44 ]] :: gg [[ hh [[ hh [[ aa ,, aa ]] ,, aa ]] ,, hh [[ hh [[ aa ,, aa ]] ,, bb ]] ,, hh [[ hh [[ aa ,, bb ]] ,, aa ]] ,, hh [[ hh [[ aa ,, bb ]] ,, bb ]] ,, hh [[ hh [[ bb ,, aa ]] ,, aa ]] ,,

hh [[ hh [[ bb ,, aa ]] ,, bb ]] ,, hh [[ hh [[ bb ,, bb ]] ,, aa ]] ,, hh [[ hh [[ bb ,, bb ]] ,, bb ]] ]]

• LL dd ii ss tt [4,7.7]
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7.9 Rationalexpression manipulation and simplification

NN cc [[ ee xxpprr]]
gives the overall numerical coefficient ofee xxpprr.
• [2.5]

## II [[ 11 ]] :: :: {{ NN cc [[ aa // bb ]] ,, NN cc [[ 22 aa // bb ]] ,, NN cc [[ 22 // (( 33 bb )) ]] ,, NN cc [[ 22 // 33 ]] }}

## OO [[ 11 ]] :: {{ 11 ,, 22 ,, 22 // 33 ,, 22 // 33 }}

CC oo ee ff [[ tteerrmm,, ee xxpprr,, (tteemmpp : PP ll uu ss )]]
yields the result of applyingtteemmpp to the set of coefficients oftteerrmm in ee xxpprr.

## II [[ 11 ]] :: :: tt :: EE xx [[ (( 22 aa ++ xx ++ bb ** xx )) ˆ̂ 33 ]]

22 33 22 22 33 33 33 22 22 22
## OO [[ 11 ]] :: 66 aa xx ++ 33 bb xx ++ 11 22 aa xx ++ 33 bb xx ++ bb xx ++ 11 22 aa bb xx ++ 66aa bb xx

22 33 33
++ 1122 aa bb xx ++ 88 aa ++ xx

## II [[ 22 ]] :: :: CC oo ee ff [[ xx ˆ̂ 22 ,, tt ]]

22
## OO [[ 22 ]] :: 66 aa ++ 11 22 aa bb ++ 66aa bb

## II [[ 33 ]] :: :: CC oo ee ff [[ aa ** xx ˆ̂ 22 ,, tt ]]

22
## OO [[ 33 ]] :: 66 ++ 11 22 bb ++ 66 bb

## II [[ 44 ]] :: :: CC oo ee ff [[ aa ** bb ** xx ,, tt ]]

## OO [[ 44 ]] :: 00

## II [[ 55 ]] :: :: CC oo ee ff [[ xx ,, tt ,, ff ]]

22 22
## OO [[ 55 ]] :: ff [[ 11 22 aa ,, 11 22 aa bb ]]

EE xx pp tt [[ ffoorrmm,, ee xxpprr,, (tteemmpp : MM aa xx )]]
yields the result of applyingtteemmpp to the set of exponents forffoorrmm in ee xxpprr.

## II [[ 11 ]] :: :: tt :: EE xx [[ (( xx ˆ̂ 33 ++ ff [[ yy ]] ˆ̂ bb ++ zz // xx ˆ̂ 22 )) ˆ̂ 22 ]]

bb 22
22 zz ff [[ yy ]] zz 33 bb 66 22 bb

## OO [[ 11 ]] :: -- -- -- -- -- -- -- -- ++ ---- ++ 22xx zz ++ 22 xx ff [[ yy ]] ++ xx ++ ff [[ yy ]]
22 44

xx xx

## II [[ 22 ]] :: :: EE xx pp tt [[ xx ,, tt ]]

## OO [[ 22 ]] :: 66

## II [[ 33 ]] :: :: EE xx pp tt [[ ff [[ yy ]] ,, tt ]]

## OO [[ 33 ]] :: MM aa xx [[ bb ,, 22 bb ]]

## II [[ 44 ]] :: :: EE xx pp tt [[ xx ,, tt ,, hh ]]

## OO [[ 44 ]] :: hh [[ -- 22 ,, -- 44 ,, 11 ,, 33 ,, 66 ]]
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NN uu mm [[ ee xxpprr]]
numerator ofee xxpprr.

## II [[ 11 ]] :: :: {{ NN uu mm [[ 22 aa // (( 33 bb ** cc )) ]] ,, NN uu mm [[ 55 // 66 ]] }}

## OO [[ 11 ]] :: {{ 22 aa ,, 55 }}

## II [[ 22 ]] :: :: {{ NN uu mm [[ 00 .. 77 55 ]] ,, NN uu mm [[ NN [[ PP ii ]] ]] }}

## OO [[ 22 ]] :: {{ 33 ,, 33 .. 11 44 11 55 99 }}

DD ee nn [[ ee xxpprr]]
denominator ofee xxpprr.

## II [[ 11 ]] :: :: {{ DD ee nn [[ 22 aa // (( 33 ** bb ** cc )) ]] ,, DD ee nn [[ 55 // 66 ]] }}

## OO [[ 11 ]] :: {{ 33 bb cc ,, 66 }}

## II [[ 22 ]] :: :: {{ DD ee nn [[ 00 .. 77 55 ]] ,, DD ee nn [[ NN [[ PP ii ]] ]] }}

## OO [[ 22 ]] :: {{ 44 ,, 11 }}

RR aa tt [[ ee xxpprr,, (ccrriitt : 11 ),, (llee vvssppeecc : II nn ff ),, (rrpptt : II nn ff ),, (ddoommccrriitt : 11 )]]
combines over a common denominator terms in the domain ofee xxpprr specified by llee vvssppeecc andddoommccrriitt [2.5],
and on which application of the templateccrriitt does not yield00 , repeating the process until the result no
longer changes, or at mostrrpptt times.

## II [[ 11 ]] :: :: tt :: 11 // aa ++ 11 // bb ++ 11 // (( aa bb ))

11 11 11
## OO [[ 11 ]] :: -- ++ -- ++ -- -- --

aa bb aa bb

## II [[ 22 ]] :: :: RR aa tt [[ tt ]]

11 ++ aa ++ bb
## OO [[ 22 ]] :: -- -- -- -- -- -- -- -- --

aa bb

CC oo ll [[ ee xxpprr,, (ccrriitt : 11 ),, (llee vvssppeecc : II nn ff ),, (ddoommccrriitt : 11 )]]
collects terms with the same denominator in the domain ofee xxpprr specified by llee vvssppeecc andddoommccrriitt,, but on
which application of the templateccrriitt does not yield00 .

## II [[ 11 ]] :: :: tt :: (( xx ++ aa )) (( xx ++ bb )) (( xx ++ cc )) // (( aa ** bb )) ++ (( yy ++ aa )) (( yy ++ bb )) // bb

(( aa ++ yy)) ((bb ++ yy )) (( aa ++ xx)) ((bb ++ xx)) ((cc ++ xx ))
## OO [[ 11 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

bb aa bb

## II [[ 22 ]] :: :: uu :: EE xx [[ tt ]]

22 22 22 33 22
aa yy cc xx cc xx cc xx xx xx xx yy

## OO [[ 22 ]] :: aa ++ cc ++ xx ++ yy ++ -- -- -- ++ -- -- -- ++ -- -- -- ++ -- -- -- -- ++ ---- ++ ---- ++ -- -- -- ++ -- --
bb aa bb aa bb aa bb aa bb bb

## II [[ 33 ]] :: :: CC oo ll [[ uu ]]

22 22 33 22 22
cc xx ++ xx cc xx ++ xx aa yy ++ cc xx ++ xx ++ yy

## OO [[ 33 ]] :: aa ++ cc ++ xx ++ yy ++ -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --
aa aa bb bb
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CC bb [[ ee xxpprr,,  ffoorrmm11  ,, (llee vvssppeecc : II nn ff ),, (ddoommccrriitt : 11 )]]
combines coefficients of terms matchingffoorrmm11, ffoorrmm22, . . .  in the domain ofee xxpprr specified by llee vvssppeecc and
ddoommccrriitt.

## II [[ 11 ]] :: :: tt :: EE xx [[ (( xx ++ aa ++ bb )) ˆ̂ 44 ]]

33 33 33 22 22 22 22 33 33
## OO [[ 11 ]] :: 44 aa bb ++ 44 aa xx ++ 44 bb xx ++ 66 aa bb ++ 66 aa xx ++ 44 aa bb ++ 44 aa xx

22 22 33 22 22 22
++ 66 bb xx ++ 44 bb xx ++ 11 22 aa bb xx ++ 11 22 aa bb xx ++ 1122 aa bb xx

44 44 44
++ aa ++ bb ++ xx

## II [[ 22 ]] :: :: CC bb [[ tt ,, xx ]]

33 33 33 22 22 33 33
## OO [[ 22 ]] :: 44 aa bb ++ 44 aa xx ++ 44 bb xx ++ xx (( 11 22 aa bb ++ 11 22 aa bb ++ 44 aa ++ 44 bb ))

22 22 22 22 33 22 22 22 44
++ 66 aa bb ++ 66 aa xx ++ 44 aa bb ++ 66 bb xx ++ 11 22 aa bb xx ++ aa

44 44
++ bb ++ xx

## II [[ 33 ]] :: :: CC bb [[ tt ,, {{ bb ˆ̂ 22 ,, aa ˆ̂ 22 ,, bb }} ]]

33 33 22 33 33 22 22
## OO [[ 33 ]] :: 44 aa bb ++ 44 aa xx ++ bb (( 11 22 aa xx ++ 44 aa ++ 44 xx )) ++ aa (( 11 22 bb xx ++ 66 xx ))

33 22 22 22 33 44 44 44
++ 44 aa xx ++ bb (( 11 22 aa xx ++ 66 aa ++ 66 xx )) ++ 44 bb xx ++ aa ++ bb ++ xx

## II [[ 44 ]] :: :: CC bb [[ tt ,, {{ xx ,, xx ˆ̂ $$ ii }} ]]

33 22 22 33 33 22 22 33
## OO [[ 44 ]] :: 44 aa bb ++ xx (( 11 22 aa bb ++ 11 22 aa bb ++ 44 aa ++ 44 bb )) ++ 66 aa bb ++ 44 aa bb

22 22 22 33 44 44 44
++ xx (( 11 22 aa bb ++ 66 aa ++ 66 bb )) ++ xx (( 44 aa ++ 44 bb )) ++ aa ++ bb ++ xx

• FF aa cc , PP ff [9.1]
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7.10 Statisticalexpression generation and analysis

RR ee xx [[ (nn : 11 00 ),, ({{  uunniitt11,, (uuwwtt11 : 11 )  ,, . . .}} ),, ({{  tteemmpp11,, (ttwwtt11 : 11 ),, (nn11 : 11 )  ,, . . .}} )]]
generates a pseudorandom expression containing on averagenn "units" selected from theuunniittii with statistical
weightsuuwwttii, and combined by application of templates selected from thetteemmppii with weights ttwwttii; each
tteemmppii acts onnnii expressions (or an average of--nnii expressions for negative nnii ). Simpledefaults are provided
for theuunniittii andtteemmppii.
• RR aa nn dd [8.3]

## II [[ 11 ]] :: :: RR ee xx [[ ]]

-- 22 (( 44 ++ xx ))
## OO [[ 11 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

22 44 22
xx PPii (( 11 22 yy ++ -- -- -- -- -- -- -- ++ 4488 xx ))

11 11 ++ 33 xx

## II [[ 22 ]] :: :: RR ee xx [[ ]]

22 xx
## OO [[ 22 ]] :: (( 88 ++ aa)) (( -- 11 ++ zz ++ xx zz (( xx ++ -- -- -- -- -- -- )) ))

xx
yy ++ yy

## II [[ 33 ]] :: :: RR ee xx [[ 55 ]]

22
## OO [[ 33 ]] :: 88 ++ xx ++ xx

## II [[ 44 ]] :: :: pp [[ $$ nn ]] :: :: RR ee xx [[ $$ nn ,, {{ xx ,, 11 ,, -- 11 }} ,, {{ {{ MM uu ll tt ,, 11 ,, -- 33 }} ,, {{ PP ll uu ss ,, 11 ,, -- 44 }} }} ]]

## OO [[ 44 ]] :: ´́ RR ee xx [[ $$ nn ,, {{ xx ,, 11 ,, -- 11 }} ,, {{ {{ MM uu ll tt ,, 11 ,, -- 33 }} ,, {{ PP ll uu ss ,, 11 ,, -- 44 }} }} ]]

## II [[ 55 ]] :: :: pp [[ 11 00 ]]

## OO [[ 55 ]] :: -- 44 xx

## II [[ 66 ]] :: :: pp [[ 11 00 ]]

## OO [[ 66 ]] :: 00

## II [[ 77 ]] :: :: pp [[ 11 00 ]]

22
## OO [[ 77 ]] :: xx ((22 -- xx)) ++ xx (( -- 22 -- xx)) ((11 ++ 22 xx ))

## II [[ 88 ]] :: :: pp [[ 22 00 ]]

## OO [[ 88 ]] :: -- 33 -- xx (( -- 22 -- xx (( -- 11 ++ xx)) ++ xx (( -- 11 ++ 22 xx )) ))

## II [[ 99 ]] :: :: pp [[ 22 00 ]]

## OO [[ 99 ]] :: -- 11 ++ 33xx ++ ((33 ++ 22 xx )) (( 22 xx ++ (( -- 22 ++ 22 xx )) (( 33 ++ 22 xx )) ))

AA ee xx [[ ee xxpprr11,, ee xxpprr22,, . . .]]
performs a simple statistical analysis on theee xxpprrii and yields a held [3.5]RR ee xx projection necessary to gener-
ate further expressions with the same "statistical properties".

## II [[ 11 ]] :: :: AA ee xx [[ aa ++ bb ]]

## OO [[ 11 ]] :: ´́ RR ee xx [[ 22 ,, {{ {{ aa ,, 11 }} ,, {{ bb ,, 11 }} }} ,, {{ {{ PP ll uu ss ,, 11 ,, 22 }} }} ]]
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## II [[ 22 ]] :: :: RR ee xx [[ ]]

22
## OO [[ 22 ]] :: -- 22 ++ 11 88 xx (( 22 ++ xx ++ 22 xx yy zz (( -- 11 ++ zz )) ))

## II [[ 33 ]] :: :: vv :: AA ee xx [[ %% ]]

## OO [[ 33 ]] :: ´́ RR ee xx [[ 11 00 ,, {{ {{ -- 22 ,, 11 }} ,, {{ xx ,, 33 }} ,, {{ 22 ,, 11 }} ,, {{ 22 ,, 11 }} ,, {{ yy ,, 11 }} ,, {{ zz ,, 22 }} ,, {{ -- 11 ,, 11 }} }} ,,

{{ {{ PP ll uu ss ,, 33 ,, -- 11 .. 33 33 33 33 33 }} ,, {{ MM uu ll tt ,, 22 ,, -- 33 // 22 }} ,, {{ PP oo ww ,, 11 ,, 22 }} }} ]]

## II [[ 44 ]] :: :: RR ee ll [[ vv ]]

xx zz
xx xx xx

xx xx zz ++ (( -- 22 ))
-- 22 (( -- 22 )) zz

## OO [[ 44 ]] :: xx

## II [[ 55 ]] :: :: RR ee ll [[ vv ]]

11
-- --

22
xx

(( -- 22 ))
zz

yy xx xx
-- 22 xx yy zz

zz
## OO [[ 55 ]] :: (( -- 22 ))

## II [[ 66 ]] :: :: AA ee xx [[ @@ 44 ,, @@ 55 ]]

## OO [[ 66 ]] :: ´́ RR ee xx [[ 22 55 // 22 ,, {{ {{ xx ,, 11 11 }} ,, {{ -- 22 ,, 44 }} ,, {{ zz ,, 66 }} ,, {{ yy ,, 22 }} ,, {{ 11 ,, 11 }} ,, {{ 22 ,, 11 }} }} ,,

{{ {{ PP oo ww ,, 11 77 ,, 22 }} ,, {{ MM uu ll tt ,, 33 ,, -- 11 .. 66 66 66 66 77 }} ,, {{ PP ll uu ss ,, 11 ,, 22 }} ,, {{ DD ii vv ,, 11 ,, 22 }} }} ]]
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8.1 Introduction

Reductions of mathematical functions occur through simplification or numerical evaluation. Simplification yields
an exact transformation; numerical evaluation is performed only in the absence of symbolic parameters, and may
be approximate.

Simplifications for arithmetic operations [8.2] and numerical functions [8.3] are automatically performed; elemen-
tary transcendental functions [8.5] are simplified only when the result is a rational number or multiple of a con-
stant [8.4].

The SMP Library provides many additional relations and transformations as replacements [3.3] defined in external
fi les and applied selectively by SS projections [3.3].

Real or complex numerical values for any of the functions described below may be obtained byNN projections
[3.4]. Elementaryarithmetic, numerical and transcendental functions, and mathematical constants may be evalu-
ated to arbitrary numerical precision.

Whenever a mathematical "function" is used to represent solutions of an equation, it may take on sev eral values for
any particular set of arguments, as conventionally parametrized by Riemann sheets.For such multivalued "func-
tions", numerical values are always taken on a single "principal" Riemann sheet; at the conventional positions of
branch cuts, the limiting values in a counter-clockwise approach to the cut are given.

Definitions of differentiation [9.4], integration [9.4], and power series expansion [9.5] for elementary arithmetic
and transcendental functions are included; definitions for other functions are given in external files.

All projections representing mathematical functions carry the propertyLL dd ii ss tt [4], as well as the propertiesSS yy ss
andTT ii ee rr .

Definitions of mathematical functions are based primarily on four references:

AS "Handbookof Mathematical Functions", ed. M.Abramowitz and I.Stegun, NBS AMS 55 (1964); Dover
(1965).

GR "Table of Integrals, Series and Products", I.Gradshteyn and I.Ryzhik, Academic Press (1965).

MOS "Formulas and Theorems for the Special Functions of Mathematical Physics", W.Magnus, F.Oberhet-
tinger and R.P.Soni, 3rd ed, Springer-Verlag (1966).

BMP "HigherTranscendental Functions", Bateman Manuscript Project (A.Erdelyieett aall.) Vols 1-3, McGraw-
Hill (1953).

Citations in which notations or conventions differ from those used here are indicated by †.



8.2 SMPREFERENCE MANUAL / Mathematical functions 8.2

8.2 Elementaryarithmetic functions

ee xxpprr11 ++ ee xxpprr22 ++ . . .  or ee xxpprr11 -- ee xxpprr22 ++ . . .  or PP ll uu ss [[ ee xxpprr11,, ee xxpprr22,, . . .]]
<<SS mm pp :: 11 ,, CC oo mm mm ,, FF ll aa tt >>

ee xxpprr11 ** ee xxpprr22 ** . . .  or MM uu ll tt [[ ee xxpprr11,, ee xxpprr22,, . . .]]
<<SS mm pp :: 11 ,, CC oo mm mm ,, FF ll aa tt >>

ee xxpprr11// ee xxpprr22 or DD ii vv [[ ee xxpprr11,, ee xxpprr22]]

ee xxpprr11ˆ̂ ee xxpprr22 or PP oo ww [[ ee xxpprr11,, ee xxpprr22]]

SS qq rr tt [[ ee xxpprr]]

ee xxpprr11 .. ee xxpprr22 .. . . .  or DD oo tt [[ ee xxpprr11,, ee xxpprr22,, . . .]]
<<FF ll aa tt >>

forms the inner product ofee xxpprr11, ee xxpprr22, . . .  . For two lists xx andyy the inner product is a list obtained by
summing
xx [[ ii [[ 11 ]] ,, ii [[ 22 ]] ,, .. .. .. ,, ii [[ nn -- 11 ]] ,, kk ]] ** yy [[ kk ,, jj [[ 22 ]] ,, .. .. .. ,, jj [[ mm ]] ]] over all values of the index kk
for which entries are present in bothxx andyy .
• II nn nn ee rr [9.6]

## II [[ 11 ]] :: :: {{ aa ,, bb ,, cc }} .. {{ xx ,, yy ,, zz }}

## OO [[ 11 ]] :: aa xx ++ bb yy ++ cc zz

## II [[ 22 ]] :: :: {{ vv ,, ww }} .. {{ {{ aa ,, bb }} ,, {{ cc ,, dd }} }} .. {{ rr ,, ss }}

## OO [[ 22 ]] :: rr ((aa vv ++ cc ww)) ++ ss ((bb vv ++ dd ww ))

## II [[ 33 ]] :: :: {{ [[ xx ]] :: aa ,, [[ yy ]] :: bb }} .. {{ [[ xx ]] :: {{ uu 11 ,, uu 22 }} ,, [[ yy ]] :: {{ vv 11 ,, vv 22 }} }}

## OO [[ 33 ]] :: {{ aa uu 11 ++ bb vv 11 ,, aa uu 22 ++ bb vv 22 }}

## II [[ 44 ]] :: :: {{ bb ,, cc }} .. {{ aa }}

## OO [[ 44 ]] :: {{ bb ,, cc }} .. {{ aa }}

ee xxpprr11 ** ** ee xxpprr22 ** ** . . .  or OO mm uu ll tt [[ ee xxpprr11,, ee xxpprr22,, . . .]]
<<CC oo mm mm ,, FF ll aa tt >>

forms the outer product ofee xxpprr11, ee xxpprr22, . . .  .
• OO uu tt ee rr [9.6]

## II [[ 11 ]] :: :: {{ aa ,, bb }} ** ** {{ cc ,, dd }}

## OO [[ 11 ]] :: {{ {{ aa cc ,, aa dd }} ,, {{ bb cc ,, bb dd }} }}

## II [[ 22 ]] :: :: {{ {{ 11 ,, 22 ,, 33 }} ,, {{ 44 }} }} ** ** {{ aa ,, bb }} ** ** {{ cc ,, dd }}

## OO [[ 22 ]] :: {{ {{ {{ {{ aa cc ,, aa dd }} ,, {{ bb cc ,, bb dd }} }} ,, {{ {{ 22 aa cc ,, 22 aa dd }} ,, {{ 22 bb cc ,, 22 bb dd }} }} ,,

{{ {{ 33 aa cc ,, 33 aa dd }} ,, {{ 33 bb cc ,, 33 bb dd }} }} }} ,,

{{ {{ {{ 44 aa cc ,, 44 aa dd }} ,, {{ 44 bb cc ,, 44 bb dd }} }} }} }}

Multiplication of an expression by a numerical coefficient does not involve an explicit MM uu ll tt projection. Such
products may nevertheless be matched by a pattern in which a generic symbol representing the coefficient appears
in a MM uu ll tt projection [2.6].



8.2 SMPREFERENCE MANUAL / Mathematical functions 8.2

## II [[ 11 ]] :: :: tt :: xx ** aa

## OO [[ 11 ]] :: aa xx

## II [[ 22 ]] :: :: tt [[ 00 ]]

## OO [[ 22 ]] :: ´́ MM uu ll tt

## II [[ 33 ]] :: :: uu :: 55 xx // 66

## OO [[ 33 ]] :: 55 xx // 66

## II [[ 44 ]] :: :: uu [[ 00 ]]

## OO [[ 44 ]] :: xx

## II [[ 55 ]] :: :: hh [[ $$ nn ** xx ]] :: jj [[ $$ nn ]]

## OO [[ 55 ]] :: jj [[ $$ nn ]]

## II [[ 66 ]] :: :: {{ hh [[ tt ]] ,, hh [[ uu ]] ,, hh [[ 66 ]] ,, hh [[ xx // 33 ]] }}

## OO [[ 66 ]] :: {{ jj [[ aa ]] ,, jj [[ 55 // 66 ]] ,, hh [[ 66 ]] ,, jj [[ 11 // 33 ]] }}

PP ll uu ss [[ ee xxpprr]] andMM uu ll tt [[ ee xxpprr]] are taken asee xxpprr; PP ll uu ss [[ ]] is 00 andMM uu ll tt [[ ]] is 11 .

• FF cc tt ll , DD ff cc tt ll , CC oo mm bb [8.6]
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8.3 Numericalfunctions

FF ll oo oo rr [[ xx]]
the greatest integer not larger than the real numberxx ("floor" of xx).

CC ee ii ll [[ xx]]
the least integer not smaller than the real numberxx ("ceiling" of xx).

## II [[ 11 ]] :: :: {{ FF ll oo oo rr [[ 22 .. 44 ]] ,, FF ll oo oo rr [[ -- 22 .. 44 ]] ,, FF ll oo oo rr [[ -- xx ]] }}

## OO [[ 11 ]] :: {{ 22 ,, -- 33 ,, FF ll oo oo rr [[ -- xx ]] }}

MM oo dd [[ nn,, mm]]
the real numbernn modulo the real numbermm.

## II [[ 11 ]] :: :: {{ MM oo dd [[ 55 ,, 33 ]] ,, MM oo dd [[ -- 55 ,, 33 ]] ,, MM oo dd [[ NN [[ PP ii ]] ,, 11 ]] }}

## OO [[ 11 ]] :: {{ 22 ,, 11 ,, 00 .. 11 44 11 55 99 33 }}

SS ii gg nn [[ xx]]
11 or -- 11 if xx is a positive or neg ative real number, and 00 if xx is zero.
• PP [5]

## II [[ 11 ]] :: :: {{ SS ii gg nn [[ 22 .. 33 ]] ,, SS ii gg nn [[ -- 22 .. 33 ]] ,, SS ii gg nn [[ -- xx ]] }}

## OO [[ 11 ]] :: {{ 11 ,, -- 11 ,, SS ii gg nn [[ -- xx ]] }}

TT hh ee tt aa [[ xx]]
Heavyside step functionθ (xx).

DD ee ll tt aa [[ xx]]
Dirac’s delta functionδ (xx).

Integrals and derivatives inv olving TT hh ee tt aa andDD ee ll tt aa are treated.

AA bb ss [[ xx]]
the absolute value of a real or complex numberxx.

## II [[ 11 ]] :: :: {{ AA bb ss [[ -- 44 // 55 ]] ,, AA bb ss [[ 22 ++ II ]] ,, AA bb ss [[ aa ++ bb ** II ]] ,, AA bb ss [[ -- xx ]] }}

11 // 22 22 22 11 // 22
## OO [[ 11 ]] :: {{ 44 // 55 ,, 55 ,, (( aa ++ bb )) ,, AA bb ss [[ xx ]] }}

CC oo nn jj [[ ee xxpprr]]
complex conjugate.

RR ee [[ ee xxpprr]]
real part.

II mm [[ ee xxpprr]]
imaginary part.
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## II [[ 11 ]] :: :: (( aa ++ bb ** II )) ** (( cc ++ dd ** II )) // (( aa ++ ff ** II ))

aa ((aa cc ++ dd ff)) -- bb ((aa dd -- cc ff )) aa (( aa dd -- cc ff)) ++ bb ((aa cc ++ dd ff ))
## OO [[ 11 ]] :: ** -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- II

22 22 22 22
aa ++ ff aa ++ ff

## II [[ 22 ]] :: :: RR ee aa ll pp [[ xx ]] :: II mm aa gg pp [[ yy ]] :: 11

## OO [[ 22 ]] :: 11

## II [[ 33 ]] :: :: {{ CC oo nn jj [[ 22 II ++ 33 ]] ,, CC oo nn jj [[ aa ]] ,, CC oo nn jj [[ aa ++ bb ** II ]] ,, CC oo nn jj [[ xx ]] ,, CC oo nn jj [[ yy ]] ,, CC oo nn jj [[ xx ++ II ** yy ]] }}

## OO [[ 33 ]] :: ** {{ 33 -- 22 II ,, CC oo nn jj [[ aa ]] ,, CC oo nn jj [[ aa ]] ++ -- CC oo nn jj [[ bb ]] II ,, xx ,, -- yy ,, xx ++ yy II }}

## II [[ 44 ]] :: :: {{ RR ee [[ 33 ++ 44 ** II ]] ,, RR ee [[ aa ++ II ** bb ]] ,, RR ee [[ xx ]] ,, RR ee [[ yy ]] ,, RR ee [[ xx ++ aa ++ yy ]] }}

## OO [[ 44 ]] :: {{ 33 ,, -- II mm [[ bb ]] ++ RR ee [[ aa ]] ,, xx ,, 00 ,, RR ee [[ aa ++ xx ++ yy ]] }}

MM aa xx [[ xx11,, xx22,, . . .]]
<<CC oo mm mm ,, FF ll aa tt >>

the numerically largest ofxx11, xx22, . . .  if this can be determined.

MM ii nn [[ xx11,, xx22,, . . .]]
<<CC oo mm mm ,, FF ll aa tt >>

the numerically smallest ofxx11, xx22, . . .  if this can be determined.

## II [[ 11 ]] :: :: MM aa xx [[ -- 22 ,, 33 ,, 55 ,, 22 ,, 11 ]]

## OO [[ 11 ]] :: 55

## II [[ 22 ]] :: :: MM ii nn [[ xx ++ 22 ,, yy -- 11 ,, yy ++ 33 ]]

## OO [[ 22 ]] :: MM ii nn [[ -- 11 ++ yy ,, 22 ++ xx ]]

RR aa nn dd [[ (xx : 11 ),, (( sseeeedd)) ]]
pseudorandom number uniformly distributed between00 andxx. A numbersseeeedd may be used to determine
the sequence of numbers generated.

## II [[ 11 ]] :: :: RR aa nn dd [[ ]]

## OO [[ 11 ]] :: 00 .. 88 22 00 88 66 44

## II [[ 22 ]] :: :: RR aa nn dd [[ ]]

## OO [[ 22 ]] :: 00 .. 22 33 88 33 66 99

## II [[ 33 ]] :: :: AA rr [[ 55 ,, `̀ RR aa nn dd [[ -- 11 00 ]] ]]

## OO [[ 33 ]] :: {{ -- 00 .. 00 22 33 00 77 77 33 ,, -- 33 .. 00 11 77 99 55 ,, -- 55 .. 55 55 11 77 55 ,, -- 22 66 99 88 66 // 22 33 00 77 99 ,, -- 00 .. 33 99 88 44 33 99 }}
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8.4 Mathematicalconstants

PP ii π = 3.14159...

EE e = 2.71828...

EE uu ll ee rr Euler-Mascheroni constantγ = 0.577216... [AS 6.1.3; GR 9.73; MOS 1.1]

DD ee gg π /180 = 0.0174533... (number of radians in one degree)

PP hh ii Golden ratioφ = 1.61803...

CC aa tt aa ll aa nn Catalan’s constant 0.915966... [AS 23.2.23; GR 9.73]

• II , II nn ff [2.2]

## II [[ 11 ]] :: :: CC aa tt aa ll aa nn -- 11

## OO [[ 11 ]] :: -- 11 ++ CC aa tt aa ll aa nn

## II [[ 22 ]] :: :: NN [[ %% ]]

## OO [[ 22 ]] :: -- 00 .. 00 88 44 00 33 44 44

## II [[ 33 ]] :: :: NN [[ @@ 11 ,, 11 55 ]]

## OO [[ 33 ]] :: ** (( -- 00 .. 00 88 44 00 33 44 44 00 55 88 22 33 00 00 ))
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8.5 Elementarytranscendental functions

EE xx pp [[ zz]]

LL oo gg [[ zz,, (bbaassee : EE)]]
Logarithm with branch cut along negative real axis [AS 4.1.1].

SS ii nn [[ zz]] AA ss ii nn [[ zz]] SS ii nn hh [[ zz]] AA ss ii nn hh [[ zz]]
CC oo ss [[ zz]] AA cc oo ss [[ zz]] CC oo ss hh [[ zz]] AA cc oo ss hh [[ zz]]
TT aa nn [[ zz]] AA tt aa nn [[ zz]] TT aa nn hh [[ zz]] AA tt aa nn hh [[ zz]]
CC ss cc [[ zz]] AA cc ss cc [[ zz]] CC ss cc hh [[ zz]] AA cc ss cc hh [[ zz]]
SS ee cc [[ zz]] AA ss ee cc [[ zz]] SS ee cc hh [[ zz]] AA ss ee cc hh [[ zz]]
CC oo tt [[ zz]] AA cc oo tt [[ zz]] CC oo tt hh [[ zz]] AA cc oo tt hh [[ zz]]

Trigonometric and inverse trigonometric functions with arguments in radians
[AS 4.4.1-4.4.6; AS 4.6.1-4.6.6].
• DD ee gg [8.4]

GG dd [[ zz]] AA gg dd [[ zz]]

Gudermannian functions gd(z), gd−1(z) [AS 4.3.117].

## II [[ 11 ]] :: :: {{ LL oo gg [[ 11 ]] ,, LL oo gg [[ 55 ]] ,, LL oo gg [[ -- 55 ]] ,, LL oo gg [[ 33 ++ 44 II ]] }}

## OO [[ 11 ]] :: ** {{ 00 ,, LL oo gg [[ 55 ]] ,, LL oo gg [[ -- 55 ]] ,, LL oo gg [[ 33 ++ 44 II ]] }}

## II [[ 22 ]] :: :: NN [[ %% ]]

## OO [[ 22 ]] :: ** {{ 00 ,, 11 .. 66 00 99 44 44 ,, 11 .. 66 00 99 44 44 ++ 33 .. 11 44 11 55 99 II ,, 11 .. 66 00 99 44 44 ++ 00 .. 99 22 77 22 99 55 II }}

## II [[ 33 ]] :: :: {{ SS ii nn [[ 55 PP ii // 22 ]] ,, SS ii nn [[ 55 PP ii // 33 ]] ,, TT aa nn [[ PP ii // 22 ]] ,, AA ss ii nn [[ 11 ]] ,, AA cc oo ss [[ 66 ]] ,, AA cc oo ss [[ 66 ++ II ]] }}

## OO [[ 33 ]] :: ** {{ 11 ,, SS ii nn [[ 55 PP ii // 33 ]] ,, TT aa nn [[ PP ii // 22 ]] ,, PP ii // 22 ,, AA cc oo ss [[ 66 ]] ,, AA cc oo ss [[ 66 ++ II ]] }}

## II [[ 44 ]] :: :: NN [[ %% ]]

## OO [[ 44 ]] :: ** {{ 11 ,, -- 00 .. 88 66 66 00 22 55 ,, TT aa nn [[ 11 .. 55 77 00 88 ]] ,, 11 .. 55 77 00 88 ,, AA cc oo ss [[ 66 ]] ,, 00 .. 11 66 77 33 88 33 -- 22 .. 44 99 22 11 66 II }}
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8.6 Combinatorialfunctions

nn!! or FF cc tt ll [[ nn]]
Factorial [AS 6.1.6]. (BB [2.1] projections are generated when necessary.)
• GG aa mm mm aa [8.7]

nn!! !! or DD ff cc tt ll [[ nn]]
Double factorial [AS 6.1.49 (footnote); GR p.xliii]. (BB [2.1] projections are generated when necessary.)

CC oo mm bb [[ nn,, mm[1] ,, (mm[2] ,, . . .,mm[kk-- 1],, . . .,(mm[kk]:nn-- mm[1]-- mm[2]-- . . .-- mm[kk-- 1]))]]
Multinomial coefficient (nn;mm[1] ,, mm[2] ,, . . .,, mm[kk-- 1],, mm[kk]) [AS 24.1.2].

CC oo mm bb [[ nn,, mm]] gives binomial coefficient


nn

mm



[AS 6.1.21; MOS 1.1].

SS tt ii 11 [[ nn,, mm]]
First kind Stirling numbersSS(mm)

nn [AS 24.1.3].

SS tt ii 22 [[ nn,, mm]]
Second kind Stirling numbersS(mm)

nn [AS 24.1.4].

PP aa rr tt [[ nn]]
Partition function [AS 24.2.1].

WW ii gg [[ {{ jj11,, mm11}} ,, {{ jj22,, mm22}} ,, {{ jj33,, mm33}} ]]

Wigner 3-j symbol (Clebsch-Gordan coefficient)


jj1

mm1

jj2

mm2

jj3

mm3



[AS 27.9.1].

RR aa cc [[ jj11,, jj22,, jj33,, jj44,, jj55,, jj66]]

Racah 6-j symbol




jj1

jj4

jj2

jj5

jj3

jj6




.

## II [[ 11 ]] :: :: {{ 11 00 !! ,, 11 00 00 !! ,, 77 !! !! ,, 88 !! !! }}

## OO [[ 11 ]] :: ** {{ 33 66 22 88 88 00 00 ,, (( 99 33 33 22 66 22 11 55 44 44 33 99 44 44 11 55 22 66 88 11 66 99 99 22 33 88 88 55 66 22 66 66 77 00 00 44 99 00 77 11 55 99 66 88 22 66 44 33 88 11 66 22 11 44 \\

66 88 55 99 22 99 66 33 88 99 55 22 11 77 55 99 99 99 99 33 22 22 99 99 11 55 66 00 88 99 44 11 44 66 33 99 77 66 11 55 66 55 11 88 22 88 66 22 55 33 66 99 \\

77 99 22 00 88 22 77 22 22 33 77 55 88 22 55 11 11 88 55 22 11 00 99 11 66 88 66 44 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 \\

00 00 00 00 )) ,, 11 00 55 ,, 33 88 44 }}

## II [[ 22 ]] :: :: {{ CC oo mm bb [[ 11 77 ,, 44 ]] ,, CC oo mm bb [[ 11 ,, 11 ]] ,, CC oo mm bb [[ 11 ,, 22 ]] }}

## OO [[ 22 ]] :: {{ 22 33 88 00 ,, 11 ,, 00 }}

## II [[ 33 ]] :: :: {{ SS tt ii 11 [[ 99 ,, 44 ]] ,, SS tt ii 22 [[ 99 ,, 44 ]] }}

## OO [[ 33 ]] :: {{ -- 66 77 22 88 44 ,, 77 77 77 00 }}

## II [[ 44 ]] :: :: PP aa rr tt [[ 55 00 ]]

## OO [[ 44 ]] :: 22 00 44 22 22 66

## II [[ 55 ]] :: :: WW ii gg [[ {{ 55 ,, 11 }} ,, {{ 44 ,, -- 22 }} ,, {{ 66 ,, 11 }} ]]

11 // 22
## OO [[ 55 ]] :: 11 66 // 66 44 33 55
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8.7 Gamma,Zeta and related functions

BB ee rr [[ nn,, (xx : 00 )]]
Bernoulli numbersBBnn [AS 23.1.2; GR 9.61; MOS 1.5.1; BMP 1.13.(1)] and polynomialsBBnn(xx) [AS 23.1.1;
GR 9.62; MOS 1.5.1; BMP 1.13.(2)].

BB ee tt aa [[ xx,, yy,, (aa : 11 )]]
Euler Β function Β(xx, yy) [AS 6.2.1; GR 8.380; MOS 1.1; BMP 1.5] and incompleteΒ function Β(xx, yy, aa)
[AS 6.6.1; GR 8.391; MOS 9.2.5; BMP 2.5.3].

CC aa tt bb [[ nn]]
Catalan’sβ function β (nn) [AS 23.2.21].

CC oo ss ii [[ zz]]
Cosine integral function Ci(zz) [AS 5.2.2; GR 8.230.2; MOS 9.2.2].

CC oo ss hh ii [[ zz]]
Hyperbolic cosine integral function Chi(zz) [AS 5.2.4; MOS 9.2.2].

EE ii [[ zz]]
Exponential integral Ei(z) [AS 5.1.2; GR 8.2; MOS 9.2.1; BMP 6.9.2.(25)].
• EE rr ff [8.8]

EE uu ll [[ nn,, (xx)]]
Euler numbersEEnn [AS 23.1.2; GR 9.63; MOS 1.5.2; BMP 1.14.(1)] and Euler polynomialsEEnn(xx) [AS
23.1.1; MOS 1.5.2; BMP 1.14.(2)] (note relative normalization between numbers and polynomials).

EE xx pp ii [[ (nn : 11 ),, zz]]
Exponential integralsEEnn(zz) [AS 5.1.4; MOS 9.2.1].

GG aa mm mm aa [[ zz,, (aa : 00 )]]
Euler Γ function Γ(zz) [AS 6.1.4; GR 8.310; MOS 1.1; BMP 1.1] and incompleteΓ function Γ(zz, aa) [AS
6.5.3; GR 8.350.2; MOS 9.1.1; BMP 6.9.2.21].
• FF cc tt ll [8.6]

LL ee rr [[ zz,, (ss : 22 ),, (aa : 00 )]]
Lerch’s transcendentΦ(zz, ss,α ) [GR 9.55; MOS 1.6; BMP 1.11].

LL ii [[ (nn : 22 ),, zz]]
Dilogarithm (Spence’s function) Li2(zz) [† AS 27.7; MOS 1.6; BMP 1.11.1] and polylogarithm function
Li nn(zz) [BMP 1.11.(14)].

LL oo gg ii [[ zz]]
Logarithm integral function li(z) [AS 5.1.3; GR 8.24; MOS 9.2.1].

PP oo cc [[ xx,, nn]]
Pochhammer symbol (xx)nn [AS 6.1.22; MOS 1.1].

PP ss ii [[ zz,, (nn : 11 )]]
Digamma functionψ (zz) [AS 6.3.1; GR 8.360; MOS 1.2; BMP 1.7.1] and polygamma functionsψ ((nn--11))(zz)
[AS 6.4.1; MOS 1.2; BMP 1.16.1].

SS ii nn ii [[ zz]]
Sine integral function Si(z) [AS 5.2.1; GR 8.230.1; MOS 9.2.2].

SS ii nn hh ii [[ zz]]
Hyperbolic sine integral function Shi(z) [AS 5.2.3; MOS 9.2.2].

ZZ ee tt aa [[ zz,, (aa : 11 )]]
Riemannζ function ζ (zz) [AS 23.2; GR 9.513,9.522; MOS 1.3; BMP 1.12] and generalizedζ function
ζ (zz,α ) [GR 9.511,9.521; MOS 1.4; BMP 1.10].
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## II [[ 11 ]] :: :: {{ GG aa mm mm aa [[ 55 // 33 ]] ,, GG aa mm mm aa [[ 55 // 33 ,, 11 // 22 ]] ,, GG aa mm mm aa [[ -- 33 ]] ,, ZZ ee tt aa [[ 22 ]] }}

## OO [[ 11 ]] :: {{ GG aa mm mm aa [[ 55 // 33 ]] ,, GG aa mm mm aa [[ 55 // 33 ,, 11 // 22 ]] ,, GG aa mm mm aa [[ -- 33 ]] ,, ZZ ee tt aa [[ 22 ]] }}

## II [[ 22 ]] :: :: NN [[ %% ]]

## OO [[ 22 ]] :: {{ 00 .. 99 00 22 77 44 55 ,, 00 .. 77 66 33 33 55 11 ,, GG aa mm mm aa [[ -- 33 ]] ,, 11 .. 66 44 44 99 33 }}
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8.8 Confluenthypergeometric and related functions

AA ii rr AA ii [[ zz]]
Airy’ s function Ai(zz) [AS 10.4.2].

AA ii rr BB ii [[ zz]]
Airy’ s function Bi(zz) [AS 10.4.3].

AA nn gg JJ [[ nn,, zz]]
Anger functionJnn(zz) [AS 12.3.1; GR 8.580.(1)].

BB aa tt kk [[ nn,, zz]]
Bateman’s functionkkν (zz) [AS 13.6.33; MOS 6.7.2].

BB ee ss JJ [[ nn,, zz]]
Regular Bessel functionJJnn(zz) [AS 9.1.10; GR 8.402; MOS 3.1].

BB ee ss YY [[ nn,, zz]]
Irregular Bessel function (Weber’s function)YYnn(zz) [AS 9.1.11; GR 8.403.(1); MOS 3.1].

BB ee ss jj [[ nn,, zz]]
Regular spherical Bessel functionjjnn(zz) [AS 10.1.1; MOS 3.3].

BB ee ss yy [[ nn,, zz]]
Irregular spherical Bessel functionyynn(zz) [AS 10.1.1; MOS 3.3].

BB ee ss KK [[ nn,, zz]]
Modified Bessel functionKKnn(zz) [AS 9.6.2; GR 8.407.(1); MOS 3.1].

BB ee ss II [[ nn,, zz]]
Modified Bessel functionIInn(zz) [AS 9.6.3; GR 8.406; MOS 3.1].

BB ee ss HH 11 [[ nn,, zz]]
Hankel functionHH (1)

nn (zz) [AS 9.1.3; GR 8.405.(1)].

BB ee ss HH 22 [[ nn,, zz]]
Hankel functionHH (2)

nn (zz) [AS 9.1.4; GR 8.405.(1)].

CC hh gg [[ aa,, cc,, zz]]
Confluent hypergeometric (Kummer) function1FF1(aa ;;cc;;zz) [AS 13.1.2; GR 9.210; MOS 6.1.1].

CC oo uu FF [[ ll,, ee,, rr]]
Regular Coulomb wav efunctionFFLL(η, rr) [AS 14.1.3].

CC oo uu GG [[ ll,, ee,, rr]]
Irregular Coulomb wav efunctionGGLL(η, rr) [AS 14.1.14].

EE rr ff [[ zz]]
Error function erf(zz) [AS 7.1.1; GR 8.250.(1)].

EE rr ff cc [[ zz]]
Complementary error function erfc(zz) [AS 7.1.2].

• GG aa mm mm aa , EE ii [8.7]

FF rr ee CC [[ zz]]
Fresnel’s functionCC(zz) [AS 7.3.1; GR 8.250.(1)].

FF rr ee SS [[ zz]]
Fresnel’s functionSS(zz) [AS 7.3.2; GR 8.250.(2)].

HH ee rr [[ nn,, zz]]
Hermite’s functionHHnn(zz) [AS 22.2.14; GR 8.950].

KK ee ll bb ee [[ nn,, zz]]
Complex Kelvin functions bernn(zz) + ii beinn(zz) [AS 9.9.1; GR 8.561].

KK ee ll kk ee [[ nn,, zz]]
Complex Kelvin functions kernn(zz) + ii keinn(zz) [AS 9.9.2; GR 8.563.(2)].
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KK uu mm UU [[ aa,, bb,, zz]]
Kummer’s U functionUU(aa, bb, zz) [AS 13.1.3; GR 9.210.(2); MOS 6.1.1].

LL aa gg [[ nn,, (aa : 11 ),, zz]]
(Generalized) Laguerre functionLL(aa)

nn (zz) [AS 22.2.12; GR 8.970].

LL oo mm [[ mm,, nn,, zz]]
Lommel’s functionssmm,nn(zz) [GR 8.570.(1); MOS 3.10.1].

PP aa rr [[ pp,, zz]]
Parabolic cylinder functionsDD pp(zz) [† AS 19.3.7; GR 9.240; MOS 8.1.1].

PP cc pp [[ nn,, ν ,, zz]]
Poisson-Charlier polynomialsρ nn(ν , zz) [AS 13.6.11; MOS 6.7.2].

SS tt rr HH [[ nn,, zz]]
Struve functionHnn(zz) [AS 12.1; GR 8.550.(1)].

SS tt rr LL [[ nn,, zz]]
Modified Struve functionLnn(zz) [AS 12.2.1; GR 8.550.(2)].

TT oo rr [[ mm,, nn,, zz]]
Toronto functionTT (mm, nn, zz) [AS 13.6.20; MOS 6.7.2].

WW ee bb EE [[ nn,, zz]]
Weber’s functionEnn(zz) [AS 12.3.3; GR 8.580.(2)].

WW hh ii MM [[ ll,, mm,, zz]]
Whittaker’s M functionMMll,mm(zz) [AS 13.1.32; GR 9.220.(2); MOS 7.1.1].

WW hh ii WW [[ ll,, mm,, zz]]
Whittaker’s W functionWWll,mm(zz) [AS 13.1.33; GR 9.220.(4); MOS 7.1.1].

## II [[ 11 ]] :: :: {{ EE rr ff [[ 11 ]] ,, BB ee ss II [[ 11 ,, 11 00 ]] ,, TT oo rr [[ 11 .. 22 ,, 00 .. 33 ,, 00 .. 55 ]] ,, CC hh gg [[ 55 .. 22 ,, 44 .. 11 ,, 33 .. 22 ]] }}

## OO [[ 11 ]] :: {{ EE rr ff [[ 11 ]] ,, BB ee ss II [[ 11 ,, 11 00 ]] ,, TT oo rr [[ 11 .. 22 ,, 00 .. 33 ,, 00 .. 55 ]] ,, CC hh gg [[ 55 .. 22 ,, 44 .. 11 ,, 33 .. 22 ]] }}

## II [[ 22 ]] :: :: NN [[ %% ]]

## OO [[ 22 ]] :: {{ 00 .. 88 44 22 77 00 11 ,, 22 66 77 00 .. 99 99 ,, 00 .. 22 33 22 33 11 ,, 44 66 .. 11 66 99 55 }}
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8.9 Hypergeometric and related functions

CC hh ee TT [[ nn,, xx]]
Chebyshef function of first kindTTnn(xx) [AS 22.2.4; MOS 5.3.1].

CC hh ee UU [[ nn,, xx]]
Chebyshef function of second kindUUnn(xx) [AS 22.2.5; MOS 5.3.1].

GG ee gg [[ nn,, ll,, xx]]
Gegenbauer (ultraspherical) functionsCC (ll)

nn (xx) [AS 22.2.3; GR 8.930; MOS 5.3.1].

GG hh gg [[ pp,, qq,, {{ aa11,, aa22,, . . .}} ,, {{ bb11,, bb22,, . . .}} ,, zz]]
Generalized hypergeometric function [MOS 2.9].

HH gg [[ aa,, bb,, cc,, zz]]
Gauss hypergeometric function2FF1(aa, bb ;;cc;;zz) [AS 15.1.1; GR 9.10; MOS 2.1].

JJ aa cc PP [[ nn,, aa,, bb,, zz]]
Jacobi functionsPP(aa,bb)

nn (zz) [AS 22.2.1; GR 8.960; MOS 5.2.1].

LL ee gg PP [[ ll,, (mm : 00 ),, zz]]
(Associated) Legendre functionsPPmm

ll (zz) [AS 8.1.2; GR 8.702; MOS 4.1.2, 5.4.1].

LL ee gg QQ [[ ll,, (mm : 00 ),, zz]]
(Associated) Legendre functions of second kindQQmm

ll (zz) [AS 8.1.3; GR 8.703; MOS 4.1.2, 5.4.2].
• BB ee tt aa [8.7]

MM aa cc EE [[ aa,, bb,, zz]]
MacRobert E function [GR 9.4; MOS 6.7.2].

MM ee ii [[ mm,, nn,, pp,, qq,, {{ aa11,, . . .,, aapp}} ,, {{ bb11,, . . .,, bbqq}} ,, zz]]
Meijer G function [GR 9.30].

## II [[ 11 ]] :: :: {{ LL ee gg PP [[ 22 ,, 00 ]] ,, LL ee gg PP [[ 22 .. 22 ,, 00 ]] ,, HH gg [[ 33 ,, 55 ,, 44 ,, 22 .. 88 ]] }}

## OO [[ 11 ]] :: {{ LL ee gg PP [[ 22 ,, 00 ]] ,, LL ee gg PP [[ 22 .. 22 ,, 00 ]] ,, HH gg [[ 33 ,, 55 ,, 44 ,, 22 .. 88 ]] }}

## II [[ 22 ]] :: :: NN [[ %% ]]

## OO [[ 22 ]] :: {{ -- 00 .. 55 ,, -- 00 .. 44 55 88 11 44 22 ,, HH gg [[ 33 ,, 55 ,, 44 ,, 22 .. 88 ]] }}
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8.10 Ellipticfunctions

EE ll ll KK [[ kk,, (tt : PP ii // 22 )]]
First kind elliptic integralKK (kk|tt) [† AS 17.2.6; † GR 8.111.(2); MOS 10.1].

EE ll ll EE [[ kk,, (tt : PP ii // 22 )]]
Second kind elliptic integralEE(kk|tt) [† AS 17.2.8; † GR 8.111.(3); MOS 10.1].

EE ll ll PP ii [[ nn,, kk,, (tt : PP ii // 22 )]]
Third kind elliptic integralΠ(nn, kk|tt) [† AS 17.2.14; † GR 8.111.(4); MOS 10.1].

JJ aa cc SS nn [[ xx,, mm]] JJ aa cc CC nn [[ xx,, mm]] JJ aa cc DD nn [[ xx,, mm]]
JJ aa cc CC dd [[ xx,, mm]] JJ aa cc SS dd [[ xx,, mm]] JJ aa cc NN dd [[ xx,, mm]]
JJ aa cc DD cc [[ xx,, mm]] JJ aa cc NN cc [[ xx,, mm]] JJ aa cc SS cc [[ xx,, mm]]
JJ aa cc NN ss [[ xx,, mm]] JJ aa cc DD ss [[ xx,, mm]] JJ aa cc CC ss [[ xx,, mm]]
JJ aa cc AA mm [[ xx,, mm]]

Jacobian elliptic functions Sn(x|m) etc. [AS 16.1; GR 8.144; MOS 10.3].

JJ aa cc tt hh [[ ii,, zz,, mm]]
Jacobiθ functionsθ ii(zz|mm) [AS 16.27; GR 8.18; MOS 10.2].

WW ee ii PP [[ uu,, gg,, hh]]
Weierstrass functionPP(uu; gg, hh) [AS 18; GR 8.160; MOS 10.5].

WW ee ii zz [[ uu,, gg,, hh]]
Weierstrassζ functionζ (uu; gg, hh) [GR 8.171.(1); MOS 10.5].

WW ee ii ss [[ uu,, gg,, hh]]
Weierstrassσ functionσ (uu; gg, hh) [GR 8.171.(2); MOS 10.5].

## II [[ 11 ]] :: :: {{ EE ll ll KK [[ 11 // 44 ]] }}

## OO [[ 11 ]] :: {{ EE ll ll KK [[ 11 // 44 ]] }}

## II [[ 22 ]] :: :: NN [[ %% ]]

## OO [[ 22 ]] :: {{ 11 .. 66 88 55 77 55 }}
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8.11 Numbertheoretical functions

GG cc dd [[ nn11,, nn22,, . . .]]
the greatest common divisor of the integersnn11, nn22, . . .  .

DD ii vv ii ss [[ nn]]
a list of the integer divisors of an integernn.

• MM oo dd [8.3]

NN ff aa cc [[ nn]]
a list of the prime factors of an integer or rational numbernn, together with their exponents.

PP rr ii mm ee [[ nn]]
thennth prime number.

DD ii vv ss ii gg [[ (kk : 11 ),, nn]]
Divisor functionσ kk(nn) (σ0(nn) = dd(nn)) [AS 24.3.3].

JJ aa cc ss yy mm [[ pp,, qq]]

Jacobi symbol


pp

qq



[BMP 17.5].

JJ oo rr [[ kk,, nn]]
Jordan’s function JJkk(nn) (kkth totient ofnn) [BMP 17.1.1].

LL ii oo [[ nn]]
Liouville’s functionν (nn) [BMP 17.1.1].

MM aa nn LL [[ nn]]
MangoldtΛ function [BMP 17.1.1].

MM oo bb [[ (kk : 11 ),, nn]]
Mobius µ function µkk(nn) of orderkk [AS 24.3.1].

RR rr ss [[ nn]]
List containing reduced residue system modulonn.

TT oo tt ii ee nn tt [[ nn]]
Euler’s totient functionφ (nn) [AS 24.3.2].

## II [[ 11 ]] :: :: {{ GG cc dd [[ 11 55 ,, 22 55 ]] ,, GG cc dd [[ 99 // 55 ,, 66 // 77 ]] }}

## OO [[ 11 ]] :: {{ 55 ,, 33 // 33 55 }}

## II [[ 22 ]] :: :: DD ii vv ii ss [[ 11 22 ]]

## OO [[ 22 ]] :: {{ 11 ,, 22 ,, 44 ,, 33 ,, 66 ,, 11 22 }}

## II [[ 33 ]] :: :: NN ff aa cc [[ 66 66 66 ]]

## OO [[ 33 ]] :: {{ {{ 22 ,, 11 }} ,, {{ 33 ,, 22 }} ,, {{ 33 77 ,, 11 }} }}

## II [[ 44 ]] :: :: NN ff aa cc [[ 33 55 // 99 99 ]]

## OO [[ 44 ]] :: {{ {{ 55 ,, 11 }} ,, {{ 77 ,, 11 }} ,, {{ 33 ,, -- 22 }} ,, {{ 11 11 ,, -- 11 }} }}

## II [[ 55 ]] :: :: PP rr ii mm ee [[ 11 00 00 ]]

## OO [[ 55 ]] :: 55 44 11
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## II [[ 66 ]] :: :: {{ DD ii vv ss ii gg [[ 11 22 ]] ,, DD ii vv ss ii gg [[ PP ii ,, 11 22 ]] }}

33 PP ii 22 PP ii
(( -- 11 ++ 22 )) (( -- 11 ++ 33 ))

## OO [[ 66 ]] :: {{ 22 88 ,, -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- }}
PP ii PP ii

(( -- 11 ++ 22 )) (( -- 11 ++ 33 ))

## II [[ 77 ]] :: :: JJ aa cc ss yy mm [[ 88 88 88 ,, 11 99 99 99 ]]

## OO [[ 77 ]] :: -- 11

## II [[ 88 ]] :: :: JJ oo rr [[ PP ii ,, 11 22 ]]

PP ii -- PP ii -- PP ii
## OO [[ 88 ]] :: 11 22 (( 11 -- 22 )) ((11 -- 33 ))

## II [[ 99 ]] :: :: LL ii oo [[ 11 22 ]]

## OO [[ 99 ]] :: -- 11

## II [[ 11 00 ]] :: :: MM aa nn LL [[ 11 22 55 ]]

## OO [[ 11 00 ]] :: LL oo gg [[ 55 ]]

## II [[ 11 11 ]] :: :: {{ MM oo bb [[ 77 ]] ,, MM oo bb [[ 11 22 ]] ,, MM oo bb [[ 22 ,, 11 22 ]] }}

## OO [[ 11 11 ]] :: {{ -- 11 ,, 00 ,, -- 11 }}

## II [[ 11 22 ]] :: :: RR rr ss [[ 11 22 ]]

## OO [[ 11 22 ]] :: {{ 11 ,, 55 ,, 77 ,, 11 11 }}

## II [[ 11 33 ]] :: :: {{ LL ee nn [[ %% ]] ,, TT oo tt ii ee nn tt [[ 11 22 ]] ,, JJ oo rr [[ 11 ,, 11 22 ]] }}

## OO [[ 11 33 ]] :: {{ 44 ,, 44 ,, 44 }}



9. Mathematicaloperations

9.1 Polynomialmanipulation

9.2 Evaluation of sums and products

9.3 Solutionof equations

9.4 Differentiation and integration

9.5 Seriesapproximations and limits

9.6 Matrixand explicit tensor manipulation
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9.1 Polynomialmanipulation

Polynomials consist of sums of powers of "base" expressions. Thebases in an expression are by default taken as
the literal first filters ofPP oo ww projections.
• PP oo ll yy pp [7.6]

PP dd ii vv [[ ee xxpprr11,, (ee xxpprr22 : 11 ),, (ffoorrmm)]]
the polynomial quotient ofee xxpprr11 andee xxpprr22 with respect to the "base"ffoorrmm.

## II [[ 11 ]] :: :: PP dd ii vv [[ xx ++ aa ,, xx ++ bb ,, xx ]]

## OO [[ 11 ]] :: 11

## II [[ 22 ]] :: :: PP dd ii vv [[ xx ++ aa ,, xx ++ bb ,, aa ]]

aa xx
## OO [[ 22 ]] :: -- -- -- -- -- ++ -- -- -- -- --

bb ++ xx bb ++ xx

## II [[ 33 ]] :: :: PP dd ii vv [[ xx ˆ̂ 33 ,, xx -- 11 ,, xx ]]

22
## OO [[ 33 ]] :: 11 ++ xx ++ xx

## II [[ 44 ]] :: :: PP dd ii vv [[ xx ˆ̂ 44 ++ xx ˆ̂ 22 ,, xx ++ SS qq rr tt [[ xx ]] ++ 22 ,, SS qq rr tt [[ xx ]] ]]

11 // 22 33 // 22 22 55 // 22 33
## OO [[ 44 ]] :: 66 -- 66 xx ++ 33 xx -- xx -- xx ++ xx

## II [[ 55 ]] :: :: PP dd ii vv [[ aa ˆ̂ (( 33 bb )) ,, aa ˆ̂ bb -- 11 ,, aa ˆ̂ bb ]]

bb 22 bb
## OO [[ 55 ]] :: 11 ++ aa ++ aa

PP mm oo dd [[ ee xxpprr11,, ee xxpprr22,, (ffoorrmm)]]
the remainder from division ofee xxpprr11 by ee xxpprr22 with respect toffoorrmm (polynomial modulus).
• MM oo dd [8.3]

## II [[ 11 ]] :: :: PP mm oo dd [[ xx ++ aa ,, xx ++ bb ,, xx ]]

## OO [[ 11 ]] :: aa -- bb

## II [[ 22 ]] :: :: PP mm oo dd [[ xx ++ aa ,, xx ++ bb ,, aa ]]

## OO [[ 22 ]] :: 00

## II [[ 33 ]] :: :: PP mm oo dd [[ xx ++ bb ,, xx ++ aa ,, aa ]]

## OO [[ 33 ]] :: bb ++ xx

## II [[ 44 ]] :: :: PP mm oo dd [[ xx ˆ̂ 77 ,, xx ˆ̂ 44 ++ 11 ,, xx ]]

33
## OO [[ 44 ]] :: -- xx

PP gg cc dd [[ ee xxpprr11,, ee xxpprr22,, (ffoorrmm)]]
greatest common divisor of the polynomialsee xxpprr11 andee xxpprr22 with respect toffoorrmm.
• GG cc dd [8.11]
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## II [[ 11 ]] :: :: tt 11 :: EE xx [[ (( xx ++ 11 )) (( xx ++ 22 )) (( xx ++ 33 )) ]]

22 33
## OO [[ 11 ]] :: 66 ++ 11 11 xx ++ 66 xx ++ xx

## II [[ 22 ]] :: :: tt 22 :: EE xx [[ (( xx ++ 11 )) (( xx ++ 22 )) (( xx -- 44 )) ]]

22 33
## OO [[ 22 ]] :: -- 88 -- 11 00 xx -- xx ++ xx

## II [[ 33 ]] :: :: PP gg cc dd [[ tt 11 ,, tt 22 ,, xx ]]

22
## OO [[ 33 ]] :: 11 44 ++ 22 11 xx ++ 77 xx

## II [[ 44 ]] :: :: FF aa cc [[ %% ]]

## OO [[ 44 ]] :: 77 (( 11 ++ xx)) ((22 ++ xx ))

## II [[ 55 ]] :: :: PP gg cc dd [[ xx ++ aa ,, xx ++ bb ,, xx ]]

## OO [[ 55 ]] :: aa -- bb

## II [[ 66 ]] :: :: PP gg cc dd [[ xx ++ aa ,, xx ++ bb ,, aa ]]

## OO [[ 66 ]] :: bb ++ xx

RR ss ll tt [[ ee xxpprr11,, ee xxpprr22]]
polynomial resultant ofee xxpprr11 andee xxpprr22 with respect to the "base"ffoorrmm.

FF aa cc [[ ee xxpprr,, (llee vv : 11 ),, (  ffoorrmm11  ),, (ccrriitt : 11 ),, (  rr eepp11  )]]
factors polynomials appearing at or below lev el llee vv in ee xxpprr (and not yielding "false" on application of the
templateccrriitt) with respect to "bases" matchingffoorrmm11, ffoorrmm22, . . .  . The smallest available bases are taken as
default. (Thereplacementsrr eepp11, rr eepp22, . . .  will specify polynomial equations defining algebraic extensions
to the default real integer factorization field.)
• NN ff aa cc [8.11]

## II [[ 11 ]] :: :: FF aa cc [[ xx ˆ̂ 44 -- 11 ]]

22
## OO [[ 11 ]] :: (( -- 11 ++ xx)) ((11 ++ xx)) ((11 ++ xx ))

## II [[ 22 ]] :: :: tt :: (( 11 ++ xx )) (( xx -- 77 )) ˆ̂ 22 ** (( xx ˆ̂ 22 ++ 22 ))

22 22
## OO [[ 22 ]] :: (( -- 77 ++ xx )) (( 11 ++ xx)) ((22 ++ xx ))

## II [[ 33 ]] :: :: uu :: EE xx [[ tt ]]

22 33 44 55
## OO [[ 33 ]] :: 99 88 ++ 77 00 xx ++ 2233 xx ++ 3377 xx -- 1133 xx ++ xx

## II [[ 44 ]] :: :: FF aa cc [[ uu ]]

22 22
## OO [[ 44 ]] :: (( -- 77 ++ xx )) (( 11 ++ xx)) ((22 ++ xx ))

## II [[ 55 ]] :: :: FF aa cc [[ xx ˆ̂ 44 -- 11 ,, ,, {{ xx ˆ̂ 22 }} ]]

22 22
## OO [[ 55 ]] :: (( -- 11 ++ xx )) ((11 ++ xx ))

## II [[ 66 ]] :: :: FF aa cc [[ xx ˆ̂ 22 -- 11 ,, ,, {{ xx ˆ̂ (( 11 // 33 )) }} ]]

11 // 33 11 // 33 11 // 33 22 // 33 11 // 33 22 // 33
## OO [[ 66 ]] :: (( -- 11 ++ xx )) ((11 ++ xx )) ((11 -- xx ++ xx )) ((11 ++ xx ++ xx ))
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## II [[ 77 ]] :: :: vv :: (( aa ++ 11 )) (( bb ++ 22 )) (( cc -- 77 )) ˆ̂ 22

22
## OO [[ 77 ]] :: (( -- 77 ++ cc )) (( 11 ++ aa)) ((22 ++ bb ))

## II [[ 88 ]] :: :: ww :: EE xx [[ vv ]]

22 22
## OO [[ 88 ]] :: 99 88 ++ 99 88 aa ++ 44 99 bb -- 22 88 cc ++ 44 99 aa bb -- 22 88 aa cc ++ 22aa cc -- 11 44 bb cc ++ bb cc

22 22
-- 11 44 aa bb cc ++ aa bb cc ++ 22 cc

## II [[ 99 ]] :: :: FF aa cc [[ ww ]]

22
## OO [[ 99 ]] :: (( -- 77 ++ cc )) (( 11 ++ aa)) ((22 ++ bb ))

• EE xx [7.8]
• CC bb , CC oo ll [7.9]

PP ff [[ ee xxpprr,, (ffoorrmm)]]
yields a partial fraction form ofee xxpprr with respect to the "base"ffoorrmm..

## II [[ 11 ]] :: :: tt :: 11 // (( (( xx -- aa )) (( xx -- bb )) ))

11
## OO [[ 11 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

(( -- aa ++ xx)) (( -- bb ++ xx ))

## II [[ 22 ]] :: :: PP ff [[ tt ,, xx ]]

-- 11 11
## OO [[ 22 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

(( aa -- bb)) ((aa -- xx )) (( aa -- bb)) ((bb -- xx ))

## II [[ 33 ]] :: :: PP ff [[ xx ˆ̂ 33 // (( 11 -- xx )) ,, xx ]]

11 22
## OO [[ 33 ]] :: -- 11 -- xx -- -- -- -- -- -- -- -- xx

-- 11 ++ xx

## II [[ 44 ]] :: :: uu :: (( xx ˆ̂ 22 ++ 11 )) // (( 11 ++ SS qq rr tt [[ xx ]] ++ xx ))

22
11 ++ xx

## OO [[ 44 ]] :: -- -- -- -- -- -- -- -- -- -- -- --
11 // 22

11 ++ xx ++ xx

## II [[ 55 ]] :: :: PP ff [[ uu ,, xx ]]

11 // 22
11 ++ xx 11 // 22

## OO [[ 55 ]] :: xx ++ -- -- -- -- -- -- -- -- -- -- -- -- -- xx
11 // 22

11 ++ xx ++ xx

## II [[ 66 ]] :: :: PP ff [[ uu ,, SS qq rr tt [[ xx ]] ]]

22
11 ++ xx

## OO [[ 66 ]] :: -- -- -- -- -- -- -- -- -- -- -- --
11 // 22

11 ++ xx ++ xx



9.2 SMPREFERENCE MANUAL / Mathematical operations 9.2

9.2 Evaluation of sums and products

SS uu mm [[ ee xxpprr,,   vvaarr11,, (lloowweerr11 : 00 ),, (uuppppeerr11 : vvaarr11),, (sstteepp11 : 11 ),, (tteesstt11 : 11 ),, (eennddtteesstt11 : 00 )  ,, . . . ]]
forms the sum of the values ofee xxpprr when the symbolsvvaarrii successively take on values fromlloowweerrii to uuppppeerrii
with incrementssstteeppii. If the value oftteessttii is 00 , the current value ofee xxpprr is not included in the sum.The
summation terminates if projection ofeennddtteessttii onto the list {vvaarrii,ccuurr eexxpprr,ccuurr ssuumm}, whereccuurr eexxpprr is the cur-
rent value ofee xxpprr andccuurr ssuumm is the current partial sum, yields true.

## II [[ 11 ]] :: :: SS uu mm [[ ff [[ ii ]] ,, {{ ii ,, 11 ,, 55 }} ]]

## OO [[ 11 ]] :: ff [[ 11 ]] ++ ff [[ 22 ]] ++ ff [[ 33 ]] ++ ff [[ 44 ]] ++ ff [[ 55 ]]

## II [[ 22 ]] :: :: SS uu mm [[ ff [[ ii ]] ,, {{ ii ,, xx ,, xx ++ 55 ,, 22 }} ]]

## OO [[ 22 ]] :: ff [[ xx ]] ++ ff [[ 22 ++ xx]] ++ ff [[ 44 ++ xx ]]

## II [[ 33 ]] :: :: SS uu mm [[ ff [[ ii ]] ,, {{ ii ,, 11 ,, 22 00 ,, 22 ,, MM oo dd [[ ii ,, 33 ]] }} ]]

## OO [[ 33 ]] :: ff [[ 11 ]] ++ ff [[ 55 ]] ++ ff [[ 77 ]] ++ ff [[ 11 11 ]] ++ ff [[ 11 33 ]] ++ ff [[ 11 77 ]] ++ ff [[ 11 99 ]]

## II [[ 44 ]] :: :: SS uu mm [[ 11 // ii ˆ̂ 22 ,, {{ ii ,, 11 ,, 11 00 00 }} ]]

## OO [[ 44 ]] :: 11 .. 66 33 44 99 88

## II [[ 55 ]] :: :: SS uu mm [[ ff [[ ii ]] ,, {{ ii ,, 11 ,, nn }} ]]

## OO [[ 55 ]] :: SS uu mm [[ ff [[ ii ]] ,, {{ ii ,, 11 ,, nn }} ]]

## II [[ 66 ]] :: :: SS uu mm [[ SS [[ xx ,, $$ xx -- >> ff [[ $$ xx ]] ,, ii ]] ,, {{ ii ,, 11 ,, 44 }} ]]

## OO [[ 66 ]] :: ff [[ xx ]] ++ ff [[ ff [[ xx ]] ]] ++ ff [[ ff [[ ff [[ xx ]] ]] ]] ++ ff [[ ff [[ ff [[ ff [[ xx ]] ]] ]] ]]

## II [[ 77 ]] :: :: SS uu mm [[ 11 // 33 ˆ̂ ii ,, {{ ii ,, 11 ,, 11 00 00 00 ,, ,, ,, PP rr [[ $$ [[ 22 ]] ]] << .. 00 00 00 11 }} ]]

00 .. 33 33 33 33 33 33
00 .. 11 11 11 11 11 11
00 .. 00 33 77 00 33 77
00 .. 00 11 22 33 44 55 77
00 .. 00 00 44 11 11 55 22 33
00 .. 00 00 11 33 77 11 77 44
44 .. 55 77 22 44 77 ** ˆ̂ -- 44
11 .. 55 22 44 11 66 ** ˆ̂ -- 44
55 .. 00 88 00 55 33 ** ˆ̂ -- 55

## OO [[ 77 ]] :: 00 .. 44 99 99 99 77 55

PP rr oo dd [[ ee xxpprr,,   vvaarr11,, (lloowweerr11 : 00 ),, (uuppppeerr11 : vvaarr11),, (sstteepp11 : 11 ),, (tteesstt11 : 11 ),, (eennddtteesstt11 : 00 )  ,, . . . ]]
forms the product of the values ofee xxpprr when the symbolsvvaarrii successively take on values fromlloowweerrii to
uuppppeerrii with incrementssstteeppii. If the value oftteessttii is 00 , the current value ofee xxpprr is not included in the prod-
uct. Theproduct terminates if projection ofeennddtteessttii onto the list {vvaarrii,ccuurr eexxpprr,ccuurrpprr oodd}, where ccuurr eexxpprr is
the current value ofee xxpprr andccuurrpprr oodd is the current partial product, yields true.

## II [[ 11 ]] :: :: PP rr oo dd [[ (( xx -- 22 ii )) ,, {{ ii ,, 11 ,, 44 }} ]]

## OO [[ 11 ]] :: (( -- 88 ++ xx)) (( -- 66 ++ xx)) (( -- 44 ++ xx)) (( -- 22 ++ xx ))

In multiple sums or products,vvaarr11 is taken as the innermost summation or product variable.

The default uuppppeerrii yield indefinite sums or products; if nolloowweerrii is specified, it is taken as an internally-generated
symbol [2.2].

After each new term is added in a sum or product, any eennddtteessttii is applied as a template to a list consisting of the
current value ofvvaarrii, the last term added, and the current partial sum or product. If the result is determined to be
true, no further terms are added, and the current partial sum or product is taken as the complete sum or product.
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Sums and products with infinite limits may be evaluated numerically with anNNprojection [3.4].

Indefinite sums or products which cannot be performed explicitly are converted into a canonical form with inter-
nally-generated symbols for thevvaarrii.
• DD oo [6.2]
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9.3 Solutionof equations

SS oo ll [[  eeqqnn11  ,,  ffoorrmm11  ,, (  eelliimm11  )]]
takes the equationseeqqnn11, . . .  (represented asEE qq projections [6]) and yields a list of simplified equations or,
if possible, replacements giving solutions for forms matchingffoorrmm11, . . .  after eliminating forms matching
eelliimm11, . . .  where possible. Undetermined parameters in solutions appear as indices in the resulting list.

Solutions for classes of equations may be defined by assignments for the relevant SS oo ll projections [3.2]. The
assignmentSS oo ll [[ ff [[ $$ xx ]] == $$ yy ,, $$ xx ]] :: :: SS oo ll [[ $$ xx == ff ii [[ $$ yy ]] ,, $$ xx ]] thus defines an "inverse" for the "function"
ff .

• MM dd ii vv [9.6]

## II [[ 11 ]] :: :: SS oo ll [[ aa xx ++ bb == cc ,, xx ]]

-- bb ++ cc
## OO [[ 11 ]] :: {{ xx -- >> -- -- -- -- -- -- }}

aa

## II [[ 22 ]] :: :: ff :: EE xx [[ (( xx -- 44 )) (( 22 xx -- 33 )) (( 55 -- xx )) (( xx ++ 11 )) ]]

22 33 44
## OO [[ 22 ]] :: 66 00 -- 77xx -- 4466 xx ++ 1199 xx -- 22 xx

## II [[ 33 ]] :: :: SS oo ll [[ ff == 00 ,, xx ]]

## OO [[ 33 ]] :: {{ xx -- >> -- 11 ,, xx -- >> 33 // 22 ,, xx -- >> 44 ,, xx -- >> 55 }}

## II [[ 44 ]] :: :: SS oo ll [[ xx ˆ̂ 33 == 33 ,, xx ]]

11 // 33 11 // 33 11 // 33
## OO [[ 44 ]] :: ** {{ xx -- >> 33 EE xx pp [[ 44 PP ii // 33 II ]] ,, xx -- >> 33 EE xx pp [[ 22 PP ii // 33 II ]] ,, xx -- >> 33 }}

## II [[ 55 ]] :: :: NN [[ %% ]]

## OO [[ 55 ]] :: ** {{ xx -- >> -- 00 .. 77 22 11 11 22 55 -- 11 .. 22 44 99 00 22 II ,, xx -- >> -- 00 .. 77 22 11 11 22 55 ++ 11 .. 22 44 99 00 22 II ,,

xx -->> 11 .. 44 44 22 22 55 }}

## II [[ 66 ]] :: :: SS oo ll [[ ff [[ xx ]] == yy ,, xx ]]

## OO [[ 66 ]] :: {{ ff [[ xx ]] == yy }}

## II [[ 77 ]] :: :: SS oo ll [[ ff [[ $$ xx ]] == $$ yy ,, $$ xx ]] :: :: SS oo ll [[ $$ xx == ff ii nn vv [[ $$ yy ]] ,, $$ xx ]]

## OO [[ 77 ]] :: ´́ SS oo ll [[ $$ xx == ff ii nn vv [[ $$ yy ]] ,, $$ xx ]]

## II [[ 88 ]] :: :: SS oo ll [[ ff [[ aa ** xx ++ bb ]] == yy ++ cc ,, xx ]]

-- bb ++ ff ii nn vv [[ cc ++ yy ]]
## OO [[ 88 ]] :: {{ xx -- >> -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- }}

aa

## II [[ 99 ]] :: :: uu :: {{ 22 xx ++ 33 yy == 55 ,, 77 yy -- xx == 99 aa }}

## OO [[ 99 ]] :: {{ 22 xx ++ 33yy == 55 ,, 77 yy == 99aa ++ xx }}

## II [[ 11 00 ]] :: :: SS oo ll [[ uu ,, {{ xx ,, yy }} ]]

77 00 // 11 77 -- 55 44 aa // 11 77 22 (( 55 // 22 ++ 99 aa ))
## OO [[ 11 00 ]] :: {{ {{ xx -- >> -- -- -- -- -- -- -- -- -- -- -- -- -- -- ,, yy -- >> -- -- -- -- -- -- -- -- -- -- -- }} }}

22 11 77

## II [[ 11 11 ]] :: :: SS oo ll [[ {{ xx ˆ̂ 33 ++ 22 xx ˆ̂ 22 ** yy ++ 22 yy (( yy -- 22 )) xx ++ yy ˆ̂ 22 == 44 ,, xx ˆ̂ 22 ++ 22 xx ** yy ++ 22 yy ˆ̂ 22 -- 55 yy ++ 22 == 00 }} ,, {{ xx ,, yy }} ]]

## OO [[ 11 11 ]] :: {{ {{ xx -- >> -- 55 ,, yy -- >> 33 }} ,, {{ xx -- >> 00 ,, yy -- >> 22 }} ,, {{ xx -- >> -- 44 ,, yy -- >> 22 }} }}
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## II [[ 11 22 ]] :: :: SS oo ll [[ {{ xx == tt ˆ̂ 22 -- tt ++ 11 ,, yy == 22 tt ˆ̂ 22 ++ tt -- 33 }} ,, ,, tt ]]

22 22
## OO [[ 11 22 ]] :: {{ 44 (( -- 33 -- yy)) (( -- 11 ++ xx)) ++ (( -- 33 -- yy )) ++ 44 (( -- 11 ++ xx )) == 66 ++ 33xx ++ 33 yy }}
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9.4 Differentiation and integration

A "variable" is an expression containing a single symbol (either on its own or in a projection; in the latter case the
necessary Jacobian factors are extracted).

DD [[ ee xxpprr,,  vvaarr11,, (nn11 : 11 ),, (pptt11 : vvaarr11)  ,,  vvaarr22,, (nn22 : 11 ),, (pptt22 : vvaarr22)  . . .]]
forms the partial derivative of ee xxpprr successively nnii times with respect to the "variables"vvaarrii, evaluating the
final result at the pointvvaarrii → ppttii.

DD tt [[ ee xxpprr,,  vvaarr11,, (nn11 : 11 ),, (pptt11 : vvaarr11)  ,,  vvaarr22,, (nn22 : 11 ),, (pptt22 : vvaarr22)  . . .]]
forms the total derivative of ee xxpprr with respect to the variablesvvaarrii. DD tt [[ ee xxpprr]] forms the total differential of
ee xxpprr.

Derivatives which cannot be performed explicitly are converted into a canonical form with internally-generated
symbols [2.2] for thevvaarrii, and explicit values fornnii andppttii.

Derivatives may be defined by assignments for the relevant DD or DD tt projections.
DD [[ ff [[ $$ xx ,, $$ yy ]] ,, {{ $$ xx ,, 11 ,, $$ zz }} ]] :: gg [[ $$ zz ,, $$ yy ]] defines the derivative of the "function" ff with respect to its
fi rst "argument".

In DDprojections, distinct symbols are assumed independent, while inDD tt projections, they are assumed to be inter-
dependent, unless the corresponding derivative has explicitly been assigned the value 00 . Symbols or projections
carrying the propertyCC oo nn ss tt [4] are assumed independent of all variables.

NNprojections [3.4] yield when possible numerical values for derivatives with definiteppttii.

## II [[ 11 ]] :: :: tt :: aa xx ˆ̂ bb

bb
## OO [[ 11 ]] :: aa xx

## II [[ 22 ]] :: :: DD [[ tt ,, xx ]]

-- 11 ++ bb
## OO [[ 22 ]] :: aa bb xx

## II [[ 33 ]] :: :: DD [[ tt ,, xx ,, xx ]]

-- 22 ++ bb
## OO [[ 33 ]] :: aa bb xx (( -- 11 ++ bb ))

## II [[ 44 ]] :: :: DD [[ tt ,, {{ xx ,, 33 }} ]]

-- 33 ++ bb
## OO [[ 44 ]] :: aa bb xx (( -- 22 ++ bb)) (( -- 11 ++ bb ))

## II [[ 55 ]] :: :: DD [[ tt ,, {{ xx ,, 00 }} ]]

bb
## OO [[ 55 ]] :: aa xx

## II [[ 66 ]] :: :: DD [[ tt ,, {{ xx ,, nn }} ]]

bb
## OO [[ 66 ]] :: DD [[ aa ## 11 ,, {{ ## 11 ,, nn ,, xx }} ]]

## II [[ 77 ]] :: :: DD [[ tt ,, LL oo gg [[ xx ]] ]]

bb
## OO [[ 77 ]] :: aa bb xx

## II [[ 88 ]] :: :: DD [[ tt ,, xx ,, bb ]]

-- 11 ++ bb -- 11 ++ bb
## OO [[ 88 ]] :: aa xx ++ aa bb xx LL oo gg [[ xx ]]
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## II [[ 99 ]] :: :: DD [[ tt ,, {{ xx ,, 11 ,, yy }} ]]

-- 11 ++ bb
## OO [[ 99 ]] :: aa bb yy

## II [[ 11 00 ]] :: :: DD [[ tt ,, {{ xx ,, 00 ,, yy }} ]]

bb
## OO [[ 11 00 ]] :: aa yy

## II [[ 11 11 ]] :: :: DD [[ tt ,, {{ xx ,, 11 ,, yy }} ,, {{ yy ,, 11 ,, xx }} ]]

-- 22 ++ bb
## OO [[ 11 11 ]] :: aa bb xx (( -- 11 ++ bb ))

## II [[ 11 22 ]] :: :: DD [[ tt ,, {{ xx ,, 22 ,, xx ˆ̂ 22 }} ]]

-- 44 ++ 22 bb
## OO [[ 11 22 ]] :: aa bb xx (( -- 11 ++ bb ))

## II [[ 11 33 ]] :: :: DD [[ {{ xx ˆ̂ 22 ,, xx ˆ̂ 33 }} ,, xx ]]

22
## OO [[ 11 33 ]] :: {{ 22 xx ,, 33 xx }}

## II [[ 11 44 ]] :: :: DD [[ SS ii nn [[ EE xx pp [[ xx ]] ]] ,, xx ]]

## OO [[ 11 44 ]] :: CC oo ss [[ EE xx pp [[ xx ]] ]] EE xx pp [[ xx ]]

## II [[ 11 55 ]] :: :: DD [[ EE xx pp [[ aa xx ]] == bb xx ˆ̂ 22 ,, xx ]]

## OO [[ 11 55 ]] :: aa EE xx pp [[ aa xx ]] == 22bb xx

## II [[ 11 66 ]] :: :: DD [[ ff [[ xx ]] ,, xx ]]

## OO [[ 11 66 ]] :: DD [[ ff [[ ## 11 ]] ,, {{ ## 11 ,, 11 ,, xx }} ]]

## II [[ 11 77 ]] :: :: DD [[ ff [[ xx ˆ̂ 22 ]] ,, xx ]]

22
## OO [[ 11 77 ]] :: 22 xx DD [[ ff [[ ## 11 ]] ,, {{ ## 11 ,, 11 ,, xx }} ]]

## II [[ 11 88 ]] :: :: SS [[ %% ,, ff -- >> LL oo gg ]]

22
## OO [[ 11 88 ]] :: --

xx

## II [[ 11 99 ]] :: :: DD [[ ff [[ gg [[ xx ]] ]] ,, xx ]]

## OO [[ 11 99 ]] :: DD [[ ff [[ ## 11 ]] ,, {{ ## 11 ,, 11 ,, gg [[ xx ]] }} ]] DD [[ gg [[ ## 11 ]] ,, {{ ## 11 ,, 11 ,, xx }} ]]

## II [[ 22 00 ]] :: :: DD [[ ff [[ xx ,, xx ]] ,, xx ]]

## OO [[ 22 00 ]] :: DD [[ ff [[ xx ,, ## 22 ]] ,, {{ ## 22 ,, 11 ,, xx }} ]] ++ DD [[ ff [[ ## 11 ,, xx ]] ,, {{ ## 11 ,, 11 ,, xx }} ]]

## II [[ 22 11 ]] :: :: DD [[ ff [[ gg 11 [[ xx ]] ,, gg 22 [[ xx ]] ]] ,, xx ]]

## OO [[ 22 11 ]] :: DD [[ ff [[ ## 11 ,, gg 22 [[ xx ]] ]] ,, {{ ## 11 ,, 11 ,, gg 11 [[ xx ]] }} ]] DD [[ gg 11 [[ ## 11 ]] ,, {{ ## 11 ,, 11 ,, xx }} ]]

++ DD [[ ff [[ gg 11 [[ xx ]] ,, ## 22 ]] ,, {{ ## 22 ,, 11 ,, gg 22 [[ xx ]] }} ]] DD [[ gg 22 [[ ## 11 ]] ,, {{ ## 11 ,, 11 ,, xx }} ]]

## II [[ 22 22 ]] :: :: DD [[ ff [[ xx ]] ,, gg [[ xx ]] ]]

DD [[ ff [[ ## 11 ]] ,, {{ ## 11 ,, 11 ,, xx }} ]]
## OO [[ 22 22 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

DD [[ gg [[ ## 11 ]] ,, {{ ## 11 ,, 11 ,, xx }} ]]

## II [[ 22 33 ]] :: :: DD [[ ff [[ gg [[ xx ]] ]] ,, gg [[ xx ]] ]]

## OO [[ 22 33 ]] :: DD [[ ff [[ ## 11 ]] ,, {{ ## 11 ,, 11 ,, gg [[ xx ]] }} ]]
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## II [[ 22 44 ]] :: :: DD [[ ff [[ xx ]] ,, xx ,, xx ]]

## OO [[ 22 44 ]] :: DD [[ ff [[ ## 11 ]] ,, {{ ## 11 ,, 22 ,, xx }} ]]

## II [[ 22 55 ]] :: :: DD [[ ff [[ xx ,, xx ]] ,, xx ,, xx ]]

## OO [[ 22 55 ]] :: DD [[ ff [[ xx ,, ## 22 ]] ,, {{ ## 22 ,, 22 ,, xx }} ]] ++ DD [[ ff [[ ## 11 ,, xx ]] ,, {{ ## 11 ,, 22 ,, xx }} ]]

++ DD [[ ff [[ ## 11 ,, ## 22 ]] ,, {{ ## 11 ,, 11 ,, xx }} ,, {{ ## 22 ,, 11 ,, xx }} ]]

++ DD [[ ff [[ ## 11 ,, ## 22 ]] ,, {{ ## 22 ,, 11 ,, xx }} ,, {{ ## 11 ,, 11 ,, xx }} ]]

## II [[ 22 66 ]] :: :: DD [[ ff [[ gg [[ xx ]] ]] ,, xx ,, xx ]]

## OO [[ 22 66 ]] :: DD [[ ff [[ ## 11 ]] ,, {{ ## 11 ,, 11 ,, gg [[ xx ]] }} ]] DD [[ gg [[ ## 11 ]] ,, {{ ## 11 ,, 22 ,, xx }} ]]

22
++ DD [[ ff [[ ## 11 ]] ,, {{ ## 11 ,, 22 ,, gg [[ xx ]] }} ]] DD [[ gg [[ ## 11 ]] ,, {{ ## 11 ,, 11 ,, xx }} ]]

## II [[ 22 77 ]] :: :: DD [[ pp [[ $$ xx ]] ,, {{ $$ xx ,, 11 ,, $$ yy }} ]] :: qq [[ $$ yy ]]

## OO [[ 22 77 ]] :: qq [[ $$ yy ]]

## II [[ 22 88 ]] :: :: DD [[ pp [[ xx ]] ,, xx ]]

## OO [[ 22 88 ]] :: qq [[ xx ]]

## II [[ 22 99 ]] :: :: DD [[ pp [[ xx ˆ̂ 22 ]] ,, xx ]]

22
## OO [[ 22 99 ]] :: 22 xx qq [[ xx ]]

## II [[ 33 00 ]] :: :: DD [[ %% ,, xx ]]

22 22 22
## OO [[ 33 00 ]] :: 22 (( qq [[ xx ]] ++ 22 xx DD [[ qq [[ ## 11 ]] ,, {{ ## 11 ,, 11 ,, xx }} ]] ))

## II [[ 33 11 ]] :: :: DD [[ pp [[ xx ,, 22 ]] ,, xx ]]

## OO [[ 33 11 ]] :: DD [[ pp [[ ## 11 ,, 22 ]] ,, {{ ## 11 ,, 11 ,, xx }} ]]

## II [[ 33 22 ]] :: :: DD [[ jj [[ $$ xx ,, $$ yy ]] ,, {{ $$ xx ,, 11 ,, $$ zz }} ]] :: jj 11 [[ $$ zz ,, $$ yy ]]

## OO [[ 33 22 ]] :: jj 11 [[ $$ zz ,, $$ yy ]]

## II [[ 33 33 ]] :: :: DD [[ jj [[ $$ xx ,, $$ yy ]] ,, {{ $$ yy ,, 11 ,, $$ zz }} ]] :: jj 22 [[ $$ xx ,, $$ zz ]]

## OO [[ 33 33 ]] :: jj 22 [[ $$ xx ,, $$ zz ]]

## II [[ 33 44 ]] :: :: DD [[ jj [[ xx ,, 33 ]] ,, xx ]]

## OO [[ 33 44 ]] :: jj 11 [[ xx ,, 33 ]]

## II [[ 33 55 ]] :: :: DD [[ jj [[ xx ,, xx ]] ,, xx ]]

## OO [[ 33 55 ]] :: jj 11 [[ xx ,, xx ]] ++ jj 22 [[ xx ,, xx ]]

## II [[ 33 66 ]] :: :: DD [[ jj [[ xx ˆ̂ 22 ,, xx ]] pp [[ xx ++ jj [[ xx ,, xx -- 11 ]] ]] ,, xx ]]

22 22
## OO [[ 33 66 ]] :: pp [[ xx ++ jj [[ xx ,, -- 11 ++ xx ]] ]] (( jj 22 [[ xx ,, xx ]] ++ 22xx jj 11 [[ xx ,, xx ]] ))

22
++ jj [[ xx ,, xx ]] qq [[ xx ++ jj [[ xx ,, -- 11 ++ xx ]] ]]

** ((11 ++ jj 11 [[ xx ,, -- 11 ++ xx]] ++ jj 22 [[ xx ,, -- 11 ++ xx ]] ))
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## II [[ 11 ]] :: :: DD [[ yy ,, xx ]]

## OO [[ 11 ]] :: 00

## II [[ 22 ]] :: :: DD tt [[ yy ,, xx ]]

## OO [[ 22 ]] :: DD tt [[ yy ,, xx ]]

## II [[ 33 ]] :: :: tt :: aa xx ˆ̂ bb

bb
## OO [[ 33 ]] :: aa xx

## II [[ 44 ]] :: :: DD tt [[ tt ,, xx ]]

-- 11 ++ bb bb bb
## OO [[ 44 ]] :: aa ((bb xx ++ xx DD tt [[ bb ,, xx ]] LL oo gg [[ xx ]] )) ++ xx DD tt [[ aa ,, xx ]]

## II [[ 55 ]] :: :: DD tt [[ aa ,, xx ]] :: 00

## OO [[ 55 ]] :: 00

## II [[ 66 ]] :: :: DD tt [[ tt ,, xx ]]

-- 11 ++ bb bb
## OO [[ 66 ]] :: aa ((bb xx ++ xx DD tt [[ bb ,, xx ]] LL oo gg [[ xx ]] ))

## II [[ 77 ]] :: :: DD tt [[ tt ]]

-- 11 ++ bb bb bb
## OO [[ 77 ]] :: aa ((bb xx DD tt [[ xx ]] ++ xx DD tt [[ bb ]] LL oo gg [[ xx ]] )) ++ xx DD tt [[ aa ]]

II nn tt [[ ee xxpprr,,   vvaarr11,, (lloowweerr11),, (uuppppeerr11 : vvaarr11)  . . . ,, (  iitteerrmm11  )]]
forms the integral ofee xxpprr successively with respect to the variablesvvaarr11, . . .  between the limitslloowweerr11, . . .
anduuppppeerr11, . . .  . The default uuppppeerrii yield indefinite integrals; if nolloowweerrii is specified, it is taken as an inter-
nally-generated symbol [2.2].

Any integral whose indefinite form involves only elementary arithmetic [8.2] and transcendental [8.5] functions is
performed explicitly. Any iitteerrmmii are taken as candidate additional terms in the integral.

Integrals which cannot be performed explicitly are converted into a canonical form with internally-generated sym-
bols for thevvaarrii.

Integrals may be defined by assignments for the relevant II nn tt projections.

All distinct symbols are assumed independent.

NNprojections [3.4] yield when possible numerical values for integrals with definite limitslloowweerrii anduuppppeerrii.

## II [[ 11 ]] :: :: tt :: aa xx ˆ̂ bb

bb
## OO [[ 11 ]] :: aa xx

## II [[ 22 ]] :: :: II nn tt [[ tt ,, xx ]]

11 ++ bb
xx

## OO [[ 22 ]] :: aa (( ## 55 ++ -- -- -- -- -- -- ))
11 ++ bb

## II [[ 33 ]] :: :: II nn tt [[ tt ,, {{ xx ,, pp 11 }} ]]

11 ++ bb 11 ++ bb
-- pp 11 xx

## OO [[ 33 ]] :: aa (( -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- ))
11 ++ bb 11 ++ bb
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## II [[ 44 ]] :: :: II nn tt [[ tt ,, {{ xx ,, pp 11 ,, pp 22 }} ]]

11 ++ bb 11 ++ bb
-- pp 11 pp 22

## OO [[ 44 ]] :: aa (( -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- ))
11 ++ bb 11 ++ bb

## II [[ 55 ]] :: :: II nn tt [[ xx ˆ̂ 22 ,, {{ {{ xx }} ,, {{ xx }} }} ]]

44
xx

## OO [[ 55 ]] :: ## 11 77 ++ xx ## 11 33 ++ -- --
11 22

## II [[ 66 ]] :: :: DD [[ %% ,, xx ]]

33
xx

## OO [[ 66 ]] :: ## 11 33 ++ -- --
33

## II [[ 77 ]] :: :: DD [[ %% ,, xx ]]

22
## OO [[ 77 ]] :: xx

## II [[ 88 ]] :: :: II nn tt [[ {{ xx ˆ̂ aa ,, xx ˆ̂ bb }} ,, {{ xx ,, 00 ,, 11 }} ]]

11 11
## OO [[ 88 ]] :: {{ -- -- -- -- -- ,, -- -- -- -- -- }}

11 ++ aa 11 ++ bb

## II [[ 99 ]] :: :: tt :: (( xx ˆ̂ 44 ++ 44 )) // (( xx ˆ̂ 33 ++ 99 xx ˆ̂ 22 ++ 22 33 xx ++ 11 55 ))

44
44 ++ xx

## OO [[ 99 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --
22 33

11 55 ++ 22 33 xx ++ 99 xx ++ xx

## II [[ 11 00 ]] :: :: II nn tt [[ tt ,, {{ xx ,, 00 }} ]]

88 55 LL oo gg [[ 33 ]] 66 22 99 LL oo gg [[ 55 ]] 55 LL oo gg [[ 11 ++ xx ]] 88 55 LL oo gg [[ 33 ++ xx ]]
## OO [[ 11 00 ]] :: -- 99 xx ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

44 88 88 44

22
66 22 99 LL oo gg [[ 55 ++ xx ]] xx

++ -- -- -- -- -- -- -- -- -- -- -- -- -- ++ -- --
88 22

## II [[ 11 11 ]] :: :: DD [[ %% ,, xx ]]

55 88 55 66 22 99
## OO [[ 11 11 ]] :: -- 99 ++ xx ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- --

88 (( 11 ++ xx )) 44 (( 33 ++ xx )) 88 (( 55 ++ xx ))

## II [[ 11 22 ]] :: :: RR aa tt [[ EE xx [[ RR aa tt [[ %% ]] ]] ]]

44
44 ++ xx

## OO [[ 11 22 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --
22 33

11 55 ++ 22 33 xx ++ 99 xx ++ xx

## II [[ 11 33 ]] :: :: II nn tt [[ tt ,, {{ xx ,, 00 ,, 11 }} ]]

55 LL oo gg [[ 22 ]] 88 55 LL oo gg [[ 33 ]] 88 55 LL oo gg [[ 44 ]] 66 22 99 LL oo gg [[ 55 ]] 66 22 99 LL oo gg [[ 66 ]]
## OO [[ 11 33 ]] :: -- 11 77 // 22 ++ -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- --

88 44 44 88 88
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## II [[ 11 44 ]] :: :: NN [[ %% ]]

## OO [[ 11 44 ]] :: 00 .. 11 55 55 00 00 55

## II [[ 11 55 ]] :: :: II nn tt [[ (( xx ++ 33 )) (( xx ++ 22 )) // (( xx ++ 11 )) ,, {{ xx ,, 00 ,, 11 }} ]]

## OO [[ 11 55 ]] :: 99 // 22 ++ 22 LL oo gg [[ 22 ]]

## II [[ 11 66 ]] :: :: II nn tt [[ ff [[ xx ]] ,, xx ]]

## OO [[ 11 66 ]] :: II nn tt [[ ff [[ ## 33 00 ]] ,, {{ ## 33 00 ,, ## 22 88 ,, xx }} ]]

## II [[ 11 77 ]] :: :: II nn tt [[ ff [[ xx ]] ,, gg [[ xx ]] ]]

## OO [[ 11 77 ]] :: II nn tt [[ ff [[ xx ]] DD [[ gg [[ ## 11 ]] ,, {{ ## 11 ,, 11 ,, xx }} ]] ,, {{ xx ,, ## 33 11 ,, gg [[ xx ]] }} ]]

## II [[ 11 88 ]] :: :: II nn tt [[ xx ff [[ xx ]] ,, xx ]]

## OO [[ 11 88 ]] :: II nn tt [[ ## 33 44 ff [[ ## 33 44 ]] ,, {{ ## 33 44 ,, ## 33 22 ,, xx }} ]]

## II [[ 11 99 ]] :: :: II nn tt [[ aa ff [[ bb xx ]] ++ gg [[ xx ++ 11 ]] ++ xx,, xx ]]

## OO [[ 11 99 ]] :: ## 33 77 ++ II nn tt [[ gg [[ 11 ++ ## 44 00 ]] ,, {{ ## 44 00 ,, ## 33 88 ,, xx }} ]]

22
xx

++ aa II nn tt [[ ff [[ bb ## 44 44 ]] ,, {{ ## 44 44 ,, ## 44 22 ,, xx }} ]] ++ -- --
22

## II [[ 22 00 ]] :: :: II nn tt [[ ff [[ $$ xx ,, $$ aa ]] ,, {{ $$ xx ,, 00 ,, 11 }} ]] :: hh [[ $$ aa ]]

## OO [[ 22 00 ]] :: hh [[ $$ aa ]]

## II [[ 22 11 ]] :: :: II nn tt [[ 33 ff [[ xx ,, 22 ]] ++ 55 aa ff [[ xx ,, aa -- 11 ]] ++ 11 // (( xx ++ 11 )) ,, {{ xx ,, 00 ,, 11 }} ]]

## OO [[ 22 11 ]] :: 33 hh [[ 22 ]] ++ LL oo gg [[ 22 ]] ++ 55aa hh [[ -- 11 ++ aa ]]

## II [[ 22 22 ]] :: :: II nn tt [[ GG aa mm mm aa [[ xx ++ 11 ]] ,, {{ xx ,, 00 ,, 33 }} ]]

## OO [[ 22 22 ]] :: II nn tt [[ GG aa mm mm aa [[ 11 ++ xx ]] ,, {{ xx ,, 00 ,, 33 }} ]]

## II [[ 22 33 ]] :: :: NN [[ %% ]]

## OO [[ 22 33 ]] :: 55 .. 88 55 22 33 66
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9.5 Seriesapproximations and limits

PP ss [[ (ee xxpprr : 11 ),,  vvaarr11  ,,  pptt11  ,,   (ssoorr dd11 : 00 ),, oorr dd11   ,,
(sseerr : {{ [[ ssoorr dd11]] :: 00 ,, . . .,, [[ -- 11 ]] :: 00 ,, [[ 00 ]] :: 11 ,, [[ 11 ]] :: 00 ,, . . .,, [[ oorr dd11]] :: 00 }} )]]

Power (Taylor-Laurent) series invvaarr11, . . .  about the pointspptt11, . . .  to at most orderoorr dd11, . . .  . Terms propor-
tional to vvaarr11ˆ̂ jj11 vvaarr22ˆ̂ jj22 . . .  are given when jj11, jj22, . . .  lie within a simplex with vertices (ddjjii:ssoorr ddii),
(jj11:oorr dd11, jjii:ssoorr ddii), (jj22:oorr dd22, jjii:ssoorr ddii), .. .  . sseerr[[ ii]] gives the coefficient ofvvaarr11ˆ̂ ii in the power series.Com-
position of a functionff with a power series will be carried out only ifff carries the propertyLL dd ii ss tt .

RR aa [[ ee xxpprr,, vvaarr,, pptt,,  ddee ggnn,, (ddee ggdd : ddee ggnn)  ,, (ccrriitt : $$ 11 == ddee ggnn&& $$ 22 == ddee ggdd),,
(sseerrnn : {{ [[ 00 ]] :: 11 ,, . . .,, [[ ddee ggnn]:0}) ,, (sseerr dd : {{ [[ 00 ]] :: 11 ,, . . .,, [[ ddee ggdd]:0}) ]]

Rational (Pade) approximants invvaarr about the pointpptt, to at most orderddee ggnn in numerator andddee ggdd in
denominator series. All order (mm,nn) approximants withmm++nn<<ddee ggnn++ddeeggdd such that application of the tem-
plate ccrriitt to mm,nn yields "true" are given (in a list if necessary).sseerrnn[[ ii]] is the coefficient of vvaarrˆ̂ ii in the
numerator series, andsseerr dd[[ jj]] of vvaarrˆ̂ jj in the denominator.

CC ff [[ ee xxpprr,, (vvaarr : 11 ),, (pptt : 00 ),,  (ssoorr dd : 00 ),, (oorr dd : 00 )  ,, (sseerr : {{ [[ 00 ]] :: 11 ,, [[ 11 ]] :: 00 ,, . . .,, [[ oorr dd]:00 }) ]]
Continued fraction approximation invvaarr about the pointpptt. sseerr[[ ii]] gives the coefficient of vvaarr in the iith
partial quotient of the continued fraction.

ee xxpprr gives an overall factor for the series. InputPP ss , RR aa and CC ff projections are simplified so that all possible
terms are transferred fromee xxpprr to coefficients in the seriessseerrkk.

Arithmetic and mathematical operations and substitutions (compositions) may be performed on series approxima-
tions: the results are taken to the highest permissible order.

AA xx [[ ee xxpprr]]
yields an ordinary expression obtained by truncating all higher order terms in the series approximationee xxpprr.

If the expressionee xxpprr in PP ss , RR aa andCC ff is a series approximation, it is converted to the specified form, maintain-
ing the highest permissible order.

Series approximations may be defined by assignments forPP ss projections.
PP ss [[ ee xx pp [[ $$ xx ]] ,, $$ xx ,, 00 ,, $$ nn ]] :: PP ss [[ 11 ,, $$ xx ,, 00 ,, $$ nn ,, {{ [[ $$ ii ]] :: 11 // $$ ii !! }} ]] defines the power series for the expo-
nential function around the origin.RR aa andCC ff use assignments made forPP ss projections.

Numerical values for series approximations are obtained usingNN.

## II [[ 11 ]] :: :: pp :: PP ss [[ LL oo gg [[ 11 ++ xx ]] ,, xx ,, 00 ,, 66 ]]

22 33 44 55 66
xx xx xx xx xx

## OO [[ 11 ]] :: ** xx -- ---- ++ ---- -- ---- ++ ---- -- -- --
22 33 44 55 66

## II [[ 22 ]] :: :: LL pp rr [[ pp ]]

PP ss [[ 11 ,, xx ,, 00 ,, {{ 11 ,, 66 }} ,, {{ [[ 11 ]] :: 11 ,, [[ 22 ]] :: -- 11 // 22 ,, [[ 33 ]] :: 11 // 33 ,, [[ 44 ]] :: -- 11 // 44 ,, [[ 55 ]] :: 11 // 55 ,, \\
[[ 66 ]] :: -- 11 // 66 }} ]]

## II [[ 33 ]] :: :: EE xx pp [[ pp // 55 ]]

22 33 44 55 66
22 xx 66 xx 22 11 xx 33 99 99 xx 11 55 99 66 xx

## OO [[ 33 ]] :: ** 11 ++ xx // 55 -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- -- -- -- -- --
22 55 11 22 55 66 22 55 11 55 66 22 55 77 88 11 22 55

## II [[ 44 ]] :: :: %% ˆ̂ 55

## OO [[ 44 ]] :: ** 11 ++ xx
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## II [[ 55 ]] :: :: PP ss [[ (( 11 -- xx )) ˆ̂ nn ,, xx ,, 00 ,, 33 ]]

22 33
## OO [[ 55 ]] :: ** 11 -- nn xx ++ nn xx (( -- 11 // 22 ++ nn // 22 )) -- nn xx (( -- 22 // 33 ++ nn // 33 )) (( -- 11 // 22 ++ nn // 22 ))

## II [[ 66 ]] :: :: PP ss [[ SS ii nn [[ xx ]] // xx ,, xx ,, aa ,, 11 ]]

SS ii nn [[ aa ]]
(( xx -- aa)) (( CC oo ss [[ aa ]] -- -- -- -- -- -- -- ))

SS ii nn [[ aa ]] aa
## OO [[ 66 ]] :: ** -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

aa aa

## II [[ 77 ]] :: :: EE xx [[ %% ]]

SS ii nn [[ aa ]] CC oo ss [[ aa ]] SS ii nn [[ aa ]]
## OO [[ 77 ]] :: ** -- -- -- -- -- -- ++ ((xx -- aa)) (( -- -- -- -- -- -- -- -- -- -- -- -- -- ))

aa aa 22
aa

## II [[ 88 ]] :: :: pp :: PP ss [[ EE xx pp [[ xx ]] ,, xx ,, II nn ff ,, 66 ]]

## OO [[ 88 ]] :: ** EE xx pp [[ xx ]] 11

## II [[ 99 ]] :: :: pp :: pp ** EE xx pp [[ 11 // xx ]]

-- 22 -- 33 -- 44
-- 11 xx xx xx

## OO [[ 99 ]] :: ** EE xx pp [[ xx ]] (( 11 ++ xx ++ -- -- -- ++ -- -- -- ++ -- -- -- ))
22 66 22 44

## II [[ 11 00 ]] :: :: ss [[ 00 ]] :: 00 ;; ss [[ $$ ii ]] :: 11 // $$ ii !! ˆ̂ 22 ;; ss

11
## OO [[ 11 00 ]] :: {{ [[ 00 ]] :: 00 ,, [[ $$ ii ]] :: -- -- -- -- -- -- }}

22
(( $$ ii !! ))

## II [[ 11 11 ]] :: :: PP ss [[ xx ˆ̂ (( nn ++ 22 )) (( 11 -- xx )) ,, xx ,, 00 ,, 55 ,, ss ]]

44 55 66 77
nn 33 33 xx 22 xx 55 xx xx

## OO [[ 11 11 ]] :: ** xx ((xx -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ))
44 99 11 99 22 66 00 00

## II [[ 11 22 ]] :: :: PP ss [[ ff [[ $$ xx ]] ,, $$ xx ,, 00 ,, $$ nn ]] :: PP ss [[ 11 ,, $$ xx ,, 00 ,, $$ nn ,, ss ]]

11
## OO [[ 11 22 ]] :: ** PP ss [[ 11 ,, $$ xx ,, 00 ,, $$ nn ,, {{ [[ 00 ]] :: 00 ,, [[ $$ ii ]] :: -- -- -- -- -- -- }} ]]

22
(( $$ ii !! ))

## II [[ 11 33 ]] :: :: PP ss [[ ff [[ xx ]] ,, xx ,, 00 ,, 55 ]]

22 33 44 55
xx xx xx xx

## OO [[ 11 33 ]] :: ** xx ++ ---- ++ ---- ++ -- -- -- ++ -- -- -- -- --
44 33 66 55 77 66 11 44 44 00 00

## II [[ 11 44 ]] :: :: ff __ :: LL dd ii ss tt ;; ff [[ %% ]]

22 33 44 55
xx 11 33 xx 33 11 xx 11 11 88 77 xx

## OO [[ 11 44 ]] :: ** xx ++ ---- ++ -- -- -- -- -- ++ -- -- -- -- -- ++ -- -- -- -- -- -- --
22 77 22 55 77 66 88 66 44 00 00
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## II [[ 11 55 ]] :: :: PP ss [[ EE xx pp [[ xx ++ yy ]] ,, {{ xx ,, yy }} ,, 00 ,, 33 ]]

22 33 22 33
yy yy yy 22 xx

## OO [[ 11 55 ]] :: ** (( 11 ++ yy ++ ---- ++ -- -- )) ++ xx ((11 ++ yy ++ -- -- )) ++ xx (( 11 // 22 ++ yy // 22 )) ++ -- --
22 66 22 66

## II [[ 11 66 ]] :: :: RR aa [[ EE xx pp [[ xx ]] ,, xx ,, 00 ,, {{ 33 ,, 22 }} ]]

22 33
33 xx xx

11 ++ 33 xx // 55 ++ -- -- -- -- ++ -- --
22 00 66 00

## OO [[ 11 66 ]] :: ** -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --
22

xx
11 -- 22 xx // 55 ++ -- --

22 00

## II [[ 11 77 ]] :: :: PP ss [[ %% ,, xx ,, 00 ,, 55 ]]

22 33 44 55
xx xx xx xx

## OO [[ 11 77 ]] :: ** 11 ++ xx ++ ---- ++ ---- ++ ---- ++ -- -- --
22 66 22 44 11 22 00

## II [[ 11 88 ]] :: :: RR aa [[ EE xx pp [[ xx ]] ,, xx ,, 00 ,, {{ 33 ,, 22 ,, $$ xx == $$ yy ++ 11 }} ]]

22 22 33
xx 33 xx xx

11 ++ 22 xx // 33 ++ ---- 11 ++ 33 xx // 55 ++ -- -- -- -- ++ -- --
11 ++ xx 66 22 00 66 00

## OO [[ 11 88 ]] :: ** {{ -- -- -- -- -- ,, -- -- -- -- -- -- -- -- -- -- -- -- -- ,, -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- }}
11 11 -- xx // 33 22

xx
11 -- 22 xx // 55 ++ -- --

22 00

## II [[ 11 99 ]] :: :: RR aa [[ @@ 99 ,, xx ,, II nn ff ,, 33 ]]

-- 11 -- 22
22 xx xx

EE xx pp [[ xx ]] (( 11 ++ -- -- -- -- -- ++ -- -- -- ))
33 66

## OO [[ 11 99 ]] :: ** -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --
-- 11

xx
11 -- -- -- --

33

## II [[ 22 00 ]] :: :: CC ff [[ EE xx pp [[ xx ]] ,, xx ,, 00 ,, 33 ]]

11 -- 11 xx 11 // 22 xx -- 11 // 66 xx
## OO [[ 22 00 ]] :: ** -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

11 ++ 11 ++ 11 ++ 11 ++

LL ii mm [[ ee xxpprr,, vvaarr,, pptt]]
forms the limit ofee xxpprr asvvaarr tends topptt. A sequence ofPP ss projections of increasing order is formed until a
definite limit is found.

## II [[ 11 ]] :: :: tt :: SS ii nn [[ xx ]] // xx

SS ii nn [[ xx ]]
## OO [[ 11 ]] :: -- -- -- -- -- --

xx
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## II [[ 22 ]] :: :: LL ii mm [[ tt ,, xx ,, 00 ]]

## OO [[ 22 ]] :: 11

## II [[ 33 ]] :: :: SS [[ tt ,, xx -- >> 00 ]]

00
## OO [[ 33 ]] :: --

00

## II [[ 44 ]] :: :: LL ii mm [[ (( xx ++ 11 )) // SS ii nn [[ xx ˆ̂ 22 ]] ,, xx ,, 00 ]]

-- 22 -- 11
## OO [[ 44 ]] :: ** xx ++ xx
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9.6 Matrixand explicit tensor manipulation

OO uu tt ee rr [[ tteemmpp,, lliisstt11,, lliisstt22,, . . .]]
forms the generalized outer "product" of the listslliisstt11, lliisstt22, . . .  with respect to the templatetteemmpp. If entries
in the lists tt and uu are specified astt [[ ii 11 ,, ii 22 ,, .. .. ,, ii kk ]] and uu [[ jj 11 ,, jj 22 ,, .. .. ,, jj kk ]] then
OO uu tt ee rr [[ ff ,, tt ,, uu ]] is a list whose entries are given by
AA pp [[ ff ,, {{ tt [[ ii 11 ,, ii 22 ,, .. .. ,, ii kk ]] ,, uu [[ jj 11 ,, jj 22 ,, .. .. ,, jj kk ]] }} ]] .

## II [[ 11 ]] :: :: OO uu tt ee rr [[ ff ,, {{ aa ,, bb }} ,, {{ cc ,, dd }} ]]

## OO [[ 11 ]] :: {{ {{ ff [[ aa ,, cc ]] ,, ff [[ aa ,, dd ]] }} ,, {{ ff [[ bb ,, cc ]] ,, ff [[ bb ,, dd ]] }} }}

## II [[ 22 ]] :: :: OO uu tt ee rr [[ ff ,, {{ {{ 11 ,, 22 }} ,, {{ 33 ,, 44 }} }} ,, {{ [[ xx ]] :: aa ,, [[ yy ]] :: bb ,, [[ xx ]] :: cc }} ]]

## OO [[ 22 ]] :: {{ {{ {{ [[ xx ]] :: ff [[ 11 ,, aa ]] ,, [[ yy ]] :: ff [[ 11 ,, bb ]] ,, [[ xx ]] :: ff [[ 11 ,, cc ]] }} ,,

{{ [[ xx ]] :: ff [[ 22 ,, aa ]] ,, [[ yy ]] :: ff [[ 22 ,, bb ]] ,, [[ xx ]] :: ff [[ 22 ,, cc ]] }} }} ,,

{{ {{ [[ xx ]] :: ff [[ 33 ,, aa ]] ,, [[ yy ]] :: ff [[ 33 ,, bb ]] ,, [[ xx ]] :: ff [[ 33 ,, cc ]] }} ,,

{{ [[ xx ]] :: ff [[ 44 ,, aa ]] ,, [[ yy ]] :: ff [[ 44 ,, bb ]] ,, [[ xx ]] :: ff [[ 44 ,, cc ]] }} }} }}

## II [[ 33 ]] :: :: tt :: AA rr [[ 33 ]]

## OO [[ 33 ]] :: {{ 11 ,, 22 ,, 33 }}

## II [[ 44 ]] :: :: OO uu tt ee rr [[ PP ll uu ss ,, tt ,, tt ,, tt ]]

## OO [[ 44 ]] :: {{ {{ {{ 33 ,, 44 ,, 55 }} ,, {{ 44 ,, 55 ,, 66 }} ,, {{ 55 ,, 66 ,, 77 }} }} ,, {{ {{ 44 ,, 55 ,, 66 }} ,, {{ 55 ,, 66 ,, 77 }} ,, {{ 66 ,, 77 ,, 88 }} }} ,,

{{ {{ 55 ,, 66 ,, 77 }} ,, {{ 66 ,, 77 ,, 88 }} ,, {{ 77 ,, 88 ,, 99 }} }} }}

## II [[ 55 ]] :: :: DD ii mm [[ %% ]]

## OO [[ 55 ]] :: {{ 33 ,, 33 ,, 33 }}

## II [[ 66 ]] :: :: OO uu tt ee rr [[ GG ee ,, tt ,, tt ]]

## OO [[ 66 ]] :: {{ {{ 11 ,, 00 ,, 00 }} ,, {{ 11 ,, 11 ,, 00 }} ,, {{ 11 ,, 11 ,, 11 }} }}

II nn nn ee rr [[ (tteemmpp11 : MM uu ll tt ),, lliisstt11,, lliisstt22,, (tteemmpp22 : PP ll uu ss )]]
forms the generalized inner "product" oflliisstt11 andlliisstt22 with respect to the templatestteemmpp11, tteemmpp22.
• DD oo tt [8.2]

## II [[ 11 ]] :: :: II nn nn ee rr [[ ff ,, {{ aa ,, bb }} ,, {{ cc ,, dd }} ,, gg ]]

## OO [[ 11 ]] :: gg [[ ff [[ aa ,, cc ]] ,, ff [[ bb ,, dd ]] ]]

## II [[ 22 ]] :: :: II nn nn ee rr [[ ff ,, {{ {{ aa ,, bb }} ,, {{ cc ,, dd }} }} ,, {{ {{ xx ,, yy }} ,, {{ zz ,, tt }} }} ,, gg ]]

## OO [[ 22 ]] :: {{ {{ gg [[ ff [[ aa ,, xx ]] ,, ff [[ bb ,, zz ]] ]] ,, gg [[ ff [[ aa ,, yy ]] ,, ff [[ bb ,, tt ]] ]] }} ,,

{{ gg [[ ff [[ cc ,, xx ]] ,, ff [[ dd ,, zz ]] ]] ,, gg [[ ff [[ cc ,, yy ]] ,, ff [[ dd ,, tt ]] ]] }} }}

## II [[ 33 ]] :: :: II nn nn ee rr [[ ff ,, {{ aa ,, {{ cc ,, dd }} }} ,, {{ {{ xx ,, yy }} ,, {{ zz ,, tt }} }} ]]

## OO [[ 33 ]] :: {{ ff [[ aa ,, xx ]] ++ ff [[ {{ cc ,, dd }} ,, zz ]] ,, ff [[ aa ,, yy ]] ++ ff [[ {{ cc ,, dd }} ,, tt ]] }}

TT rr aa nn ss [[ lliisstt,, (llee vvss : 22 ),, (tteemmpp : EE qq )]]
yields a list obtained fromlliisstt by transposing entries between two lev els specified byllee vvss (thennii are positive
integers):
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nn 11 andnn

{ nn11, nn22} nn11 aanndd nn22

and applying the templatetteemmpp to each entry of the resulting list.

## II [[ 11 ]] :: :: mm :: {{ {{ aa ,, bb }} ,, {{ cc ,, dd }} }}

## OO [[ 11 ]] :: {{ {{ aa ,, bb }} ,, {{ cc ,, dd }} }}

## II [[ 22 ]] :: :: TT rr aa nn ss [[ mm ]]

## OO [[ 22 ]] :: {{ {{ aa ,, cc }} ,, {{ bb ,, dd }} }}

## II [[ 33 ]] :: :: tt :: AA rr [[ {{ 33 ,, 22 ,, 22 }} ,, ff ]]

## OO [[ 33 ]] :: {{ {{ {{ ff [[ 11 ,, 11 ,, 11 ]] ,, ff [[ 11 ,, 11 ,, 22 ]] }} ,, {{ ff [[ 11 ,, 22 ,, 11 ]] ,, ff [[ 11 ,, 22 ,, 22 ]] }} }} ,,

{{ {{ ff [[ 22 ,, 11 ,, 11 ]] ,, ff [[ 22 ,, 11 ,, 22 ]] }} ,, {{ ff [[ 22 ,, 22 ,, 11 ]] ,, ff [[ 22 ,, 22 ,, 22 ]] }} }} ,,

{{ {{ ff [[ 33 ,, 11 ,, 11 ]] ,, ff [[ 33 ,, 11 ,, 22 ]] }} ,, {{ ff [[ 33 ,, 22 ,, 11 ]] ,, ff [[ 33 ,, 22 ,, 22 ]] }} }} }}

## II [[ 44 ]] :: :: TT rr aa nn ss [[ tt ]]

## OO [[ 44 ]] :: {{ {{ {{ ff [[ 11 ,, 11 ,, 11 ]] ,, ff [[ 11 ,, 11 ,, 22 ]] }} ,, {{ ff [[ 22 ,, 11 ,, 11 ]] ,, ff [[ 22 ,, 11 ,, 22 ]] }} ,, {{ ff [[ 33 ,, 11 ,, 11 ]] ,, ff [[ 33 ,, 11 ,, 22 ]] }} }} ,,

{{ {{ ff [[ 11 ,, 22 ,, 11 ]] ,, ff [[ 11 ,, 22 ,, 22 ]] }} ,, {{ ff [[ 22 ,, 22 ,, 11 ]] ,, ff [[ 22 ,, 22 ,, 22 ]] }} ,,

{{ ff [[ 33 ,, 22 ,, 11 ]] ,, ff [[ 33 ,, 22 ,, 22 ]] }} }} }}

## II [[ 55 ]] :: :: TT rr aa nn ss [[ tt ,, 33 ]]

## OO [[ 55 ]] :: {{ {{ {{ ff [[ 11 ,, 11 ,, 11 ]] ,, ff [[ 22 ,, 11 ,, 11 ]] ,, ff [[ 33 ,, 11 ,, 11 ]] }} ,, {{ ff [[ 11 ,, 22 ,, 11 ]] ,, ff [[ 22 ,, 22 ,, 11 ]] ,, ff [[ 33 ,, 22 ,, 11 ]] }} }} ,,

{{ {{ ff [[ 11 ,, 11 ,, 22 ]] ,, ff [[ 22 ,, 11 ,, 22 ]] ,, ff [[ 33 ,, 11 ,, 22 ]] }} ,,

{{ ff [[ 11 ,, 22 ,, 22 ]] ,, ff [[ 22 ,, 22 ,, 22 ]] ,, ff [[ 33 ,, 22 ,, 22 ]] }} }} }}

## II [[ 66 ]] :: :: TT rr aa nn ss [[ tt ,, {{ 22 ,, 33 }} ]]

## OO [[ 66 ]] :: {{ {{ {{ ff [[ 11 ,, 11 ,, 11 ]] ,, ff [[ 11 ,, 22 ,, 11 ]] }} ,, {{ ff [[ 11 ,, 11 ,, 22 ]] ,, ff [[ 11 ,, 22 ,, 22 ]] }} }} ,,

{{ {{ ff [[ 22 ,, 11 ,, 11 ]] ,, ff [[ 22 ,, 22 ,, 11 ]] }} ,, {{ ff [[ 22 ,, 11 ,, 22 ]] ,, ff [[ 22 ,, 22 ,, 22 ]] }} }} ,,

{{ {{ ff [[ 33 ,, 11 ,, 11 ]] ,, ff [[ 33 ,, 22 ,, 11 ]] }} ,, {{ ff [[ 33 ,, 11 ,, 22 ]] ,, ff [[ 33 ,, 22 ,, 22 ]] }} }} }}

TT rr [[ lliisstt,, (tteemmpp : PP ll uu ss )]]
the generalized trace obtained by applyingtteemmpp to the set of entries inlliisstt whose indices are all equal.

## II [[ 11 ]] :: :: TT rr [[ {{ {{ aa ,, bb }} ,, {{ cc ,, dd }} }} ]]

## OO [[ 11 ]] :: aa ++ dd

## II [[ 22 ]] :: :: TT rr [[ {{ {{ aa ,, bb }} ,, {{ cc ,, dd }} }} ,, ff ]]

## OO [[ 22 ]] :: ff [[ aa ,, dd ]]

## II [[ 33 ]] :: :: AA rr [[ {{ 22 ,, 22 ,, 22 }} ,, qq ]]

## OO [[ 33 ]] :: {{ {{ {{ qq [[ 11 ,, 11 ,, 11 ]] ,, qq [[ 11 ,, 11 ,, 22 ]] }} ,, {{ qq [[ 11 ,, 22 ,, 11 ]] ,, qq [[ 11 ,, 22 ,, 22 ]] }} }} ,,

{{ {{ qq [[ 22 ,, 11 ,, 11 ]] ,, qq [[ 22 ,, 11 ,, 22 ]] }} ,, {{ qq [[ 22 ,, 22 ,, 11 ]] ,, qq [[ 22 ,, 22 ,, 22 ]] }} }} }}

## II [[ 44 ]] :: :: TT rr [[ %% ]]

## OO [[ 44 ]] :: qq [[ 11 ,, 11 ,, 11 ]] ++ qq [[ 22 ,, 22 ,, 22 ]]
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SS ii gg [[ lliisstt,, (bbaassee : {{ 11 ,, 22 ,, 33 ,, . . .}} )]]
the signature of the permutation betweenbbaassee and lliisstt (00 if no permutation suffices). (Ifbbaassee is omitted,
entries oflliisstt may appear directly as filters forSS ii gg ).
• AA ss yy mm [7.7]

## II [[ 11 ]] :: :: {{ SS ii gg [[ 22 ,, 11 ,, 33 ]] ,, SS ii gg [[ {{ 22 ,, 11 ,, 33 }} ]] ,, SS ii gg [[ 11 ,, 11 ,, 33 ]] ,, SS ii gg [[ 11 ,, 44 ,, 33 ,, 22 ,, 55 ]] }}

## OO [[ 11 ]] :: {{ -- 11 ,, -- 11 ,, 00 ,, -- 11 }}

DD ee tt [[ lliisstt]]
the determinant of a "full"lliisstt.

## II [[ 11 ]] :: :: DD ee tt [[ {{ {{ aa ,, bb }} ,, {{ cc ,, dd }} }} ]]

## OO [[ 11 ]] :: aa dd -- bb cc

MM ii nn vv [[ lliisstt]]
the inverse of a non-singular matrix represented bylliisstt.

## II [[ 11 ]] :: :: mm :: {{ {{ 11 ,, 33 ,, 55 }} ,, {{ 77 ,, -- 55 ,, 22 }} ,, {{ 88 ,, 11 11 ,, 11 }} }}

## OO [[ 11 ]] :: {{ {{ 11 ,, 33 ,, 55 }} ,, {{ 77 ,, -- 55 ,, 22 }} ,, {{ 88 ,, 11 11 ,, 11 }} }}

## II [[ 22 ]] :: :: nn :: MM ii nn vv [[ mm ]]

## OO [[ 22 ]] :: {{ {{ -- 33 // 66 55 ,, 44 // 44 55 ,, 33 11 // 55 88 55 }} ,, {{ 11 // 66 55 ,, -- 11 // 11 55 ,, 11 11 // 11 99 55 }} ,, {{ 11 // 55 ,, 11 // 44 55 ,, -- 22 // 44 55 }} }}

## II [[ 33 ]] :: :: mm .. nn

## OO [[ 33 ]] :: {{ {{ 11 ,, 00 ,, 00 }} ,, {{ 00 ,, 11 ,, 00 }} ,, {{ 00 ,, 00 ,, 11 }} }}

## II [[ 44 ]] :: :: MM ii nn vv [[ {{ {{ 11 ,, 11 }} ,, {{ 22 ,, 22 }} }} ]]

## OO [[ 44 ]] :: MM ii nn vv [[ {{ {{ 11 ,, 11 }} ,, {{ 22 ,, 22 }} }} ]]

MM dd ii vv [[ lliisstt11,, lliisstt22]]
yields a matrixmmaatt such thatlliisstt22.. mmaatt is equal tolliisstt11.

## II [[ 11 ]] :: :: mm :: {{ {{ 11 ,, 33 ,, 55 }} ,, {{ 77 ,, -- 55 ,, 22 }} ,, {{ 88 ,, 11 11 ,, 11 }} }}

## OO [[ 11 ]] :: {{ {{ 11 ,, 33 ,, 55 }} ,, {{ 77 ,, -- 55 ,, 22 }} ,, {{ 88 ,, 11 11 ,, 11 }} }}

## II [[ 22 ]] :: :: vv :: {{ 11 ,, 33 ,, 11 }}

## OO [[ 22 ]] :: {{ 11 ,, 33 ,, 11 }}

## II [[ 33 ]] :: :: xx :: MM dd ii vv [[ vv ,, mm ]]

## OO [[ 33 ]] :: {{ {{ 33 22 // 11 11 77 }} ,, {{ -- 55 // 33 99 }} ,, {{ 22 // 99 }} }}

## II [[ 44 ]] :: :: mm .. xx

## OO [[ 44 ]] :: {{ {{ 11 }} ,, {{ 33 }} ,, {{ 11 }} }}

TT rr ii aa nn gg [[ lliisstt]]
gives the triangularized form of a matrix represented bylliisstt.
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## II [[ 11 ]] :: :: mm :: {{ {{ 11 ,, 33 ,, 55 }} ,, {{ 77 ,, -- 55 ,, 22 }} ,, {{ 88 ,, 11 11 ,, 11 }} }}

## OO [[ 11 ]] :: {{ {{ 11 ,, 33 ,, 55 }} ,, {{ 77 ,, -- 55 ,, 22 }} ,, {{ 88 ,, 11 11 ,, 11 }} }}

## II [[ 22 ]] :: :: TT rr ii aa nn gg [[ mm ]]

## OO [[ 22 ]] :: {{ {{ 88 ,, 11 11 ,, 11 }} ,, {{ 00 ,, -- 11 11 77 // 88 ,, 99 // 88 }} ,, {{ 00 ,, 00 ,, 55 }} }}

EE ii gg [[ lliisstt]]
yields a list of eigenvalues and normalized eigenvectors for the matrixlliisstt.

SS ii mm tt rr aa nn [[ lliisstt]]
yields the similarity transformation matrix necessary to placelliisstt in diagonal or Jordan canonical form.

## II [[ 11 ]] :: :: mm :: {{ {{ 22 ,, 22 ,, -- 11 }} ,, {{ 11 ,, 33 ,, -- 11 }} ,, {{ 11 ,, 44 ,, -- 22 }} }}

## OO [[ 11 ]] :: {{ {{ 22 ,, 22 ,, -- 11 }} ,, {{ 11 ,, 33 ,, -- 11 }} ,, {{ 11 ,, 44 ,, -- 22 }} }}

## II [[ 22 ]] :: :: EE ii gg [[ mm ]]

11 11 11 -- 11 11 11
## OO [[ 22 ]] :: {{ {{ 33 ,, {{ -- -- -- -- ,, -- -- -- -- ,, -- -- -- -- }} }} ,, {{ 11 ,, {{ -- -- -- -- ,, -- -- -- -- ,, -- -- -- -- }} }} ,,

11 // 22 11 // 22 11 // 22 11 // 22 11 // 22 11 // 22
33 33 33 33 33 33

11 11 11
{{ -- 11 ,, {{ -- -- -- -- -- -- -- -- -- -- ,, -- -- -- -- -- -- -- -- -- -- ,, -- -- -- -- -- -- -- -- }} }} }}

11 // 22 11 // 22 11 // 22
55 22 77 // 22 55 55 22 77 // 22 55 22 77 // 22 55

## II [[ 33 ]] :: :: SS ii mm tt rr aa nn [[ mm ]]

11 -- 11 11 11 11 11
## OO [[ 33 ]] :: {{ {{ -- -- -- -- -- -- -- -- -- -- ,, -- -- -- -- ,, -- -- -- -- }} ,, {{ -- -- -- -- -- -- -- -- -- -- ,, -- -- -- -- ,, -- -- -- -- }} ,,

11 // 22 11 // 22 11 // 22 11 // 22 11 // 22 11 // 22
55 22 77 // 22 55 33 33 55 22 77 // 22 55 33 33

11 11 11
{{ -- -- -- -- -- -- -- -- ,, -- -- -- -- ,, -- -- -- -- }} }}

11 // 22 11 // 22 11 // 22
22 77 // 22 55 33 33
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10.1 Inputand output operations

LL pp rr [[ ee xxpprr,, (ff iilleessppeecc : TT ee rr mm ii nn aa ll )]]
prints ee xxpprr to the file specified byff iilleessppeecc [10.3] in a direct linear format suitable for use as input and in
which labelling of parts is manifest [2.10].The default ff iilleessppeecc is the standard input/output medium (usually
the terminal).LL pp rr yieldsNN uu ll ll as an image.

## II [[ 11 ]] :: :: rr :: xx

## OO [[ 11 ]] :: xx

## II [[ 22 ]] :: :: RR pp tt [[ rr :: rr ˆ̂ rr ,, 44 ]]

11 ++ xx
11 ++ xx 11 ++ xx ++ xx

11 ++ xx ++ xx ++ xx
xx

## OO [[ 22 ]] :: xx

## II [[ 33 ]] :: :: LL pp rr [[ rr ]]

xx ˆ̂ (( xx ˆ̂ (( 11 ++ xx ++ xx ˆ̂ (( 11 ++ xx)) ++ xx ˆ̂ (( 11 ++ xx ++ xx ˆ̂ (( 11 ++ xx )) )) )) ))

## II [[ 44 ]] :: :: 44 ++ 55 II

## OO [[ 44 ]] :: ** 44 ++ 55 II

## II [[ 55 ]] :: :: LL pp rr [[ %% ]]

CC xx [[ 44 ,, 55 ]]

## II [[ 66 ]] :: :: LL pp rr [[ rr ,, "" rr .. oo uu tt "" ]]

## II [[ 77 ]] :: :: LL pp rr [[ rr ˆ̂ rr ,, "" rr .. oo uu tt "" ]]

The file rr .. oo uu tt then contains:

xx ˆ̂ (( xx ˆ̂ (( 11 ++ xx ++ xx ˆ̂ (( 11 ++ xx)) ++ xx ˆ̂ (( 11 ++ xx ++ xx ˆ̂ (( 11 ++ xx )) )) )) ))

xx ˆ̂ (( xx ˆ̂ (( 11 ++ xx ++ xx ˆ̂ (( 11 ++ xx)) ++ xx ˆ̂ (( 11 ++ xx ++ xx ˆ̂ (( 11 ++ xx )) )) ++ xx ˆ̂ (( 11 ++ xx ++ xx ˆ̂ (( 11 ++ xx )) \\
++ xx ˆ̂ (( 11 ++ xx ++ xx ˆ̂ (( 11 ++ xx )) )) )) )) ))

PP rr [[ ee xxpprr11,, (ee xxpprr22,, . . .)]]
printsee xxpprr11, ee xxpprr22, . . .  in turn (separated by tabs) with standard two-dimensional format [2.12], and yields
the lastee xxpprrii as an image.

• PP rr [4]
• FF mm tt [10.1]

## II [[ 11 ]] :: :: PP rr [[ aa ˆ̂ aa ,, bb ˆ̂ bb ]] ;; PP rr [[ cc ,, dd ,, ee ]] ;; PP rr [[ ]] ;; PP rr [[ 11 ,, 22 ,, 33 ,, 44 ]]

aa bb
aa bb
cc dd ee

11 22 33 44

## OO [[ 11 ]] :: 44

PP rr hh [[ ee xxpprr11,, (ee xxpprr22,, . . .)]]
prints the unsimplified forms of theee xxpprrii.
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## II [[ 11 ]] :: :: PP rr hh [[ 11 ++ 11 ,, aa -- 11 // bb ]]

11
11 ++ 11 aa -- --

bb

11
## OO [[ 11 ]] :: aa -- --

bb

## II [[ 22 ]] :: :: PP rr [[ 11 ++ 11 ]]

22

## OO [[ 22 ]] :: 22

RR dd [[ (pprr oommpptt : NN uu ll ll ),, (ff iilleessppeecc : TT ee rr mm ii nn aa ll ),, (eeooffvvaall : NN uu ll ll )]]
prints the expressionpprr oommpptt, then reads and simplifies one line of input (terminated by⊂⊂nnee wwlliinnee⊃⊃) from the
fi le specified byff iilleessppeecc [10.3]. Thedefault is input from the standard input/output medium (usually the ter-
minal). RR dd yields the valueeeooffvvaall if it encounters the end of the file.

## II [[ 11 ]] :: :: {{ aa ,, RR dd [[ ]] ˆ̂ 22 ,, RR dd [[ "" 33 rr dd >> "" ]] }}

bb ++ cc
33 rr dd >> 55

22
## OO [[ 11 ]] :: {{ aa ,, (( bb ++ cc)) ,, 55 }}

RR dd hh [[ (pprr oommpptt : NN uu ll ll ),, (ff iilleessppeecc : TT ee rr mm ii nn aa ll ),, (eeooffvvaall : NN uu ll ll )]]
prints the expressionpprr oommpptt, then reads one line of input from the file ff iilleessppeecc [10.3] and yields its "held"
[3.5] form. The default is input from the standard input/output medium (usually the terminal).RR dd hh yields
the valueeeooffvvaall if it encounters the end of the file.

## II [[ 44 ]] :: :: {{ RR dd hh [[ ]] ,, RR dd [[ ]] }}

11 ++ 11
11 ++ 33

## OO [[ 44 ]] :: {{ ´́ 11 ++ 11 ,, 44 }}

FF mm tt [[ (pprr ssppeecc : NN uu ll ll ),, ee xxpprr11,, ee xxpprr22,, . . .]]
when output prints theee xxpprrii in a format specified bypprr ssppeecc:

NN uu ll ll ee xxpprr11 followed immediately byee xxpprr22, . . .  .

positive integernn ee xxpprr11 followed afternn blank spaces byee xxpprr22, . . .  .

negative integer-- nn ee xxpprr11, ee xxpprr22, . . .  printed in tabular format, with tab positions every nn spaces.

list ee xxpprrii appear with horizontal and vertical offsets defined bypprr ssppeecc[[ ii]] ,
according to hhoorrii,, vveerrii  . ee xxpprrii with equal horizontal or vertical offsets are
aligned. Thosewith larger horizontal offsets are further to the right, and
those with larger vertical offsets are higher up. If no entry exists inpprr ssppeecc
for a particularee xxpprrii, it appears immediately to the right of the last printed
expression. Ahorizontal or vertical offset II nn ff specifies a position to the
right or above all other expressions.

PP rr ss ii zz ee [[ ee xxpprr]]
yields a list of two elements, the number of horizontal character positions and the number of vertical charac-
ter positions occupied by the printed form ofee xxpprr.
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## II [[ 11 ]] :: :: FF mm tt [[ ,, aa ,, bb ++ cc ,, xx ˆ̂ 22 ]]

22
## OO [[ 11 ]] :: aa bb ++ cc xx

## II [[ 22 ]] :: :: FF mm tt [[ 33 ,, aa ,, bb ++ cc ,, xx ˆ̂ 22 ]]

22
## OO [[ 22 ]] :: aa bb ++ cc xx

## II [[ 33 ]] :: :: FF mm tt [[ -- 99 ,, aa ,, bb ++ cc ,, xx ˆ̂ 22 ]]

22
## OO [[ 33 ]] :: aa bb ++ cc xx

## II [[ 44 ]] :: :: FF mm tt [[ ,, "" || "" ,, xx ++ yy ,, "" || "" ]] ˆ̂ (( 11 // 22 ))

11 // 22
## OO [[ 44 ]] :: || xx ++ yy ||

## II [[ 55 ]] :: :: FF mm tt [[ {{ 33 ,, 22 ,, 11 }} ,, aa ,, bb ++ cc ,, xx ˆ̂ 22 ]]

22
## OO [[ 55 ]] :: xx bb ++ cc aa

## II [[ 66 ]] :: :: FF mm tt [[ ,, aa ,, ,, ,, 22 ++ 22 ,, "" -- -- -- "" ,, "" xx ˆ̂ 22 "" ,, ]]

## OO [[ 66 ]] :: aa 44 -- -- -- xx ˆ̂ 22

## II [[ 77 ]] :: :: FF mm tt [[ {{ {{ 00 ,, 11 }} ,, {{ 00 ,, -- 11 }} }} ,, aa ,, bb ]]

aa
## OO [[ 77 ]] ::

bb

## II [[ 88 ]] :: :: FF mm tt [[ {{ {{ 00 ,, 11 }} ,, {{ 00 ,, -- 11 }} }} ,, aa ˆ̂ 22 ++ bb ˆ̂ 22 ,, xx // yy ]]

22 22
aa ++ bb

## OO [[ 88 ]] ::
xx
--
yy

## II [[ 99 ]] :: :: FF mm tt [[ {{ {{ 00 ,, 00 }} ,, {{ -- 11 ,, 22 }} ,, {{ 11 ,, -- 22 }} }} ,, aa ++ bb ,, cc ,, dd ]]

cc

## OO [[ 99 ]] :: aa ++ bb

dd

## II [[ 11 00 ]] :: :: FF mm tt [[ {{ {{ 00 ,, 00 }} ,, {{ 11 ,, 11 }} }} ,, aa ,, bb ,, cc ,, dd ]]

bb cc dd
## OO [[ 11 00 ]] :: aa

## II [[ 11 11 ]] :: :: FF mm tt [[ {{ 00 ,, {{ 11 ,, 11 }} }} ,, aa ,, bb ,, cc ,, dd ]]

bb cc dd
## OO [[ 11 11 ]] :: aa

## II [[ 11 22 ]] :: :: FF mm tt [[ {{ [[ $$ xx __ == EE vv ee nn pp [[ $$ xx ]] ]] :: {{ $$ xx ,, 11 }} ,, [[ $$ xx ]] :: $$ xx }} ,, aa ,, bb ,, cc ,, dd ,, ee ,, ff ,, gg ]]

bb dd ff
## OO [[ 11 22 ]] :: aa cc ee gg

## II [[ 11 33 ]] :: :: FF mm tt [[ {{ [[ 11 ]] :: 00 ,, [[ 22 ]] :: II nn ff ,, [[ $$ xx ]] :: {{ $$ xx -- 22 ,, 11 }} }} ,, oo ,, oo ,, "" // "" ,, "" "" "" "" ,, "" "" "" "" ,, "" \\ "" ,, "" __ "" ]]

// "" "" \\ __
## OO [[ 11 33 ]] :: oo oo
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## II [[ 11 44 ]] :: :: ss ii gg mm aa :: FF mm tt [[ {{ {{ 33 ,, 22 }} ,, {{ 22 ,, 22 }} ,, {{ 11 ,, 22 }} ,, {{ 11 ,, 11 }} ,, {{ 11 ,, 00 }} ,, {{ 11 ,, -- 11 }} ,, {{ 22 ,, -- 11 }} ,, {{ 33 ,, -- 11 }} }} ,, \\
"" -- "" ,, "" -- "" ,, "" -- "" ,, "" \\ "" ,, "" // "" ,, "" -- "" ,, "" -- "" ,, "" -- "" ]]

-- -- --
\\

## OO [[ 11 44 ]] :: //
-- -- --

## II [[ 11 55 ]] :: :: uu nn dd ee rr ll ii nn ee [[ $$ ee xx pp rr ]] :: :: FF mm tt [[ {{ {{ 00 ,, 00 }} ,, {{ 00 ,, -- 11 }} }} ,, $$ ee xx pp rr ,, \\
FF mm tt [[ ,, RR ee pp ll [[ "" -- "" ,, PP rr ss ii zz ee [[ $$ ee xx pp rr ]] [[ 11 ]] ]] ]] ]]

## OO [[ 11 55 ]] :: ´́ $$ ee xx pp rr
RR ee pp ll [[ "" -- "" ,, PP rr oo jj [[ PP rr ss ii zz ee [[ $$ ee xx pp rr ]] ,, {{ 11 }} ]] ]]

## II [[ 11 66 ]] :: :: uu nn dd ee rr ll ii nn ee [[ aa ˆ̂ 44 ++ xx // yy ]] ++ NN [[ 11 // 22 77 ]] ++ uu nn dd ee rr ll ii nn ee [[ NN [[ 11 // 33 77 ]] ]]

xx 44
## OO [[ 11 66 ]] :: 00 .. 00 33 77 00 33 77 ++ 00 .. 00 22 77 00 22 77 ++ -- ++ aa

-- -- -- -- -- -- -- -- yy
-- -- -- -- -- --

SS xx [[ cccc,, {{ xx11,, xx22,, . . .}} ,, (ccllaassss : 11 ),, (pprr eecc : 11 )]]
when output prints thexxii in association with⊂⊂cccc⊃⊃ with a syntax and precedence defined byccllaassss andpprr eecc
as specified in [2.11].

## II [[ 11 ]] :: :: SS xx [[ "" ++ ++ "" ,, {{ aa ,, bb ˆ̂ 22 ,, cc ˆ̂ 33 ,, dd ˆ̂ 44 }} ,, 33 ,, 22 ]]

22 33 44
## OO [[ 11 ]] :: aa ++++ bb ++ ++ cc ++ ++ dd

## II [[ 22 ]] :: :: %% [[ 11 ]]

## OO [[ 22 ]] :: "" ++++ ""

## II [[ 33 ]] :: :: xx ˆ̂ 22 // 22 ++ SS xx [[ "" ˆ̂ ˆ̂ "" ,, {{ aa ,, bb }} ,, 55 ,, 11 ]]

22
xx

## OO [[ 33 ]] :: -- -- ++ aa ˆ̂ ˆ̂ bb
22

Special output forms may be defined by assigning a suitable printing format as the value of__ ss[[ PP rr ]] [4].
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10.2 Graphicaloutput

GG rr aa pp hh [[   (xx11),, yy11,, (zz11)   ,,  uu,, (vv)  ,,  uummiinn,, (vvmmiinn)  ,,  uummaaxx,, (vvmmaaxx)  ,,
 ffoorrmm11  ,,  (xxvv : 00 ),, (yyvv : 00 ),, (zzvv : II nn ff )  ,,  uupptt,, (vvpptt)  ,,
 (  (xxmmiinn),, xxmmaaxx  ),,  (yymmiinn),, yymmaaxx  ,, (  (zzmmiinn),, zzmmaaxx  )  ]]

generates aPP ll oo tt projection which prints as a plot of curves or surfaces defined by the numerical values of
xxii, yyii andzzii as functions of the parametersuu andvv, betweenuummiinn anduummaaxx (with uupptt samples), andvvmmiinn
andvvmmaaxx (with vvpptt samples).xxvv, yyvv, zzvv specify the point of observation for three-dimensional plots (contour
plots by default). Theffoorrmmii define the style of curves plotted: integer codes give standard curve styles; other
ffoorrmmii are printed explicitly on the curves. Onlypoints in the region bounded byxxmmiinn, xxmmaaxx, yymmiinn, yymmaaxx,
zzmmiinn, zzmmaaxx are plotted.

## II [[ 11 ]] :: :: GG rr aa pp hh [[ SS ii nn [[ 11 // xx ]] ,, xx ,, 00 .. 00 22 ,, 00 .. 22 ]]

## OO [[ 11 ]] ::

|| ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** ** ** ** **
00 .. 55 ** ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** ** ** ** ** ** **
00 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ 00 .. 00 66 22 55 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ 00 .. 11 22 55 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ 00 .. 11 88 77 55
|| ** ** ** ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** ** **** ** **
-- 00 .. 55 ** ** ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** **

## II [[ 22 ]] :: :: GG rr aa pp hh [[ GG aa mm mm aa [[ xx ]] ,, xx ,, -- 55 ,, 00 ,, ,, ,, ,, {{ -- 44 ,, 44 }} ]]

## OO [[ 22 ]] ::

** ** ** ** ** ** ** ||
** ** ** ** ** ** ||
** ** ** ** ** ** ||
** ** ** ** ** ** ** ** ** ** ||
** ** ** ** ** ** ** 22
** ** ** ** ** ** ||
** ** ** ** ** ** ** ** ** ||
** ** ** ** ** ** ** ||

__ __ __ __ __ __ __ __ __ __ __ __ __ -- 44 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ -- 22 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ 00
** ** ** ** ** ** ** ** ** ** ** ** ** ** ** ** ** ||

** ** ** ** ** ** ** ||
** ** ** ** ** ** ** ** ** ** ||
** ** ** ** ** ** ** ||
** ** ** ** ** ** -- 22
** ** ** ** ** ** ||
** ** ** ** ** ** ||
** ** ** ** ** ** ** ** ** ||
** ** ** ** ** ** ** ** ** ** ** ** ** -- 44
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## II [[ 33 ]] :: :: GG rr aa pp hh [[ GG aa mm mm aa [[ xx ]] ,, xx ,, -- 55 ,, 00 ,, ,, ,, ,, {{ -- 22 ,, 22 }} ]]

## OO [[ 33 ]] ::

** ** ** ** ** ** ** ** ** ** ** ** ** ** ** ** ** ||
** ** ** ** ** ||
** ** ** ** ** ** ||
** ** ** ** ** ** ||
** ** ** ** ** ** ** 11
** ** ** ** ** ** ||
** ** ** ** ** ** ** ** ||
** ** ** ** ** ** ** ** ** ** ** ** ** ||

__ __ __ __ __ __ __ __ __ __ __ __ __ -- 44 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ -- 22 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ 00
** ** ** ** ** ** ** ** ** ** ** ** ** ** ** ** ||

** ** ** ** ** ||
** ** ** ** ** ** ||

** ** ** ** ** ** ** ||
** ** ** ** ** ** -- 11
** ** ** ** ** ||
** ** ** ** ** ||
** ** ** ** ** ** ** ||
** ** ** ** ** ** ** ** ** ** ** ** ** ** ** ** ** ** -- 22

## II [[ 44 ]] :: :: GG rr aa pp hh [[ {{ {{ SS ii nn [[ tt ]] }} ,, {{ SS ii nn [[ 22 tt ]] }} }} ,, tt ,, 00 ,, 22 PP ii ]]

## OO [[ 44 ]] ::

|| ** ** ** ** ** ** ** ** ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** ** ** **
|| **** ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** **
00 .. 55 ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** **
00 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ 22 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ 44 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ 66 __ __ __
|| ** ** ** ** ** **
|| ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** **
-- 00 .. 55 ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** ** ** **
|| ** ** ** ** ** ** ** ** ** ** ** ** ** ** ** **

## II [[ 55 ]] :: :: GG rr aa pp hh [[ {{ SS ii nn [[ tt ]] ,, SS ii nn [[ 22 tt ]] }} ,, tt ,, 00 ,, 22 PP ii ]]

## OO [[ 55 ]] ::

** ** ** ** ** ** ** ** || ** ** ** ** ** ** ** ** ** **
** ** ** ** ** ** ** ** ** || ** ** ** ** **

** ** ** ** || ** ** ** ** ** ** **
** ** ** ** ** || ** ** ** ** ** **

** ** ** ** 00 .. 55 ** ** **
** ** ** ** ** || ** ** ** **
** ** ** ** ** || ** ** ** **

** ** ** || ** ** ** ** **
__ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ -- 00 .. 55 __ __ __ __ __ __ __ __ __ __ __ __ __ __ 00 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ 00 .. 55 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __
** ** ** || ** ** **
** ** ** ** || ** ** **
** ** ** ** ** || ** ** ** **

** ** ** ** || ** ** ** ** **
** ** ** -- 00 .. 55 ** ** ** ** **
** ** ** ** ** || ** ** ** **

** ** ** ** ** ** ** ** || ** ** ** ** **
** ** ** ** || ** ** ** ** ** ** ** ** **

** ** ** ** ** ** ** ** ** ** ** || ** ** ** ** ** ** ** **
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## II [[ 66 ]] :: :: GG rr aa pp hh [[ {{ {{ SS ii nn [[ tt ]] }} ,, {{ SS ii nn [[ 22 tt ]] }} }} ,, tt ,, 00 ,, 22 PP ii ,, {{ "" ** "" ,, "" ## "" }} ]]

## OO [[ 66 ]] ::

|| ## ## ## ## ## ** ** ** ** ** ** ** ** ## ## ##
|| ## ## ** ** ** ** ## ## ## ##
|| #### ** ** ** ## ** ** ## ##
|| ## ** ** ## ** ## ##
00 .. 55 ## ## ** ## ** ** ## ##
|| ## ** ** ## ** ## ## ##
|| ## ** ** ## ** ** ## ##
|| ## ** ## ** ** ## ## ##
00 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ 22 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ 44 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ 66 __ __ __
|| ## ## ## ## ## ##
|| ## ## ## ** ** ## ** ##
|| ## ## ** ** ## ** ** ##
|| ## ## ## ** ## ** ** ##
-- 00 .. 55 ## ## ** ** ## ** ## ##
|| ## ## ** ## ** ** ##
|| ## ## ** ** ## ** ** ** ## ##
|| ## ## ## ## ** ** ** ** ## ##
|| ## ## ## ** ** ** ** ** ** ** ** ## ## ## ## ##

## II [[ 77 ]] :: :: GG rr aa pp hh [[ SS ii nn [[ xx ]] ,, xx ,, 00 ,, 55 ,, "" ## "" ,, ,, 11 00 ]]

## OO [[ 77 ]] ::

|| ## ## ## ## ## ##
|| ## ## ## ## ## ## ## ## ## ## ##
|| ## ## ## ## ## ## ## ##
|| ## ## ## ## ## ## ##
00 .. 55 ## ## ## ## ## ##
|| ## ## ## ## ##
|| ## ## ## ## ##
|| ## ## ## ## ##
|| ## ## ## ## ##
00 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ 22 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ 44 __ __ __ __ __ __ __ __ __ __ __ __ __ __
|| ## ##
|| ## ##
|| ## ##
-- 00 .. 55 ## ##
|| ## ##
|| ## ## ##
|| ## ## ## ## ##
|| ## ## ## ## ## ## ## ## ## ## ##
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High-resolution graphics output is generated if a suitable device is available.

## II [[ 11 ]] :: :: GG rr aa pp hh [[ SS ii nn [[ 11 // xx ]] ,, xx ,, 00 .. 00 22 ,, 00 .. 22 ]]
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## II [[ 22 ]] :: :: GG rr aa pp hh [[ GG aa mm mm aa [[ xx ]] ,, xx ,, -- 55 ,, 00 ,, ,, ,, ,, {{ -- 44 ,, 44 }} ]]
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## II [[ 33 ]] :: :: GG rr aa pp hh [[ GG aa mm mm aa [[ xx ]] ,, xx ,, -- 55 ,, 00 ,, ,, ,, ,, {{ -- 22 ,, 22 }} ]]
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## II [[ 44 ]] :: :: GG rr aa pp hh [[ {{ {{ SS ii nn [[ tt ]] }} ,, {{ SS ii nn [[ 22 tt ]] }} }} ,, tt ,, 00 ,, 22 PP ii ]]
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## II [[ 55 ]] :: :: GG rr aa pp hh [[ {{ SS ii nn [[ tt ]] ,, SS ii nn [[ 22 tt ]] }} ,, tt ,, 00 ,, 22 PP ii ]]
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## II [[ 66 ]] :: :: GG rr aa pp hh [[ {{ {{ SS ii nn [[ tt ]] }} ,, {{ SS ii nn [[ 22 tt ]] }} }} ,, tt ,, 00 ,, 22 PP ii ,, {{ "" ** "" ,, "" ## "" }} ]]
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## II [[ 77 ]] :: :: GG rr aa pp hh [[ SS ii nn [[ xx ]] ,, xx ,, 00 ,, 55 ,, "" ## "" ,, ,, 11 00 ]]
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## II [[ 88 ]] :: :: GG rr aa pp hh [[ (( xx ˆ̂ 22 ++ uu ˆ̂ 22 )) // 11 00 00 CC oo ss [[ 55 AA tt aa nn [[ yy // xx ]] ]] ,, {{ xx ,, yy }} ,, {{ -- 11 00 ,, -- 11 00 }} ,, {{ 11 00 ,, 11 00 }} ]]
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## II [[ 99 ]] :: :: GG rr aa pp hh [[ (( xx ˆ̂ 22 ++ uu ˆ̂ 22 )) // 11 00 00 CC oo ss [[ 55 AA tt aa nn [[ yy // xx ]] ]] ,, {{ xx ,, yy }} ,, {{ -- 11 00 ,, -- 11 00 }} ,, {{ 11 00 ,, 11 00 }} \\
,, ,, {{ 22 00 ,, 33 00 ,, -- 11 00 }} ]]
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## II [[ 11 00 ]] :: :: GG rr aa pp hh [[ (( xx ˆ̂ 22 ++ uu ˆ̂ 22 )) // 11 00 00 CC oo ss [[ 55 AA tt aa nn [[ yy // xx ]] ]] ,, {{ xx ,, yy }} ,, {{ -- 11 00 ,, -- 11 00 }} ,, {{ 11 00 ,, 11 00 }} \\
,, ,, {{ 55 00 ,, 11 55 00 ,, 33 00 00 }}
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PP ll oo tt [[ pplliisstt,,  (xxvv : 00 ),, (yyvv : 00 ),, (zzvv : II nn ff )  ,,
 (  (xxmmiinn),, xxmmaaxx  ),,  (yymmiinn),, yymmaaxx  ,, (  (zzmmiinn),, zzmmaaxx  )]]

prints as a plot containing points, lines, curves, surfaces and regions specified inpplliisstt. Ranges of coordi-
nates default to include all forms given in pplliisstt. xxmmiinn, xxmmaaxx, . . .  define boundaries of the region in which
points are plotted. In two-dimensional plots, forms given later inpplliisstt overwrite those given earlier when
they overlap. Inthree (and higher) dimensions, explicit intersections and perspective are used.

PP ll oo tt [[ ]] clears the plotting area.(Implementation dependent)

The listpplliisstt (whose sublists are flattened [7.7]) contains:

PP tt [[ {{ xx,, yy,, (zz)}} ,, (ffoorrmm),, (  (cc11 : zz)  )]]
represents a point with coordinatesxx, yy andzz, to be printed asffoorrmm. Additional coordinatesccii may be
used to define contours on surfaces. Whenffoorrmm does not print as a single character, the coordinates
are taken to specify its lower left corner.

LL ii nn ee [[ ppttlliisstt,, (ffoorrmm)]]
represents a succession of straight lines between the point specified byPP tt projections in the listppttlliisstt:
ffoorrmm specifies the style of line.

CC uu rr vv ee [[ ppttlliisstt,, (ffoorrmm)]]
represents a smooth curve through the points specified byPP tt projections in the listppttlliisstt: ffoorrmm speci-
fies the style of curve.

SS uu rr ff [[ ppttlliisstt,, (ffoorrmm)]]
represents a three-dimensional surface spanned by points specified byPP tt projections inppttlliisstt. The
surface is ruled with contour lines at integer spacings in each of the additional coordinatesccii.

AA xx ee ss [[ {{ (xx : 00 ),, (yy : 00 ),, (zz : 00 )}} ,, {{ (xxtteemmpp),, (yytteemmpp),, (zztteemmpp)}} ]]
represents a labelled set of orthogonal axes intersecting atPP tt [[ xx,, yy,, zz]] . xxtteemmpp is a template applied
to xxmmiinn andxxmmaaxx to obtain a list ofxx values at which the x axis is to be labelled.yytteemmpp andzztteemmpp are
analogous templates for the y and z axes. Ifxxtteemmpp, yytteemmpp, zztteemmpp are omitted, a heuristic procedure is
used.

## II [[ 11 ]] :: :: tt :: AA rr [[ 44 ,, PP tt [[ {{ $$ xx ,, $$ xx ˆ̂ 22 }} ]] ]]

## OO [[ 11 ]] :: {{ PP tt [[ {{ 11 ,, 11 }} ]] ,, PP tt [[ {{ 22 ,, 44 }} ]] ,, PP tt [[ {{ 33 ,, 99 }} ]] ,, PP tt [[ {{ 44 ,, 11 66 }} ]] }}

## II [[ 22 ]] :: :: PP ll oo tt [[ tt ]]

## OO [[ 22 ]] ::

**

**

**

**
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## II [[ 33 ]] :: :: PP ll oo tt [[ {{ LL ii nn ee [[ tt ]] }} ]]

## OO [[ 33 ]] ::

** **
** ** ** **

** ** ** **
** ** ** **

** ** ** **
** ** ** **

** ** ** **
** ** **

** ** ** ** **
** ** ** ** **

** ** ** ** **
** ** ** ** **

** ** ** ** **
** ** ** ** **

** ** ** ** ** **
** ** ** ** ** ** ** **

** ** ** ** ** ** ** ** **
** ** ** ** ** **

## II [[ 44 ]] :: :: PP ll oo tt [[ {{ CC uu rr vv ee [[ tt ]] }} ]]

## OO [[ 44 ]] ::

** **
** ** ** **

** ** ** **
** ** ** **

** ** ** **
** ** ** **

** ** ** **
** ** **

** ** ** ** **
** ** ** ** **

** ** ** ** **
** ** ** ** **

** ** ** ** **
** ** ** ** **

** ** ** ** ** **
** ** ** ** ** ** ** **

** ** ** ** ** ** ** ** **
** ** ** ** ** **

## II [[ 55 ]] :: :: uu :: AA rr [[ 44 ,, PP tt [[ {{ $$ xx ,, $$ xx ˆ̂ 22 }} ,, MM aa kk ee [[ XX ,, $$ xx ]] ]] ]]

## OO [[ 55 ]] :: {{ PP tt [[ {{ 11 ,, 11 }} ,, XX 11 ]] ,, PP tt [[ {{ 22 ,, 44 }} ,, XX 22 ]] ,, PP tt [[ {{ 33 ,, 99 }} ,, XX 33 ]] ,, PP tt [[ {{ 44 ,, 11 66 }} ,, XX 44 ]] }}
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## II [[ 66 ]] :: :: PP ll oo tt [[ uu ]]

## OO [[ 66 ]] ::

XX 44

XX 33

XX 22

XX 11

## II [[ 77 ]] :: :: PP ll oo tt [[ {{ LL ii nn ee [[ uu ]] }} ]]

## OO [[ 77 ]] ::

XX XX 44
XX XX XX XX 44

XX XX XX XX 44
XX XX XX XX 44

XX XX XX XX 44
XX XX XX XX 44

XX XX XX XX 44
XX XX XX 44

XX XX XX XX XX 44
XX XX XX XX XX 44

XX XX XX XX XX 44
XX XX XX XX XX 44

XX XX XX XX XX 44
XX XX XX XX XX 44

XX XX XX XX XX XX 44
XX XX XX XX XX XX XX XX 44

XX XX XX XX XX XX XX XX XX 44
XX XX XX XX XX XX 44

## II [[ 88 ]] :: :: PP ll oo tt [[ {{ CC uu rr vv ee [[ uu ]] }} ]]

## OO [[ 88 ]] ::

XX XX 44
XX XX XX XX 44

XX XX XX XX 44
XX XX XX XX 44

XX XX XX XX 44
XX XX XX XX 44

XX XX XX XX 44
XX XX XX 44

XX XX XX XX XX 44
XX XX XX XX XX 44

XX XX XX XX XX 44
XX XX XX XX XX 44

XX XX XX XX XX 44
XX XX XX XX XX 44

XX XX XX XX XX XX 44
XX XX XX XX XX XX XX XX 44

XX XX XX XX XX XX XX XX XX 44
XX XX XX XX XX XX 44
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## II [[ 99 ]] :: :: PP ll oo tt [[ {{ CC uu rr vv ee [[ uu ]] ,, AA xx ee ss [[ {{ 00 ,, 00 }} ]] }} ]]

## OO [[ 99 ]] ::

|| XX XX 44
|| XX XX XX XX 44
|| XX XX XX 44
|| XX XX XX 44
|| XX XX XX 44
|| XX XX XX 44
11 00 XX XX XX XX 44
|| XX XX XX 44
|| XX XX XX XX 44
|| XX XX XX XX 44
|| XX XX XX XX 44
|| XX XX XX XX 44
|| XX XX XX XX 44
|| XX XX XX XX XX 44
|| XX XX XX XX XX XX XX 44
|| XX XX XX XX XX XX XX 44
|| XX XX XX XX 44
00 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ 11 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ 22 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ 33 __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __ __
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High-resolution graphics output is generated if a suitable device is available.

## II [[ 11 ]] :: :: tt :: AA rr [[ 44 ,, PP tt [[ {{ $$ xx ,, $$ xx ˆ̂ 22 }} ]] ]]

## OO [[ 11 ]] :: {{ PP tt [[ {{ 11 ,, 11 }} ]] ,, PP tt [[ {{ 22 ,, 44 }} ]] ,, PP tt [[ {{ 33 ,, 99 }} ]] ,, PP tt [[ {{ 44 ,, 11 66 }} ]] }}

## II [[ 22 ]] :: :: PP ll oo tt [[ tt ]]
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## II [[ 33 ]] :: :: PP ll oo tt [[ {{ LL ii nn ee [[ tt ]] }} ]]
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## II [[ 44 ]] :: :: PP ll oo tt [[ {{ CC uu rr vv ee [[ tt ]] }} ]]
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## II [[ 55 ]] :: :: uu :: AA rr [[ 44 ,, PP tt [[ {{ $$ xx ,, $$ xx ˆ̂ 22 }} ,, MM aa kk ee [[ XX ,, $$ xx ]] ]] ]]

## OO [[ 55 ]] :: {{ PP tt [[ {{ 11 ,, 11 }} ,, XX 11 ]] ,, PP tt [[ {{ 22 ,, 44 }} ,, XX 22 ]] ,, PP tt [[ {{ 33 ,, 99 }} ,, XX 33 ]] ,, PP tt [[ {{ 44 ,, 11 66 }} ,, XX 44 ]] }}

## II [[ 66 ]] :: :: PP ll oo tt [[ uu ]]
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## II [[ 77 ]] :: :: PP ll oo tt [[ {{ LL ii nn ee [[ uu ]] }} ]]
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## II [[ 88 ]] :: :: PP ll oo tt [[ {{ CC uu rr vv ee [[ uu ]] }}
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## II [[ 99 ]] :: :: PP ll oo tt [[ {{ CC uu rr vv ee [[ uu ]] ,, AA xx ee ss [[ {{ 00 ,, 00 }} ]] }} ]]
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10.3 Fileinput and output

In projections which perform input/output operations, a file is specified by aff iilleessppeecc fi lter of the form
{{ ff iillee,, (lliinneess),, (ffoorrmmaatt)}} . lliinneess andffoorrmmaatt may be used to specify portions offf iillee or to specify output format char-
acteristics forff iillee. If lliinneess andffoorrmmaatt are omitted,ff iilleessppeecc may be given simply asff iillee, without braces; however, a
list of such file specifications must be nested as{{ {{ ff iillee11}} ,, {{ ff iillee22}} ,, . . .}} .

ff iillee is given as a single symbol, enclosed in " " if necessary [2.2].

lliinneess may be given as nn, identifying thennth line of the file; as--nn, identifying thennth line from the end of the file; or
as{{ nn11,, nn22}} , identifying linesnn11 throughnn22. In input operations,{{ ff iillee,, nn}} represents the portion offf iillee from line
nn to the end of the file. When lliinneess is omitted, theff iilleessppeecc represents the entire file. In output operations,
{{ ff iillee,, nn}} specifies that output is to be appended after thennth line of ff iillee; contents offf iillee from line nn to the end of
the file are overwritten. Whenlliinneess is omitted, output is appended toff iillee.

ffoorrmmaatt, a list of the form{{ (wwiiddtthh),, (lleennggtthh),, (pprr ssttyyllee),, (ttaabbss),, (ggccooddee)}} , specifies output format characteristics for
ff iillee. A detailed treatment of output characteristics may be found in [A.6].

TT ee rr mm ii nn aa ll
is a system-defined symbol used to denote the standard input/output medium (usually the terminal).
• OO pp ee nn [10.3]

<<ff iilleessppeecc or GG ee tt [[ (ff iilleessppeecc : TT ee rr mm ii nn aa ll )]]
enters subsidiary mode [6.3] and reads input up to the first ⊂⊂iinnppuutt tteerrmmiinnaattiioonn cchhaarraacctteerr⊃⊃ from the speci-
fied file ff iilleessppeecc. If ambiguous syntax [1.1, 2] is encountered, a message is printed, and no further input
occurs. Ifff iilleessppeecc is successfully input, the projection yields the last output line generated.A blank line
yieldsNN uu ll ll .
• RR dd , RR dd hh [10.1]
• LL oo aa dd [10.7]
• DD ii rr [10.6]

In the following example, the fileii nn pp .. ff ++ contains
ff :: {{ 44 ,, 55 ,, 11 ,, 22 }}
PP rr [[ ff [[ 22 ]] ]]
ff ++ 44
⊂⊂iinnppuutt tteerrmmiinnaattiioonn cchhaarraacctteerr⊃⊃

and no fileii nn pp .. ff -- exists.

## II [[ 11 ]] :: :: << "" ii nn pp .. ff ++ ""

55

## OO [[ 11 ]] :: {{ 88 ,, 99 ,, 55 ,, 66 }}

## II [[ 22 ]] :: :: ff

## OO [[ 22 ]] :: {{ 44 ,, 55 ,, 11 ,, 22 }}

## II [[ 33 ]] :: :: << "" ii nn pp .. ff -- ""

## OO [[ 33 ]] :: << "" ii nn pp .. ff -- ""

PP uu tt [[ ee xxpprr11,, (ee xxpprr22,, . . .),, (ff iilleessppeecc : TT ee rr mm ii nn aa ll )]]
outputs assignments defining values given for theee xxpprrii to the specified file ff iilleessppeecc in a form suitable for
subsequent input.

## II [[ 11 ]] :: :: ff [[ 00 ]] :: bb

## OO [[ 11 ]] :: bb
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## II [[ 22 ]] :: :: ff [[ $$ xx ]] :: $$ xx ˆ̂ 33

33
## OO [[ 22 ]] :: $$ xx

## II [[ 33 ]] :: :: PP uu tt [[ ff ]]

33
ff [[ $$ xx ]] :: $$ xx
ff [[ 00 ]] :: bb

33
## OO [[ 33 ]] :: {{ [[ 00 ]] :: bb ,, [[ $$ xx ]] :: $$ xx }}

## II [[ 44 ]] :: :: aa :: 55

## OO [[ 44 ]] :: 55

## II [[ 55 ]] :: :: PP uu tt [[ ff ,, aa ,, ]]

33
ff [[ $$ xx ]] :: $$ xx
ff [[ 00 ]] :: bb
aa :: 55

## OO [[ 55 ]] :: 55

## II [[ 66 ]] :: :: PP uu tt [[ ff ,, ff aa dd ee ff ]]

33
## OO [[ 66 ]] :: {{ [[ 00 ]] :: bb ,, [[ $$ xx ]] :: $$ xx }}

## II [[ 77 ]] :: :: PP uu tt [[ aa ,, ff ,, ff aa dd ee ff ]]

33
## OO [[ 77 ]] :: {{ [[ 00 ]] :: bb ,, [[ $$ xx ]] :: $$ xx }}

The file ff aa dd ee ff then contains

ff [[ $$ xx ]] :: $$ xx ˆ̂ 33
ff [[ 00 ]] :: bb

aa :: 55
ff [[ $$ xx ]] :: $$ xx ˆ̂ 33
ff [[ 00 ]] :: bb

OO pp ee nn [[ (ff iilleessppeecc : TT ee rr mm ii nn aa ll ),, (ggccooddee)]]
causes all subsequent standard and graphics [10.2] mode input and output expressions to be entered into the
specified file ff iilleessppeecc [10.3]. If the graphics codeggccooddee [A.6] is given, its value overrides any ggccooddee value
in ff iilleessppeecc and modifies the value of__ ff iillee[[ FF ii ll ee ]] [4] accordingly. Terminal hardware characteristics
[A.7] may be specified byII nn ii tt [10.6].

CC ll oo ss ee [[ ff iillee11,, ff iillee22,, . . .]]
terminates entry of input and output expressions into the specified files.

CC ll oo ss ee [[ ]] stops the printing of any output on the standard output medium untilOO pp ee nn [[ ]] occurs.



10.4 SMPREFERENCE MANUAL / Non-computational operations 10.4

10.4 Displayoperations

(Implementation dependent)

In display input mode, the pointer (often a display cursor) of an interactive display terminal may be used to locate
and select parts of displayed expressions. Thepointer is positioned either through an analog device, or from the
terminal keyboard:⊂⊂uupp⊃⊃ ⊂⊂ddoowwnn⊃⊃ ⊂⊂lleefftt⊃⊃ and ⊂⊂rriigghhtt⊃⊃ move the pointer one position up, down, left or right
respectively; ⊂⊂ttaabb uupp⊃⊃ eettcc. move sev eral positions.⊂⊂sseelleecctt⊃⊃ selects the minimal expression covering the current
pointer position and any previous pointer positions indicated by⊂⊂mmaarrkk⊃⊃. ⊂⊂ssccrr oollll ffoorrwwaarrdd⊃⊃ and⊂⊂ssccrr oollll bbaacckk⊃⊃
display subsequent and previous sections of output.

An II nn ii tt projection [10.6] may be used to specify the character sequences typed from the terminal to indicate
⊂⊂uupp⊃⊃ eettcc. and the corresponding character sequences sent to the terminal to perform these operations.
• [A.7]

LL [[ ee xxpprr,, (tteemmpp : LL ii ss tt )]]
enters display input mode displaying the expressionee xxpprr and yields the result from application of the tem-
platetteemmpp to the set of filters corresponding to the subexpressions selected.
• AA tt [7.2]
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10.5 Textual operations

EE dd [[ ee xxpprr,, (ff iilleessppeecc)]]
enters edit mode [1.7], with the textual form ofee xxpprr, as printed byLL pp rr , in the edit buffer, and yields as a
result the edited expression. Ifff iilleessppeecc [10.3] is given, the specified file (or portion thereof), with the textual
form of ee xxpprr appended, is placed in the edit buffer; upon exit fromEE dd , NN uu ll ll is returned and the edited text
is written back to the file.

EE dd hh [[ ee xxpprr,, (ff iilleessppeecc)]]
enters edit mode [1.7] with the text of a partially simplified form [3.5] ofee xxpprr in the edit buffer. If ff iilleessppeecc
[10.3] is given, the specified file (or portion thereof), with the text of a partially simplified form [3.5] ofee xxpprr
appended, is placed in the edit buffer; upon exit from EE dd hh , NN uu ll ll is returned and the edited text is written
back to the file.
• EE vv [3.7]

## II [[ 11 ]] :: :: ff :: DD [[ LL oo gg [[ LL oo gg [[ xx ]] ]] ,, xx ]]

11
## OO [[ 11 ]] :: -- -- -- -- -- -- -- --

xx LL oo gg [[ xx ]]

## II [[ 22 ]] :: :: EE dd [[ @@ 11 ]]

11 // (( xx ** LL oo gg [[ xx ]] ))
<< ee dd ii tt >> ˆ̂ ++ 33

11 // (( xx ** LL oo gg [[ xx ++ 33 ]] ))
<< ee dd ii tt >>

11
## OO [[ 22 ]] :: -- -- -- -- -- -- -- -- -- -- -- --

xx LL oo gg [[ 33 ++ xx ]]

## II [[ 33 ]] :: :: EE dd hh [[ ## II [[ 11 ]] ]]

ff :: DD [[ LL oo gg [[ LL oo gg [[ xx ]] ]] ,, xx ]]
<< ee dd ii tt >> ˆ̂ 11 //

ff :: DD [[ LL oo gg [[ LL oo gg [[ 11 // xx ]] ,, xx ]]
<< ee dd ii tt >>

-- 11
## OO [[ 33 ]] :: -- -- -- -- -- -- -- --

11
xx LL oo gg [[ -- ]]

xx

MM aa kk ee [[ (ssttaarrtt : ## ),, (ee xxpprr:: (next integer))]]
generates a symbol with name obtained by concatenating the textual form ofssttaarrtt with the textual form of
ee xxpprr, or, by default, with the smallest positive integer necessary to form a previously unused name.

## II [[ 11 ]] :: :: aa :: MM aa kk ee [[ ]] ++ MM aa kk ee [[ ]] ˆ̂ 22

22
## OO [[ 11 ]] :: ## 11 ++ ## 22

## II [[ 22 ]] :: :: {{ MM aa kk ee [[ xx ]] ,, MM aa kk ee [[ aa ++ tt ]] ,, MM aa kk ee [[ hh ,, 22 ]] ,, MM aa kk ee [[ hh ]] }}

## OO [[ 22 ]] :: {{ xx 11 ,, "" tt ++ ##11 ++ ## 22 ˆ̂ 22 11 "" ,, hh 22 ,, hh 11 }}

EE xx pp ll [[ ee xxpprr,, (nn)]]
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gives a list of numerical codes for each of the characters appearing in the textual form ofee xxpprr (as printed by
LL pp rr ). A second filter yields thennth code in the list. Characters are numbered from00 to 99 44 in the order:
00 11 22 33 44 55 66 77 88 99 aa bb cc dd ee ff gg hh ii jj kk ll mm nn oo pp qq rr ss tt uu vv ww xx yy zz AA BB CC DD EE FF GG HH II JJ KK LL MM NN OO PP QQ RR SS TT UU VV WW XX YY ZZ
## %% $$ ⊂⊂ssppaaccee⊃⊃!! "" && ’’ (( )) ** ++ ,, -- .. // :: ;; << == >> ?? @@ [[ \\ ]] ˆ̂ __ ‘‘ {{ || }} ˜̃
Negative integers--cc correspond to absolute character codescc in the native system character set.
• [A.5]

II mm pp ll [[  nn11,, nn22,, nn33,, . . . ]]
generates a symbol whose name consists of the characters specified by the numerical codesnn11, nn22, nn33, . . .  .

## II [[ 11 ]] :: :: EE xx pp ll [[ aa bb cc 55 44 77 DD ]]

## OO [[ 11 ]] :: {{ 11 00 ,, 11 11 ,, 11 22 ,, 55 ,, 44 ,, 77 ,, 33 99 }}

## II [[ 22 ]] :: :: II mm pp [[ %% ]]

## OO [[ 22 ]] :: II mm pp [[ {{ 11 00 ,, 11 11 ,, 11 22 ,, 55 ,, 44 ,, 77 ,, 33 99 }} ]]

## II [[ 33 ]] :: :: tt :: aa ˆ̂ 22 ++ bb ++ cc

22
## OO [[ 33 ]] :: bb ++ cc ++ aa

## II [[ 44 ]] :: :: EE xx pp [[ tt ]]

22
## OO [[ 44 ]] :: EE xx pp [[ bb ++ cc ++ aa ]]

## II [[ 55 ]] :: :: II mm pp ll [[ %% ]]

22
## OO [[ 55 ]] :: II mm pp ll [[ EE xx pp [[ bb ++ cc ++ aa ]] ]]

## II [[ 66 ]] :: :: EE xx pp ll [[ SS MM PP ]]

## OO [[ 66 ]] :: {{ 55 44 ,, 44 88 ,, 55 11 }}

## II [[ 77 ]] :: :: CC aa tt [[ %% ,, %% ,, %% ]]

## OO [[ 77 ]] :: {{ 55 44 ,, 44 88 ,, 55 11 ,, 55 44 ,, 44 88 ,, 55 11 ,, 55 44 ,, 44 88 ,, 55 11 }}

## II [[ 88 ]] :: :: II mm pp ll [[ %% ]]

## OO [[ 88 ]] :: SS MM PP SS MM PP SS MM PP



10.6 SMPREFERENCE MANUAL / Non-computational operations 10.6

10.6 Externaloperations

II nn ii tt [[ (ppaarr11,, ppaarr22,, . . .)]]
assigns various external parameters as specified in [A.9], and yields a list of the values of all the assigned
parameters. Any filter or part of a filter given as NN uu ll ll is taken to represent the previous value of that filter
or part.

EE xx ii tt [[ (ee xxpprr)]]
terminates the current job, passingee xxpprr as an "exit code" [A.3] to the monitor (shell).

RR uu nn [[ ee xxpprr,, (aarr gg11,, aarr gg22,, . . .)]]
executes the textual form ofee xxpprr (printed byLL pp rr [10.1]) as a monitor (shell) command or program [A.3],
using the textual forms of theaarr ggii as input; the text of any output generated is simplified and given as the
image.
• [1.6]

DD ss pp [[ (ff iillee : ss mm pp .. oo uu tt ),, (sseecctt : II nn ff )]]
prints the section offf iillee specified bysseecctt:

nn First nn lines

-- nn Lastnn lines

{{ nn11,, nn22}} Linesnn11 throughnn22

HH aa rr dd [[ (ee xxpprr),, (ccooddee),, (ggccooddee)]]
generates a hard copy of ee xxpprr on the device specified byccooddee. HH aa rr dd [[ ]] yields a hard copy of all input and
output expressions. Graphicsoutput is given if possible.

SS aa vv ee [[ (rr eecc : ss mm pp .. oo uu tt ),, ff iillee]]
creates a permanent copyff iillee of the record filerr eecc.

SS ee nn dd [[ (uunnaammee11,, uunnaammee22,, . . .)]]
enters send mode: arbitrary text terminated by⊂⊂iinnppuutt tteerrmmiinnaattiioonn cchhaarraacctteerr⊃⊃ is sent to the locations or
users identified byuunnaammeeii. ⊂⊂bbrr eeaakk iinntteerrrruupptt⊃⊃ may be used to include SMP expressions.SS ee nn dd [[ ]] sends
the text to a central SMP report file at each installation.

DD ii rr [[ ddiirr]]
changes the default "user" file directory [A.2] toddiirr. DD ii rr [[ ]] resets to the directory given at initialization.

In the following example, the monitor programmm aa tt hh .. ee tt aa reads two numbers as input, and yields a number as
output.

## II [[ 11 ]] :: :: RR uu nn [[ "" mm aa tt hh .. ee tt aa "" ,, 00 .. 55 ,, 11 ]]

## OO [[ 11 ]] :: 55 .. 66 11 11 22 44

## II [[ 22 ]] :: :: RR uu nn [[ "" mm aa tt hh .. ee tt aa "" ,, 00 .. 55 ]]

## II [[ 33 ]] :: :: RR uu nn [[ "" mm aa tt hh .. ee tt aa "" ,, 00 .. 55 ,, 11 ,, 11 .. 44 ]]

## OO [[ 44 ]] :: 55 .. 66 11 11 22 44
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10.7 Codefi le input and generation

(Implementation dependent)

CC oo nn ss [[   pprr oojj11   ,, (    pprr ooggffiillee11  ,, (llaanngg)   ),, (ccooddeeff iillee),,
(  ssuuppppff iillee11  ),, (  ssyymmssppeecc11  ),, (llaanngg)]]

generates if possible definitions in intermediate languagellaanngg for the projectorspprr oojjii which are defined in
the current SMP session. These definitions are compiled together with the program files pprr ooggffiilleeii. The
resulting machine code, together with the code files ssuuppppff iilleeii, is either written into the code file ccooddeeff iillee or,
if ccooddeeff iillee is not specified, used for the remainder of the SMP session to evaluate projections from thepprr oojjii.
ssyymmssppeeccii [10.7] may be used to specify characteristics of thepprr oojjii and of functions in thepprr ooggffiilleeii.

CC oo nn ss returns a list of thepprr oojjii for which functions were generated.

A CC oo nn ss projection is equivalent to a sequence ofPP rr oo gg , CC oo dd ee , and (if no ccooddeeff iillee is specified) LL oo aa dd
projections.
• PP rr oo gg , CC oo dd ee , LL oo aa dd [10.7]
• CC oo nn ss [4]

PP rr oo gg [[   pprr oojj11   ,, (pprr ooggffiillee : TT ee rr mm ii nn aa ll ),, (  ssyymmssppeecc11  ),, (llaanngg)]]
generates if possible definitions in intermediate languagellaanngg for the projectorspprr oojjii which are defined in
the current SMP session; these definitions are written to the file pprr ooggffiillee (terminal as default). ssyymmssppeeccii
[10.7] may be used to specify characteristics of thepprr oojjii.

PP rr oo gg returns a list of thepprr oojjii for which functions were generated.

PP rr oo gg [[ ee xxpprr,, (pprr ooggffiillee:TT ee rr mm ii nn aa ll ),, ( ssyymmssppeecc11 )),, (llaanngg)]]
generates if possible code in intermediate languagellaanngg corresponding toee xxpprr.

• CC oo nn ss , CC oo dd ee , LL oo aa dd [10.7]

CC oo dd ee [[  pprr oojj11  ,, (    pprr ooggffiillee11  ,, (llaanngg)   ),, ccooddeeff iillee,, (  ssuuppppff iillee11  ),, (  ssyymmssppeecc11  )]]
compiles intermediate language definitions for the projectorspprr oojjii in the program files pprr ooggffiilleeii; the result-
ing machine code, together with the code files ssuuppppff iilleeii, is written intoccooddeeff iillee, a code file suitable for load-
ing with LL oo aa dd or CC oo nn ss . ssyymmssppeeccii [10.7] may be used to specify characteristics of functions in thepprr oogg--
ff iilleeii.

CC oo dd ee returns pprr oojj11 .
• CC oo nn ss , PP rr oo gg , LL oo aa dd [10.7]

LL oo aa dd [[  pprr oojj11  ,, ccooddeeff iillee]]
loads machine code definitions for the projectorspprr oojjii in the code file ccooddeeff iillee; these definitions are used for
the remainder of the SMP session to evaluate projections from thepprr oojjii.

LL oo aa dd returns pprr oojj11 .
• CC oo nn ss , PP rr oo gg , LL oo aa dd [10.7]
• CC oo nn ss [4]

A program file [A.4] contains definitions in an intermediate compilable language (such as C or FORTRAN).

An object file contains definitions in the native machine language and is typically the output of a compiler and an
assembler.

A code file [A.4] is a file generated byCC oo dd ee or CC oo nn ss containing machine language definitions to evaluate SMP
projections in a form suitable for loading withLL oo aa dd or CC oo nn ss . When a code file is generated, characteristics of
these definitions may be specified in ssyymmssppeeccii; this information is entered into the file and used when the defini-
tions are loaded into SMP. Code files may also contain instructions to operating system programs such as the
linker. The contents and format of a code file are implementation-dependent.

Following is a detailed treatment of the filters taken byCC oo nn ss , PP rr oo gg , CC oo dd ee , and LL oo aa dd .

llaanngg
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llaanngg is a numerical code specifying the language of any pprr ooggffiilleeii supplied toCC oo dd ee or CC oo nn ss , the language of the
definitions to be generated byPP rr oo gg or CC oo nn ss , and the default oobbjjllaanngg for any ssyymmssppeeccii. Available languages and
their numerical codes are given in the Implementation Notes.A defaultllaanngg is set byII nn ii tt [10.6].

pprr oojj

In a PP rr oo gg or CC oo nn ss projection,  pprr oojj11   specifies the projectors for which intermediate language definitions
are to be generated.A NN uu ll ll entry specifies that functions are to be generated for all projectors on which the pre-
vious list entry depends. (Entries in  pprr oojj11   may be lists:{{ {{ ff ,, gg }} ,, }} and {{ ff ,, ,, gg ,, }} are equivalent, both
specifying the generation of functions for all projectors invoked by either ff or gg , as well as forff andgg .) If no
NN uu ll ll entries are present in  pprr oojjii  , PP rr oo gg andCC oo nn ss do not generate functions for such projectors, except
whenCC oo nn ss is invoked without ccooddeeff iillee, pprr ooggffiillee, or ssuuppppff iillee arguments.

In a CC oo dd ee projection, pprr oojj11  specifies projectors for which information is to be entered inccooddeeff iillee to permit
calling of the machine language definitions from SMP whenccooddeeff iillee is loaded.Such projectors may also be speci-
fied toCC oo nn ss .

In a LL oo aa dd projection, pprr oojj11  specifies projectors from which projections are to be evaluated by compiled func-
tions in theccooddeeff iilleeii. (The names of the projectors must be identical to those used byCC oo dd ee or CC oo nn ss when the
code files were generated.)

pprr ooggffiillee

In   pprr ooggffiillee11 ,, (llaanngg) , llaanngg specifies to CC oo dd ee or CC oo nn ss the language of the files in pprr ooggffiillee11 ; ee.gg.,
{{ {{ {{ ff 11 .. cc ,, ff 22 .. cc }} ,, 11 }} ,, {{ ss rr cc ,, 22 }} }} specifies that the files ff 11 .. cc and ff 22 .. cc are in language11 and that the
fi le ss rr cc is in language22 .

00 is a special numerical code specifying the native machine language, used only to identify object files supplied to
CC oo dd ee or CC oo nn ss . A code of00 may not be specified as thellaanngg fi lter in aPP rr oo gg or CC oo nn ss projection.

ccooddeeff iillee

ccooddeeff iilleeii are code files generated byCC oo dd ee or CC oo nn ss . When a code file is generated, any information supplied to
CC oo dd ee or CC oo nn ss in ssyymmssppeeccii or in ssuuppppff iilleeii is entered into the file.

ssuuppppff iillee

ssuuppppff iilleeii are code files supplied toLL oo aa dd or CC oo nn ss . In aLL oo aa dd or CC oo nn ss projection, it is not necessary to provide
ssyymmssppeeccii for any functions in thessuuppppff iilleeii.

ssyymmssppeecc

ssyymmssppeecc is a list of the form
{{ ( ssyymmbbooll11 ),, (oobbjjeecctt),, (oobbjjttyyppee),, (nnaarr gg),, ( aarr ggttyyppee ),, (oobbjjllaanngg)}} . ssyymmssppeeccii are used to specify the character-
istics of functions or variables in definitions to be generated byPP rr oo gg or CC oo nn ss , and in pprr ooggffiilleeii supplied to
CC oo dd ee or CC oo nn ss .

ssyymmbbooll11 is an SMP projector or symbol andoobbjjeecctt is the intermediate language function or variable corresponding
to ssyymmbbooll11. Unlessoobbjjeecctt is given, the name of the function or variable is derived from ssyymmbbooll11; the method of
derivation is given in the Implementation Notes, and is dependent onoobbjjllaanngg. If oobbjjeecctt is a variable,oobbjjttyyppee speci-
fies the data type of the variable. Ifoobbjjeecctt is a function,oobbjjttyyppee specifies the data type of the value it returns,nnaarr gg
is the number of its arguments, aarr ggttyyppee  specifies the data types of the arguments, andoobbjjllaanngg is the intermedi-
ate language in which the function is written.

Data types are given by numerical codes:

11 integer

22 single-precision floating-point

33 double-precision floating-point
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The default type and any additional types available are given in the Implementation Notes.

A ssyymmssppeecc may give a single ssyymmbbooll, a list of ssyymmbboollii, or the symbolNN uu ll ll . If a list of ssyymmbboollii is given, any val-
ues specified in thessyymmssppeecc are applied as characteristics for each of thessyymmbboollii. If the symbolNN uu ll ll is given,
values are applied to all objects for which those characteristics are not otherwise specified; this form ofssyymmssppeecc
may be used to override default values.

If the intermediate language functionoobbjjeecctt is being supplied in apprr ooggffiillee as the definition for the projectorssyymm--
bbooll (wheressyymmbbooll is one of thepprr oojjii), nnaarr gg specifies the number of filters taken byssyymmbbooll. In aCC oo nn ss projection,
if nnaarr gg is not given in the ssyymmssppeecc for ssyymmbbooll, SMP attempts to determinennaarr gg from an invocation ofssyymmbbooll in
the SMP definition of another of thepprr oojjii. If such an invocation does not exist, or ifoobbjjeecctt is being supplied to
CC oo dd ee , an unspecifiednnaarr gg causes projections fromssyymmbbooll to call oobbjjeecctt with two arguments, the number of fil-
ters in the projection and an array of the filters.

• II nn ll ii nn ee [4]

## II [[ 11 ]] :: :: ff [[ $$ xx ]] :: :: SS uu mm [[ NN [[ $$ xx ˆ̂ (( ii -- jj )) ]] ,, {{ {{ ii ,, 11 ,, 33 00 }} ,, {{ jj ,, 11 ,, 33 00 }} }} ]]

ii -- jj
## OO [[ 11 ]] :: ´́ SS uu mm [[ NN [[ $$ xx ]] ,, {{ {{ ii ,, 11 ,, 33 00 }} ,, {{ jj ,, 11 ,, 33 00 }} }} ]]

## II [[ 22 ]] :: :: ff [[ 11 .. 11 ]]

## OO [[ 22 ]] :: 11 77 00 55 .. 77 44

## II [[ 33 ]] :: :: tt 11 :: TT ii mm ee [[ ff [[ 11 .. 11 ]] ,, 33 ]]

## OO [[ 33 ]] :: EE rr rr [[ 11 00 .. 22 77 22 22 ,, 00 .. 33 22 00 33 99 77 ]]

## II [[ 44 ]] :: :: PP rr oo gg [[ ff ]]

dd oo uu bb ll ee ff (( )) ;;
dd oo uu bb ll ee cc __ dd ii pp oo ww (( )) ;;

// **
ii -- jj

ff [[ $$ xx ]] :: :: SS uu mm [[ NN [[ $$ xx ]] ,, {{ {{ ii ,, 11 ,, 33 00 }} ,, {{ jj ,, 11 ,, 33 00 }} }} ]]
** //

dd oo uu bb ll ee ff (( dd __ xx ))
dd oo uu bb ll ee dd __ xx ;;
{{

dd oo uu bb ll ee tt __ 22 ;;

{{
rr ee gg ii ss tt ee rr ii nn tt jj ;;

ff oo rr (( jj == 11,, tt __ 22 == 00 .. 00 ;; jj <<== 33 00 ;; jj ++ ++ )) {{
dd oo uu bb ll ee tt __ 11 ;;

{{
rr ee gg ii ss tt ee rr ii nn tt ii ;;

ff oo rr (( ii == 11,, tt __ 11 == 00 .. 00 ;; ii <<== 33 00 ;; ii ++ ++ ))
tt __ 11 ++ == cc __ dd ii pp oo ww (( dd __ xx ,, ii ++ -- jj )) ;;

}}
tt __ 22 ++ == tt __ 11 ;;

}}
}}
rr ee tt uu rr nn tt __ 22 ;;

}}

## OO [[ 44 ]] :: {{ ´́ ff }}

## II [[ 55 ]] :: :: CC oo nn ss [[ ff ]]

## OO [[ 55 ]] :: {{ ´́ ff }}
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## II [[ 66 ]] :: :: ff ::

## II [[ 77 ]] :: :: ff [[ 11 .. 11 ]]

## OO [[ 77 ]] :: 11 77 00 55 .. 77 44

## II [[ 88 ]] :: :: tt 22 :: TT ii mm ee [[ ff [[ 11 .. 11 ]] ,, 33 ]]

## OO [[ 88 ]] :: EE rr rr [[ 00 .. 00 77 77 77 77 77 88 ,, 00 .. 00 00 77 88 55 66 77 44 ]]

## II [[ 99 ]] :: :: NN [[ tt 11 // tt 22 ]]

## OO [[ 99 ]] :: EE rr rr [[ 11 33 22 .. 00 77 11 ,, 11 33 .. 99 66 22 77 ]]

In the following example, machine code definitions for two projectorsff andgg are placed in a code fileff bb ii nn .

## II [[ 11 ]] :: :: ff [[ $$ xx ]] :: :: SS ii nn [[ $$ xx ˆ̂ 22 ]] -- gg [[ $$ xx // 22 ]]

22 $$ xx
## OO [[ 11 ]] :: ´́ SS ii nn [[ $$ xx ]] -- gg [[ -- -- ]]

22

## II [[ 22 ]] :: :: gg [[ $$ yy ]] :: :: (( LL cc ll [[ aa ]] ;; aa :: CC oo ss [[ $$ yy ]] ;; aa ˆ̂ 22 -- aa ))

22
## OO [[ 22 ]] :: ´́ LL cc ll [[ aa ]] ;; aa :: CC oo ss [[ $$ yy ]] ;; aa -- aa

## II [[ 33 ]] :: :: CC oo nn ss [[ {{ ff ,, gg }} ,, ff bb ii nn ]]

## OO [[ 33 ]] :: {{ ff ,, gg }}

The definitions inff bb ii nn may then be loaded into a subsequent SMP job.

## II [[ 11 ]] :: :: LL oo aa dd [[ {{ ff ,, gg }} ,, ff bb ii nn ]]

## OO [[ 11 ]] :: {{ ff ,, gg }}

## II [[ 22 ]] :: :: ff [[ 66 ]]

## OO [[ 22 ]] :: -- 22 .. 99 66 11 88 66

## II [[ 33 ]] :: :: gg [[ 33 ]]

## OO [[ 33 ]] :: 11 .. 99 77 00 00 88

## II [[ 44 ]] :: :: gg [[ -- 11 ]]

## OO [[ 44 ]] :: -- 00 .. 22 44 88 33 77 66

## II [[ 11 ]] :: :: ff [[ $$ xx ]] :: :: (( $$ xx ** bb )) ˆ̂ aa

aa
## OO [[ 11 ]] :: ´́ (( $$ xx bb ))
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## II [[ 22 ]] :: :: PP rr oo gg [[ ff ,, ,, {{ {{ aa ,, ,, 11 }} ,, {{ bb ,, cc }} }} ]]

dd oo uu bb ll ee ff (( )) ;;
ii nn tt aa ;;
dd oo uu bb ll ee cc ;;
dd oo uu bb ll ee cc __ dd ii pp oo ww (( )) ;;

// **
aa

ff [[ $$ xx ]] :: :: (( $$ xx bb ))
** //

dd oo uu bb ll ee ff (( dd __ xx ))
dd oo uu bb ll ee dd __ xx ;;
{{

rr ee tt uu rr nn cc __ dd ii pp oo ww (( dd __ xx ** cc ,, aa )) ;;
}}

## OO [[ 22 ]] :: {{ ´́ ff }}

## II [[ 33 ]] :: :: CC oo nn ss [[ ff ,, ,, ,, ,, {{ {{ aa ,, ,, 11 }} ,, {{ bb ,, cc }} }} ]]

## OO [[ 33 ]] :: {{ ´́ ff }}

## II [[ 44 ]] :: :: aa :: 55

## OO [[ 44 ]] :: 55

## II [[ 55 ]] :: :: bb :: 33

## OO [[ 55 ]] :: 33

## II [[ 66 ]] :: :: ff [[ 22 .. 22 ]]

## OO [[ 66 ]] :: 11 22 55 22 33 .. 33

## II [[ 77 ]] :: :: aa :: 11 .. 55

## OO [[ 77 ]] :: 11 .. 55

## II [[ 88 ]] :: :: ff [[ 11 ]]

33 // 22
## OO [[ 88 ]] :: 33

## II [[ 99 ]] :: :: ff ::

## II [[ 11 00 ]] :: :: ff [[ 11 ]]

## OO [[ 11 00 ]] :: ff [[ 11 ]]
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10.8 Resourcemanagement and analysis

TT ii mm ee [[ ee xxpprr,, (nn : 11 )]]
simplifiesee xxpprr nn times, and yields anEE rr rr projection [2.1] giving the approximate average CPU time in sec-
onds [A.8] used for each simplification.
• ## TT [1.3]
• %% TT[6.3]
• CC ll oo cc kk [10.9]

## II [[ 11 ]] :: :: tt :: SS [[ xx ,, $$ xx -- >> LL oo gg [[ $$ xx ]] ,, 11 00 ]]

## OO [[ 11 ]] :: LL oo gg [[ LL oo gg [[ LL oo gg [[ LL oo gg [[ LL oo gg [[ LL oo gg [[ LL oo gg [[ LL oo gg [[ LL oo gg [[ LL oo gg [[ xx ]] ]] ]] ]] ]] ]] ]] ]] ]] ]]

## II [[ 22 ]] :: :: TT ii mm ee [[ DD [[ tt ,, xx ,, xx ]] ,, 55 ]]

## OO [[ 22 ]] :: EE rr rr [[ 00 .. 66 11 66 66 66 77 ,, 00 .. 00 33 33 33 33 33 33 ]]

GG cc [[ (ffrr aacc)]]
reclaims memory (store) not required for further processing (by "compacting garbage collection").GG cc [[ ]]
reclaims memory as soon as possible,GG cc [[ ffrr aacc]] whenever a fractionffrr aacc of the total available memory has
been used.GG cc [[ II nn ff ]] inhibits all further memory reclamation.
• II nn ii tt [10.6]

MM ee mm [[ ]]
yields a list giving the number of memory "blocks" used (after last memory reclamation, at present, and
maximum so far). (Whena finite absolute maximum memory is available [A.8], it is given as afourth ele-
ment of the list.) One block is the memory required to store a single symbol (usually 16 bytes [A.8]).
• II nn ii tt [10.6]

## II [[ 11 ]] :: :: PP rr [[ MM ee mm [[ ]] ]] ;; RR pp tt [[ RR ee xx [[ ]] ,, 22 00 ]] ;; PP rr [[ MM ee mm [[ ]] ]] ;; GG cc [[ ]] ;; PP rr [[ MM ee mm [[ ]] ]] ;;

{{ 33 33 00 11 ,, 11 00 33 66 88 ,, 22 00 44 00 77 }}
{{ 33 33 00 11 ,, 11 77 99 11 22 ,, 22 88 55 66 22 }}
{{ 44 44 55 66 ,, 44 44 66 44 ,, 11 55 44 88 00 }}

SS ii zz ee [[ ee xxpprr]]
yields a list whose first entry is the actual number of memory blocks occupied byee xxpprr ,, and whose second
entry is the number which would be occupied if all subexpressions were stored separately.
• SS tt rr uu cc tt [10.10]

SS hh aa rr ee [[ ee xxpprr]]
minimizes memory used to storeee xxpprr (by sharing memory for identical subexpressions).SS hh aa rr ee [[ ]] shares
memory for all identical expressions.

## II [[ 11 ]] :: :: SS ii zz ee [[ aa ]]

## OO [[ 11 ]] :: {{ 11 ,, 11 }}

## II [[ 22 ]] :: :: SS ii zz ee [[ aa ++ bb ]]

## OO [[ 22 ]] :: {{ 33 ,, 33 }}

## II [[ 33 ]] :: :: rr :: xx

## OO [[ 33 ]] :: xx
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## II [[ 44 ]] :: :: RR pp tt [[ rr :: rr // (( 11 ++ rr )) ,, 44 ]]

xx
## OO [[ 44 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

xx
(( 11 ++ xx)) ((11 ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ))

xx
(( 11 ++ xx)) ((11 ++ -- -- -- -- -- ))

11 ++ xx

xx
** ((11 ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ))

xx xx
(( 11 ++ xx)) ((11 ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- )) (( 11 ++ -- -- -- -- -- ))

xx 11 ++ xx
(( 11 ++ xx)) ((11 ++ -- -- -- -- -- ))

11 ++ xx

xx
** ((11 ++ -- -- -- -- -- ))

11 ++ xx

## II [[ 55 ]] :: :: SS ii zz ee [[ rr ]]

## OO [[ 55 ]] :: {{ 33 66 ,, 88 44 }}

## II [[ 66 ]] :: :: aa :: DD [[ LL oo gg [[ LL oo gg [[ SS ii nn [[ xx ]] ]] ]] ,, xx ,, xx ]]

-- CC oo ss [[ xx ]] (( CC oo ss [[ xx ]] ++ CC oo ss [[ xx ]] LL oo gg [[ SS ii nn [[ xx ]] ]] ))
-- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- SS ii nn [[ xx ]]

LL oo gg [[ SS ii nn [[ xx ]] ]] SS ii nn [[ xx ]]
## OO [[ 66 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

LL oo gg [[ SS ii nn [[ xx ]] ]] SS ii nn [[ xx ]]

## II [[ 77 ]] :: :: SS ii zz ee [[ %% ]]

## OO [[ 77 ]] :: {{ 33 66 ,, 44 88 }}

## II [[ 88 ]] :: :: SS hh aa rr ee [[ aa ]]

-- CC oo ss [[ xx ]] (( CC oo ss [[ xx ]] ++ CC oo ss [[ xx ]] LL oo gg [[ SS ii nn [[ xx ]] ]] ))
-- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- SS ii nn [[ xx ]]

LL oo gg [[ SS ii nn [[ xx ]] ]] SS ii nn [[ xx ]]
## OO [[ 88 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

LL oo gg [[ SS ii nn [[ xx ]] ]] SS ii nn [[ xx ]]

## II [[ 99 ]] :: :: SS ii zz ee [[ %% ]]

## OO [[ 99 ]] :: {{ 22 77 ,, 44 88 }}
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10.9 Asynchronousand parallel operations

(Implementation dependent)

Some implementations allow a set of independent processes to be performed in parallel, either as asynchronous
jobs on a single computing unit, or as jobs in separate computing units.

Processes (including procedures within them) are specified by a unique expression used as a name: the basic
process isNN uu ll ll . A particular expression may be modified by only one of a set of parallel processes. The order
of operations in different processes is usually not determined.

FF oo rr kk [[ (ee xxpprr : NN uu ll ll ),, (nnaammee : (next integer)),, (pprrii : 11 )]]
initiates the named parallel process to simplifyee xxpprr at prioritypprrii, yielding nnaammee. If nnaammee is not specified, a
unique integer name is assigned to the process.Any existing processnnaammee is terminated. Several processes
competing for a single computing unit are executed at higher priorities for lower pprrii. Processes on separate
computing units are executed when possible with instruction times in ratios given by pprrii.

WW aa ii tt [[  nnaammee11,, nnaammee22,, . . . ]]
waits for completion of the processesnnaammee11, nnaammee22, . . .  ,  yielding the resulting ee xxpprr11,, ee xxpprr22,, . . . .

PP aa rr aa [[ ee xxpprr11,, ee xxpprr22,, . . .]]
is equivalent toWW aa ii tt [[ {{ FF oo rr kk [[ ee xxpprr11]] ,, FF oo rr kk [[ ee xxpprr22]] ,, . . .}} ]] and simplifies theee xxpprrii in parallel, yield-
ing a list of the results.

FF oo rr kk [[ mmeessss,, ccooddee]] may be used to transfermmeessss to WW aa ii tt [[ ccooddee]] in another process.

FF oo rr kk [[ ,, nnaammee]] terminates the processnnaammee, possibly from withinnnaammee.

CC ll oo cc kk [[ (nnaammee : (present process))]]
yields a list of the total elapsed CPU time and total elapsed real time (both in seconds [A.8]) since the initia-
tion of the specified process (00 if the process is not executing).
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10.10 Development aids

SS tt ee pp [[ ee xxpprr,, (nneesstt : 11 )]]
steps through the simplification ofee xxpprr. Each segment in procedures [6.3] or iteration structures [6.2]
nested to depth less thannneesstt is printed, and an interactive subsidiary procedure is initiated.
• TT rr aa cc ee [4]
• EE vv [3.7]

## II [[ 11 ]] :: :: SS tt ee pp [[ aa :: bb ;; bb :: 22 ˆ̂ 44 ;; PP rr [[ aa ]] ;; aa ++ 22 ]]

%% II [[ 11 ]] :: aa :: bb

%% II [[ 11 ]] :: :: aa

%% OO [[ 11 ]] :: bb

%% II [[ 22 ]] :: :: aa :: bb ++ 33

%% OO [[ 22 ]] :: 33 ++ bb

%% II [[ 33 ]] :: :: ⊂iinnppuutt tteerrmmiinnaattiioonn cchhaarraacctteerr⊃

44
%% II [[ 22 ]] :: bb :: 22

%% II [[ 11 ]] :: :: bb

%% OO [[ 11 ]] :: 11 66

%% II [[ 22 ]] :: :: ⊂iinnppuutt tteerrmmiinnaattiioonn cchhaarraacctteerr⊃

%% II [[ 33 ]] :: PP rr [[ aa ]]

11 99

%% II [[ 11 ]] :: :: %% %%

%% OO [[ 11 ]] :: %% %%

%% II [[ 22 ]] :: :: ⊂iinnppuutt tteerrmmiinnaattiioonn cchhaarraacctteerr⊃

%% II [[ 44 ]] :: aa ++ 22

%% II [[ 11 ]] :: :: ⊂iinnppuutt tteerrmmiinnaattiioonn cchhaarraacctteerr⊃

## OO [[ 11 ]] :: 22 11

## II [[ 22 ]] :: :: aa

## OO [[ 22 ]] :: 11 99

SS tt rr uu cc tt [[ ee xxpprr]]
prints a schematic picture of the internal representation ofee xxpprr.

## II [[ 11 ]] :: :: SS tt rr uu cc tt [[ 11 77 ]]

nn uu mm bb :: 11 77

## OO [[ 11 ]] :: 11 77
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## II [[ 22 ]] :: :: SS tt rr uu cc tt [[ xx ˆ̂ 22 ++ 22 xx ++ 11 ]]

pp rr oo jj :: PP ll uu ss
nn uu mm bb :: 11
ss yy mm bb :: 22 xx

-- >> pp rr oo jj :: PP oo ww
ss yy mm bb :: xx
nn uu mm bb :: 22

22
## OO [[ 22 ]] :: 11 ++ 22xx ++ xx

## II [[ 33 ]] :: :: SS tt rr uu cc tt [[ ff [[ gg [[ hh [[ aa [[ zz ]] ,, bb [[ zz ]] ]] ]] ]] ]]

pp rr oo jj :: ff
-- >> pp rr oo jj :: gg

-- >> pp rr oo jj :: hh
-- >> pp rr oo jj :: aa

ss yy mm bb :: zz
-- >> pp rr oo jj :: bb

ss yy mm bb :: zz

## OO [[ 33 ]] :: ff [[ gg [[ hh [[ aa [[ zz ]] ,, bb [[ zz ]] ]] ]] ]]

## II [[ 44 ]] :: :: SS tt rr uu cc tt [[ {{ {{ {{ {{ {{ 11 }} ,, 22 }} ,, 33 }} ,, 44 }} ,, PP ii ,, EE ,, }} ]]

ll ii ss tt -- >> ll ii ss tt -- >> ll ii ss tt -- >> ll ii ss tt -- >> ll ii ss tt -- >> nn uu mm bb :: 11
ll ii ss tt -- >> nn uu mm bb :: 22

ll ii ss tt -- >> nn uu mm bb :: 33
ll ii ss tt -- >> nn uu mm bb :: 44

ll ii ss tt -- >> ss yy mm bb :: PP ii
ll ii ss tt -- >> ss yy mm bb :: EE
ll ii ss tt -- >> ss yy mm bb :: NN uu ll ll

## OO [[ 44 ]] :: {{ {{ {{ {{ {{ 11 }} ,, 22 }} ,, 33 }} ,, 44 }} ,, PP ii ,, EE ,, }}

## II [[ 55 ]] :: :: SS tt rr uu cc tt [[ aa ˜̃ == bb ˜̃ == cc ]]

pp rr oo jj :: AA nn dd
-- >> pp rr oo jj :: UU nn ee qq

ss yy mm bb :: aa
ss yy mm bb :: bb

-- >> pp rr oo jj :: UU nn ee qq
ss yy mm bb :: aa
ss yy mm bb :: cc

-- >> pp rr oo jj :: UU nn ee qq
ss yy mm bb :: bb
ss yy mm bb :: cc

## OO [[ 55 ]] :: aa ˜̃== bb && aa ˜̃== cc && bb ˜̃== cc
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A.1 Introduction

This appendix describes in general terms features of SMP affected by its external environment. Detailsof these
features vary between different implementations of SMP. Information for a particular implementation is given in
the "Implementation Notes".
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A.2 Externalfi les

If no explicit file directory is specified for an external file to be input byGG ee tt , a sequence of file directories
defined by II nn ii tt is searched in order. The first external file to be found with the required name is used.Typi-
cally one or several default "user" directories are searched first, followed by a central "library" directory.

External files for output generated byLL pp rr , PP uu tt or OO pp ee nn are taken to be in the current file directory, unless
explicitly specified otherwise.

The record file for each SMP job, usually opened in the initialization file ss mm pp .. ii nn ii [A.9], is typically placed in
the "user" directory and namedss mm pp .. oo uu tt .
• DD ii rr [10.5]

The names of external files in the SMP Library begin by convention with the letterXX. Names of files containing
syntax modifications [2.11] end withSS XX .

Comments in external files are taken by convention to begin with the following codes:

// ** ** File or section title

// ** KK :: Ke ywords

// ** AA :: Author

// ** SS :: Site

// ** DD :: Date

// ** UU :: Modification date

// ** :: Projection or symbol description

// ** RR :: References

// ** QQ VV :: Related SMP objects or external files

// ** EE :: Example

// ** General commentary

// ** PP :: Prerequisite external files

// ** WW :: Warnings

// ** II :: Implementation dependencies

// ** FF :: Future enhancements

// ** BB :: Bugs

A preprocessor described in the Implementation Notes may be used to place such external files in a form suitable
for typesetting, as in this document.Three fonts are typically used: a text font, anSS MM PP ee xx pp rr ee ss ss ii oo nn font,
and aniittaalliicc font to represent generic objects. Unless specified otherwise, commentary text is given in the text
font. Words beginning with$$ are given in italics, while words beginning with$$ ## are given in underlined italics.
Te xt in nested comments is given in SMP expression font.Te xt not given as commentary (and thus intended as
SMP input) is placed in SMP expression font.

A detailed treatment of the external file formatting conventions may be found in the SMP Library. The contents of
external files following these conventions may be included in the information mode database using external pro-
grams described in the Implementation Notes.
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A.3 Externaloperations

Monitor (shell) commands specified by arbitrary text strings may be executed usingRR uu nn [10.5]. Whenno explicit
fi le directory is specified for external programs appearing in the commands, a sequence of file directories defined
by II nn ii tt is searched in order. The first program to be found with the correct name is used.

Input from SMP to external programs executed byRR uu nn is usually directed through a channel other than that used
for standard terminal input (as specified in the Implementation Notes). Similarly, output to SMP from the external
programs is through a channel other than that used for standard terminal output. External programs may thus
receive input or generate output on the terminal independent of SMP.

Monitor programs are typically provided to redirect input and output fromRR uu nn to the standard terminal input and
output channels for the external program.Typically a programff rr oo mm ss mm pp takes a sequence or list of numbers
from RR uu nn , converts them to floating point form (usingxxxxEEeeee rather thanxxxx** ˆ̂ eeee format if necessary), and passes
them on the standard input channel.tt oo ss mm pp typically takes a sequence of numbers (separated by white space) on
the standard output channel, converts them if necessary fromxxxxEEeeee to xxxx** ˆ̂ eeee format, and passes them on the
SMP input channel. The programss mm pp ii oo is typically provided to combine these operations; the monitor com-
mand to run a numerical external program fromRR uu nn using standard input and output is thenss mm pp ii oo pprr ooggrraamm.

Most projections for external operations [10.6] execute monitor commands specified byII nn ii tt . The monitor com-
mand executed byRR uu nn takes argumentssseeaarr cchhppaatthh iinnffiillee oouuttffiillee ccoommmm, whereccoommmm is the command to be exe-
cuted,sseeaarr cchhppaatthh is a list of file directories to be searched forccoommmm, iinnff iillee is a file of input containing the textual
forms of the second and later filters of theRR uu nn projection, andoouuttff iillee is a file in which output fromccoommmm is to be
placed. Themonitor command executed byHH aa rr dd takes argumentsff iillee ccooddee and printsff iillee on the device specified
by ccooddee, deletingff iillee on completion.SS ee nn dd executes a monitor command with argumentsff iillee uunnaammee which sends
text in ff iillee to the location or user identified byuunnaammee. SS aa vv ee executes a monitor command with argumentsoolldd
nnee ww which copies the contents of the fileoolldd to the filennee ww.

The command\\ ee in edit mode [1.7] executes a monitor command with argumentff iillee specified in II nn ii tt , which
invokes an interactive text editor onff iillee and leaves the edited text in the same named file.
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A.4 Codeand program files

The file directories searched for code files to be input byLL oo aa dd [10.7] are the same as forGG ee tt [A.2]. Codeand
program files generated byPP rr oo gg and CC oo dd ee are placed in the current file directory, unless explicitly specified
otherwise.

The names of code files in the SMP Library begin by convention with the letterCC. Files giving additional defini-
tions and commentary associated with code files have names beginning withCC XX.

The monitor command to be executed for compilation of intermediate language program files by CC oo dd ee and
CC oo nn ss is specified byII nn ii tt , and typically takes argumentsoouuttff iillee ffiillee11 ffiillee22 . . .  . Theoouuttff iillee argument is imple-
mentation-dependent. Onsome systems, it may be a relocatable binary output from the compilation and linking of
the ff iilleeii. On others, it may be a set of instructions enabling the system linker to collect the files comprising the
output from compilation of theff iilleeii and any ssuuppppff iilleeii in futureLL oo aa dd or CC oo nn ss operations. Similarly, LL oo aa dd and
CC oo nn ss execute a monitor command to prepare code files for loading with argumentsiinnff iillee oouuttffiillee aaddrr. The code
contained or referred to iniinnff iillee (corresponding to the meaning ofoouuttff iillee above) is relocated to allow loading at
hexadecimal addressaaddrr, and the resulting absolute binary code is placed inoouuttff iillee. The code for the intermediate
language function corresponding to the SMP projection to be defined may be required to appear at the beginning
of oouuttff iillee.

The default intermediate language for program files is specified inII nn ii tt . The value11 typically corresponds to
the C language (B.W.Kernighan and D.M.Ritchie, "The C Programming Language", Prentice-Hall 1978).The
names of variables or functions are if possible taken the same as those of the corresponding SMP symbols or pro-
jectors. Textual replacements such as$$→dd __ , ##→hh __ , and %%→pp __ are performed if necessary. The Implemen-
tation Notes give details specific to particular installations.

Intermediate language libraries are often included in programs generated byPP rr oo gg , as specified in the Implemen-
tation Notes.
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A.5 Charactercodes

The following table correlates characters in the SMP character set with their SMP character codes and octal ASCII
equivalents:

00 00 (060) MM 4488 (115)
11 11 (061) NN 44 99 (116)
22 22 (062) OO 5500 (117)
33 33 (063) PP 55 11 (120)
44 44 (064) QQ 5522 (121)
55 55 (065) RR 55 33 (122)
66 66 (066) SS 55 44 (123)
77 77 (067) TT 55 55 (124)
88 88 (070) UU 55 66 (125)
99 99 (071) VV 55 77 (126)
aa 11 00 (141) WW 5588 (127)
bb 11 11 (142) XX 55 99 (130)
cc 11 22 (143) YY 66 00 (131)
dd 11 33 (144) ZZ 66 11 (132)
ee 11 44 (145) ## 66 22 (043)
ff 11 55 (146) %% 6633 (045)
gg 11 66 (147) $$ 66 44 (044)
hh 11 77 (150) ⊂⊂ssppaaccee⊃⊃ 66 55 (040)
ii 11 88 (151) !! 66 66 (041)
jj 11 99 (152) "" 66 77 (042)
kk 22 00 (153) && 66 88 (046)
ll 22 11 (154) ’’ 66 99 (047)
mm 2222 (155) (( 77 00 (050)
nn 22 33 (156) )) 77 11 (051)
oo 22 44 (157) ** 77 22 (052)
pp 22 55 (160) ++ 77 33 (053)
qq 22 66 (161) ,, 77 44 (054)
rr 22 77 (162) -- 77 55 (055)
ss 22 88 (163) .. 77 66 (056)
tt 22 99 (164) // 77 77 (057)
uu 33 00 (165) :: 77 88 (072)
vv 33 11 (166) ;; 77 99 (073)
ww 33 22 (167) << 88 00 (074)
xx 33 33 (170) == 88 11 (075)
yy 33 44 (171) >> 88 22 (076)
zz 33 55 (172) ?? 88 33 (077)
AA 33 66 (101) @@ 8844 (100)
BB 33 77 (102) [[ 88 55 (133)
CC 33 88 (103) \\ 88 66 (134)
DD 33 99 (104) ]] 88 77 (135)
EE 44 00 (105) ˆ̂ 88 88 (136)
FF 44 11 (106) __ 88 99 (137)
GG 4422 (107) ‘‘ 99 00 (140)
HH 44 33 (110) {{ 99 11 (173)
II 44 44 (111) || 99 22 (174)
JJ 44 55 (112) }} 99 33 (175)
KK 44 66 (113) ˜̃ 99 44 (176)
LL 44 77 (114)
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The Implementation Notes provide a table of character codes for installations using other character sets.Any
numerical codecc in the native system character set may be represented with SMP character code--cc.
• EE xx pp ll , II mm pp ll [10.5]

Replacements for input text may be specified usingSS xx ss ee tt [2.11].
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A.6 Outputcharacteristics

Characteristics of standard and graphics mode output are specified by codes inOO pp ee nn projections or by file speci-
fications inff iilleessppeecc fi lters [10.3]. Output characteristics are often initialized inss mm pp .. ii nn ii [A.9].
• OO pp ee nn [10.3]
• II nn ii tt [10.6]

In a ff iilleessppeecc {{ ff iillee,, (lliinneess),, (ffoorrmmaatt)}} , ffoorrmmaatt is given as a list of the form
{{ (wwiiddtthh),, (lleennggtthh),, (pprr ssttyyllee),, (ttaabbss),, (ggccooddee)}} . (ff iillee andlliinneess are described in [10.3].)

wwiiddtthh may be given either as a single number specifying the maximum width of a line or as a list{{ lleeffttmmaarr,, rriigghhtt--
mmaarr}} setting the left and right margins. Thedefault value forwwiiddtthh is {{ 11 ,, 88 00 }} .

lleennggtthh is given as a single number specifying the number of lines to be printed before pausing [1.1].The default
value is II nn ff .

pprr ssttyyllee specifies the maximum length of expressions to be printed in standard two-dimensional format; expressions
which would require more than the specified number of lines are to be printed in a direct linear format.pprr ssttyyllee
may be given as alist {{ mmaaxx,, llpprrmmaaxx}} , wherellpprrmmaaxx applies to printing byLL pp rr [10.1] andmmaaxx to all other print-
ing, or as a single number to be taken as the value for bothmmaaxx and llpprrmmaaxx. The default value forpprr ssttyyllee is
{{ 00 ,, 00 }} ; howev er, at the start of every SMP job,pprr ssttyyllee is initialized in theFF ii ll ee property of the input/output
mediumTT ee rr mm ii nn aa ll to {{ II nn ff ,, 00 }} .
• LL pp rr [10.1]

ttaabbss may be given either as a single numbernn, indicating that terminal hardware tab stops are set every nn columns
starting at11 , or as a list of the tab stop positions. The default value forttaabbss is 00 . ttaabbss is used to inform SMP of
the hardware tab stop positions, not to reset them.

ggccooddee is a numerical code specifying graphics mode output characteristics.ggccooddee may also be given as a filter in
an OO pp ee nn projection [10.3]. Av ailable numerical codes are described in the Implementation Notes and typically
include:

00 Generate output suitable for devices without special graphics capabilities.

11 Generate device-independent codes suitable for input to an external plotting program specified inII nn ii tt .

22 Generate output by executing an external plotting program specified inII nn ii tt using device-independent
codes.

33 Generate output suitable for Tektronix 4010 or equivalent.

44 Generate output suitable for DEC GIGI, VT125, or equivalent.

55 Generate output suitable for Tektronix 4025 or equivalent.

The default value ofggccooddee is 00 .

Parts of __ ff iillee[[ FF ii ll ee ]] , used as the default value forffoorrmmaatt, are automatically reassigned whenffoorrmmaatt is modified
in a ff iilleessppeecc or whenggccooddee is modified in anOO pp ee nn projection. Any part of ffoorrmmaatt given as NN uu ll ll is taken to rep-
resent the previous value of that part.
• FF ii ll ee [4]
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A.7 Terminal characteristics

Terminal characteristics are typically given as a parameter toII nn ii tt [10.6] of the form{{ lliisstt11,, lliisstt22}} .

lliisstt11 specifies the character sequences typed by the user in display mode [10.4] to indicate⊂⊂uupp⊃⊃ ⊂⊂ddoowwnn⊃⊃ ⊂⊂lleefftt⊃⊃
⊂⊂rriigghhtt⊃⊃ ⊂⊂ttaabb uupp⊃⊃ ⊂⊂ttaabb ddoowwnn⊃⊃ ⊂⊂ttaabb lleefftt⊃⊃ ⊂⊂ttaabb rriigghhtt⊃⊃ ⊂⊂ssccrr oollll ffoorrwwaarrdd⊃⊃ ⊂⊂ssccrr oollll bbaacckk⊃⊃ ⊂⊂mmaarrkk⊃⊃ and⊂⊂sseelleecctt⊃⊃.
These character sequences are represented as lists of SMP character codes [A.5] and are given in lliisstt11 as values
indexed respectively by the symbols UU pp , DD oo ww nn , LL ee ff tt , RR ii gg hh tt , TT aa bb UU pp , TT aa bb DD oo ww nn , TT aa bb LL ee ff tt ,
TT aa bb RR ii gg hh tt , FF oo rr ww aa rr dd , BB aa cc kk , MM aa rr kk , and SS ee ll ee cc tt .

Default values for the character sequences to be given as display mode commands are typically:

⊂⊂uupp⊃⊃ uu

⊂⊂ddoowwnn⊃⊃ dd

⊂⊂lleefftt⊃⊃ ll

⊂⊂rriigghhtt⊃⊃ rr

⊂⊂ttaabb uupp⊃⊃ UU

⊂⊂ttaabb ddoowwnn⊃⊃ DD

⊂⊂ttaabb lleefftt⊃⊃ LL

⊂⊂ttaabb rriigghhtt⊃⊃ RR

⊂⊂ssccrr oollll ffoorrwwaarrdd⊃⊃ ++

⊂⊂ssccrr oollll bbaacckk⊃⊃ --

⊂⊂mmaarrkk⊃⊃ ..

⊂⊂sseelleecctt⊃⊃ ⊂⊂nnee wwlliinnee⊃⊃
These defaults may be overridden by execution of an external program described in the Implementation Notes
which prompts the user for direct typing of the character sequences, generates anII nn ii tt projection assigning
appropriate values forlliisstt11, and places theII nn ii tt projection in an initialization file.

If terminal capabilities have been specified inlliisstt22 (see below), keys marked↑ , ↓ , ← , and → are equivalent to
⊂⊂uupp⊃⊃ ⊂⊂ddoowwnn⊃⊃ ⊂⊂lleefftt⊃⊃ and⊂⊂rriigghhtt⊃⊃.

lliisstt22 specifies various capabilities of the terminal, and is often generated on initialization.A monitor command
executed inss mm pp .. pp aa rr [A.9] attempts to ascertain the make and model of the user’s terminal and searches for
information on the terminal’s capabilities in a database typically namedtt ee rr mm cc aa pp from a central system file
directory. Any information retrieved is placed in a list indexed by symbols representing the terminal capabilities.

Details on the format of terminal descriptions intt ee rr mm cc aa pp and in lliisstt22 may be found in the Implementation
Notes.
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A.8 Systemcharacteristics

The "block" is the basic unit of memory used in SMP. Its physical size is specified in the Implementation Notes,
and is typically 16 bytes. SMP jobs usually allocate memory dynamically. If necessary or desirable, an absolute
maximum on memory space may be specified in anII nn ii tt projection.
• MM ee mm[10.8]
• II nn ii tt [10.6]

CPU time used by SMP is reported in seconds, to a resolution of one "tick".A tick is typically 1/60 second; its
value at a particular installation is given in the Implementation Notes.
• ## TT [1.2]
• TT ii mm ee [10.8]
• CC ll oo cc kk [10.10]
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A.9 Initializationand termination

All SMP jobs first read a file typically namedss mm pp .. pp aa rr from a central system file directory. This file either con-
tains anII nn ii tt projection to define external parameters or generates such a projection by execution of a monitor
command throughRR uu nn .

A sequence of file directories specified in II nn ii tt is searched for an initialization file usually namedss mm pp .. ii nn ii .
This file often includesOO pp ee nn projections to define further terminal characteristics and to initiate entry of input
and output into a record file typically namedss mm pp .. oo uu tt . It may also include monitor escapes orDD ss pp projections
to print pertinent information.

When an SMP job is terminated, it searches a sequence of file directories specified inII nn ii tt for a termination file
usually namedss mm pp .. ee nn dd . If found, the file is input before final termination.The SMP job passes by default a
"successful completion" exit code to the monitor; other exit codes may be specified inEE xx ii tt .

The external parameters to be given in II nn ii tt are specified in the Implementation Notes, and are typically

1. List of file directories to be searched byGG ee tt andLL oo aa dd .

2. List of file directories to be searched byRR uu nn .

3. List of file directories to be searched in information mode for on-line documentation, interactive instruction
scripts, tutorials,eettcc.

4. List of files to be read on initialization.

5. List of files to be read on termination.

6. List of files to be included in the information mode database.

7. List of monitor commands to be executed byRR uu nn , HH aa rr dd , SS ee nn dd , SS aa vv ee , EE dd , CC oo dd ee , LL oo aa dd , PP ll oo tt .

8. Default code forHH aa rr dd .

9. Default destination forSS ee nn dd .

10. Default intermediate language forPP rr oo gg andCC oo nn ss .

11. Default file directory forDD ii rr .

12. Terminal characteristics [A.7].

13. Maximumnumber of memory blocks [A.8] to be allocated.

14. 11 for an interactive job; {{ 11 ,, 00 }} for interactive input; {{ 00 ,, 11 }} for interactive output.

15. 11 to disable external operations not directly controlled by the SMP job.
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Index

?? 1.2
?? ?? 1.2

## II 1.3
## OO 1.3
## TT 1.3

%%1.3
%% %%6.3
%% II 6.3
%% OO6.3
%% TT 6.3

@@ii ## OO 1.3

3-j symbol WW ii gg 8.6
6-j symbol, Racah RR aa cc 8.6

β (nn) CC aa tt bb 8.7
Γ(xx) GG aa mm mm aa 8.7
Γ(xx, aa) GG aa mm mm aa 8.7
γ EE uu ll ee rr 8.4
δ function DD ee ll tt aa 8.3
ζ (uu) WW ee ii zz 8.10
ζ (zz) ZZ ee tt aa 8.7
ζ (zz, aa) ZZ ee tt aa 8.7
θ function TT hh ee tt aa 8.3
θ ii(zz|mm) JJ aa cc tt hh 8.10
µkk(nn) MM oo bb 8.11
ν (nn) LL ii oo 8.11
Π(kk|tt) EE ll ll PP ii 8.10
π PP ii 8.4
ρ nn(ν , zz) PP cc pp 8.8
σ (uu) WW ee ii ss 8.10
σ kk(nn) DD ii vv ss ii gg 8.11
Φ(zz, ss, aa) LL ee rr 8.7
φ PP hh ii 8.4
φ (nn) TT oo tt ii ee nn tt 8.11
ψ (zz) PP ss ii 8.7
ψ (nn)(zz) PP ss ii 8.7

Ai( zz) AA ii rr AA ii 8.8
BB(xx, yy) BB ee tt aa 8.7
BB(xx, yy, aa) BB ee tt aa 8.7
BBnn BB ee rr 8.7
BBnn(xx) BB ee rr 8.7
bernn(zz) + ii beinn(zz) KK ee ll bb ee 8.8
Bi(zz) AA ii rr BB ii 8.8
CC (1)

nn (xx) GG ee gg 8.9
CC(zz) FF rr ee CC 8.8
Χ(zz) CC oo ss hh ii 8.7
Ci(zz) CC oo ss ii 8.7
DD pp(zz) PP aa rr 8.8

EE(kk|tt) EE ll ll EE 8.10
EEnn EE uu ll 8.7
EEnn(xx) EE uu ll 8.7
EEnn(zz) EE xx pp ii 8.7
Eν (zz) WW ee bb EE 8.8
Ei(zz) EE ii 8.7
erf (zz) EE rr ff 8.8
erfc(zz) EE rr ff cc 8.8
FFLL(η, rr) CC oo uu FF 8.8

1FF1(aa; cc; zz) CC hh gg 8.8

2FF1(aa, bb; cc; zz) HH gg 8.9
GGLL(η, rr) CC oo uu GG 8.8
HHnn(zz) HH ee rr 8.8
HH (1)

nn (zz) BB ee ss HH 11 8.8
HH (2)

nn (zz) BB ee ss HH 22 8.8
Hnn(zz) SS tt rr HH 8.8
IInn(zz) BB ee ss II 8.8
JJkk(nn) JJ oo rr 8.11
JJnn(zz) BB ee ss JJ 8.8
Jnn(zz) AA nn gg JJ 8.8
jjnn(zz) BB ee ss jj 8.8
KK (kk|tt) EE ll ll KK 8.10
KKnn(zz) BB ee ss KK 8.8
kkν (zz) BB aa tt kk 8.8
kernn(zz) + iikeinn(zz) KK ee ll kk ee 8.8
LL(aa)

nn (zz) LL aa gg 8.8
Lnn(zz) SS tt rr LL 8.8
Li nn(zz) LL ii 8.7
li( zz) LL oo gg ii 8.7
MMll,mm(zz) WW hh ii MM 8.8
PP(uu) WW ee ii PP 8.10
PP(aa,bb)

nn (zz) JJ aa cc PP 8.9
PPmm

ll (zz) LL ee gg PP 8.9
QQmm

ll (zz) LL ee gg QQ 8.9
SS(zz) FF rr ee SS 8.8
SS(mm)

nn SS tt ii 11 8.6
S(mm)

nn SS tt ii 22 8.6
ssmm,nn(zz) LL oo mm 8.8
Shi(zz) SS ii nn hh ii 8.7
Si(zz) SS ii nn ii 8.7
Sn(xx|mm) eettcc. JJ aa cc SS nn eettcc. 8.10
TTnn(xx) CC hh ee TT 8.9
TT (mm, nn, zz) TT oo rr 8.8
UUnn(xx) CC hh ee UU 8.9
UUUU(aa, bb, zz) KK uu mm UU 8.8
WWll,mm(zz) WW hh ii WW 8.8
(xx)nn PP oo cc 8.7
YYnn(zz) BB ee ss YY 8.8
yynn(zz) BB ee ss yy 8.8
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AA 2.1
abort 1.5 EE xx ii tt 10.6
AA bb ss 8.3
absolute value AA bb ss 8.3
accuracy 2.1
AA cc oo ss 8.5
AA cc oo ss hh 8.5
AA cc oo tt 8.5
AA cc oo tt hh 8.5
AA cc ss cc 8.5
AA cc ss cc hh 8.5
acute accent 3.5
addition of parts 3.2
addition PP ll uu ss 8.2
AA ee xx 7.10
AA gg dd 8.5
aid 1.2
AA ii rr AA ii 8.8
AA ii rr BB ii 8.8
Airy function AA ii rr AA ii 8.8 AA ii rr BB ii 8.8
ambiguous input 1.1
ambiguous output 2.12
analyze expression AA ee xx 7.10
AA nn dd 5.
Anger function AA nn gg JJ 8.8
AA nn gg JJ 8.8
angle brackets 0.
antisymmetric ordering RR ee oo rr 7.7
antisymmetric tensor SS ii gg 9.6
AA pp 7.2
append CC aa tt 7.7
application of expressions 2.7
application of rules 3.1
application of templates AA pp 7.2
application of templates, recursive MM aa pp 7.2
approximation AA xx 9.5
approximations, series 9.5
AA rr 7.1
arbitrary expressions 2.6
arbitrary length integer BB 2.1
arbitrary magnitude number AA 2.1
arbitrary precision number FF 2.1
AA rr ee pp 3.3
arguments 2.3
arguments, number of LL ee nn 7.4
arithmetic functions 8.2
arrange SS oo rr tt 7.7
array generation AA rr 7.1
arrays 2.4
arrays, assignment of 3.2
AA ss 7.3
AS 8.1
ASCII codes A.5
AA ss ee cc 8.5
AA ss ee cc hh 8.5
AA ss ii nn 8.5
AA ss ii nn hh 8.5

assemble projection AA ss 7.3
assertions 3.2
assertions, relational 5.
assignment 3.2
assignment, property PP rr ss ee tt 4.
assignment, type TT yy ss ee tt 4.
assistance 1.2
associative functions 2.6
associativity 2.10 2.11 FF ll aa tt 4.
assumptions 3.2
asterisk in output 2.12
AA ss yy mm RR ee oo rr 7.7
asynchronous operations 10.9
AA tt 7.2
AA tt aa nn 8.5
AA tt aa nn hh 8.5
automatic variables LL cc ll 6.3
AA xx 9.5
AA xx ee ss 10.2

BB 2.1
backquote MM aa rr kk 2.3
base PP oo ww 8.2
bases 9.1
Bateman function BB aa tt kk 8.8
BB aa tt kk 8.8
BB ee rr 8.7
Bernoulli numbers BB ee rr 8.7
Bernoulli polynomials BB ee rr 8.7
BB ee ss HH 11 8.8
BB ee ss HH 22 8.8
BB ee ss II 8.8
BB ee ss JJ 8.8
BB ee ss jj 8.8
BB ee ss KK 8.8
Bessel function, irregular spherical BB ee ss yy 8.8
Bessel function, irregular BB ee ss YY 8.8
Bessel function, modified

BB ee ss II 8.8 BB ee ss KK 8.8
Bessel function, regular spherical BB ee ss jj 8.8
Bessel function, regular BB ee ss JJ 8.8
BB ee ss YY 8.8
BB ee ss yy 8.8
BB ee tt aa 8.7
beta function BB ee tt aa 8.7
biconditional, logical EE qq 5.
big floating point number FF 2.1
big integer BB 2.1
big number AA 2.1
binary code, evaluation by 10.7
binary file 10.7
binary operator 2.11
binomial coefficient CC oo mm bb 8.6
bitpad 10.4
blank NN uu ll ll 2.2
blocks 6.3 A.8 SS ii zz ee 10.8
BMP 8.1
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boolean operations 5.
bottom DD ee nn 7.9
brace levels 1.7
braces 0. 2.4
bracket levels 1.7
branch cuts 8.1
break interrupt 1.5
bug report SS ee nn dd 10.6
bytes A.8

C language 10.7
canonical ordering of filters RR ee oo rr 7.7
canonical ordering test OO rr dd 5.
Cartesian "product", generalized OO uu tt ee rr 9.6
Cartesian product OO mm uu ll tt 8.2
CC aa tt 7.7
CC aa tt aa ll aa nn 8.4
Catalan beta function CC aa tt bb 8.7
Catalan’s constant CC aa tt aa ll aa nn 8.4
CC aa tt bb 8.7
catenate CC aa tt 7.7
CC bb 7.9
CC ee ii ll 8.3
CC ff 9.5
CC hh aa mm 4.
chameleonic expression 2.8
chameleonic symbols 2.2
change directory DD ii rr 10.6
channels, input/output A.3
character codes A.5
character determination 7.6
character manipulation 10.5
character replacement 2.11
character set A.5 EE xx pp ll 10.5
character strings 2.2
characteristics 4.
Chebychev function of first kind CC hh ee TT 8.9
Chebychev function of second kind CC hh ee UU 8.9
CC hh ee TT 8.9
CC hh ee UU 8.9
CC hh gg 8.8
Clebsh-Gordan coefficient WW ii gg 8.6
CC ll oo cc kk 10.9
CC ll oo ss ee 10.3
CC oo dd ee 10.7
code file 10.7
code files A.4
CC oo ee ff 7.9
coefficient CC oo ee ff 7.9
coefficient, numerical NN cc 7.9
CC oo ll 7.9
collect terms CC bb 7.9 CC oo ll 7.9
CC oo mm bb 8.6
combinatorial coefficient CC oo mm bb 8.6
combinatorial functions 8.6
combine denominators RR aa tt 7.9
combine lists CC aa tt 7.7
combine terms CC bb 7.9
CC oo mm mm 4.

commands, monitor A.3
comments 2.9
comments, external file A.2
common denominator CC oo ll 7.9 RR aa tt 7.9
common elements II nn tt ee rr 7.7
common subexpressions SS hh aa rr ee 10.8
communication SS ee nn dd 10.6
commutative functions 2.6
commutativity CC oo mm mm 4.
compilation 10.7
compile program CC oo dd ee 10.7 CC oo nn ss 10.7
complementary error function EE rr ff cc 8.8
complex conjugate CC oo nn jj 8.3
complex number CC xx 2.1
compliments SS ee nn dd 10.6
compulsory filters 0.
computed goto statement SS ee ll 6.1
concatenate CC aa tt 7.7
conditional pattern matching GG ee nn 2.6
conditional, logical II mm pp 5.
conditionals 6.1
confluent hypergeometric function CC hh gg 8.8
CC oo nn jj 8.3
conjugate CC oo nn jj 8.3
conjunction, logical AA nn dd 5.
CC oo nn ss 10.7
CC oo nn ss 4.
CC oo nn ss tt 4.
constant CC oo nn ss tt 4.
constants, mathematical 8.4
construction of programs 10.7
CC oo nn tt 7.5
contains II nn 7.5
content determination 7.5
contents, list of CC oo nn tt 7.5
contiguous list, test for CC oo nn tt pp 7.6
contiguous lists 2.4
contiguous, make list CC aa tt 7.7
continuation, input 1.1
continue RR ee tt 6.3
continued fraction approximation CC ff 9.5
contour plot GG rr aa pp hh 10.2 PP ll oo tt 10.2
CC oo nn tt pp 7.6
contraction II nn nn ee rr 9.6
control of operations 2.5
control of simplification SS mm pp 4.
control structures 6.
control transfer JJ mm pp 6.3
controlled evaluation 3.3
controlled simplification SS mm pp 3.1
conventions 0.
conventions, external files A.2
conventions, symbol names 2.2
conversion, number A.3
convert character to code EE xx pp ll 10.5
convert code to character II mm pp ll 10.5
convert list to projection AA ss 7.3
convert projection to list DD ii ss 7.3
convert series to polynomial AA xx 9.5
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copy file SS aa vv ee 10.6
copy OO pp ee nn 10.3
core management 10.8
correction 1.7
CC oo ss 8.5
CC oo ss hh 8.5
CC oo ss hh ii 8.7
CC oo ss ii 8.7
cosine integral function CC oo ss ii 8.7
CC oo tt 8.5
CC oo tt hh 8.5
CC oo uu FF 8.8
CC oo uu GG 8.8
Coulomb wav efunction, irregular CC oo uu GG 8.8
Coulomb wav efunction, regular CC oo uu FF 8.8
CPU time CC ll oo cc kk 10.9 TT ii mm ee 10.8
criteria 2.7
criteria for pattern matching GG ee nn 2.6
CC ss cc 8.5
CC ss cc hh 8.5
cursor operations 10.4
CC uu rr vv ee 10.2
CC xx 2.1
CC yy cc 7.7
cycle CC yy cc 7.7
CC yy cc ll ii cc RR ee oo rr 7.7
cyclic ordering RR ee oo rr 7.7

DD 9.4
dagger 8.1
data point EE rr rr 2.1
data types CC oo nn ss 10.7
database, information mode 1.2
deassignment 3.2
debugging aids 10.10
debugging output TT rr aa cc ee 4.
DD ee cc 3.2
declaration 3.2
declaration, character 7.6
declaration, type TT yy ss ee tt 4.
decode EE xx pp ll 10.5
decrement DD ee cc 3.2
default values NN uu ll ll 2.2
defaults A.9
defaults, set II nn ii tt 10.6
deferred simplification 3.5
definite integration II nn tt 9.4
definition of rules 3.2
DD ee gg 8.4
degree of polynomial EE xx pp tt 7.9
degrees DD ee gg 8.4
DD ee ll 7.3
delayed assignment 3.2
delete nested braces FF ll aa tt 7.7
delete parts DD ee ll 7.3
delete text 1.7
deletion of parts 3.2
DD ee ll tt aa 8.3
DD ee nn 7.9

denominator DD ee nn 7.9
denominator, common CC oo ll 7.9 RR aa tt 7.9
DD ee pp 7.4
depth 2.5 DD ee pp 7.4
derivative, partial DD 9.4
derivative, total DD tt 9.4
DD ee tt 9.6
determinant DD ee tt 9.6
determination of character 7.6
determination of content 7.5
development aids 10.10
device-independent graphics A.6
DD ff cc tt ll 8.6
diagonalization SS ii mm tt rr aa nn 9.6
differential, partial DD 9.4
differential, total DD tt 9.4
differentiation constant CC oo nn ss tt 4.
differentiation DD tt 9.4 DD 9.4
digamma function PP ss ii 8.7
dilogarithm LL ii 8.7
DD ii mm 7.4
dimensions DD ii mm 7.4
DD ii rr 10.6
Dirac function DD ee ll tt aa 8.3
directories, default A.9
directory DD ii rr 10.6
DD ii ss 7.3
disassemble projection DD ii ss 7.3
disjunction, logical OO rr 5.
disk files 10.3
display file DD ss pp 10.6
display margins A.6
display mode commands A.7
display operations 10.4 AA tt 7.2
DD ii ss tt 7.8
DD ii ss tt 4.
distribution property DD ii ss tt 4.
distribution DD ii ss tt 7.8
distribution, list LL dd ii ss tt 7.7
distribution, list (property) LL dd ii ss tt 4.
distribution, power PP oo ww dd ii ss tt 7.8
distribution, power (property) PP oo ww dd ii ss tt 4.
DD ii vv 8.2
DD ii vv ii ss 8.11
division DD ii vv 8.2
division, matrix MM dd ii vv 9.6
division, polynomial PP dd ii vv 9.1
divisor function DD ii vv ss ii gg 8.11
divisors, integer DD ii vv ii ss 8.11
divisors, polynomial FF aa cc 9.1
DD ii vv ss ii gg 8.11
DD oo 6.2
do loop DD oo 6.2
documentation, external file A.2
documentation, on-line access 1.2
domains 2.5
ddoommccrriitt 2.5
DD oo tt 8.2
dot product DD oo tt 8.2
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double factorial DD ff cc tt ll 8.6
DD ss pp 10.6
DD tt 9.4
dummy expressions 2.6
dummy index 2.8
dummy symbols 2.2
dyads 2.4

EE 8.4
E function, MacRobert MM aa cc EE 8.9
echoing 1.1
EE dd 10.5
EE dd hh 10.5
<< ee dd ii tt >> 1.1 1.7
edit held form EE dd hh 10.5
edit mode 1.7
edit EE dd 10.5
EE ii 8.7
EE ii gg 9.6
eigenvectors EE ii gg 9.6
EE ll ee mm 7.3
elementary functions 8.5
elements, list 2.4 EE ll ee mm 7.3
elimination of equations SS oo ll 9.3
EE ll ll EE 8.10
ellipsis SS ee qq 7.1
elliptic functions 8.10
elliptic functions, Jacobian JJ aa cc SS nn 8.10
elliptic integral of first kind EE ll ll KK 8.10
elliptic integral of second kind EE ll ll EE 8.10
elliptic integral of third kind EE ll ll PP ii 8.10
EE ll ll KK 8.10
EE ll ll PP ii 8.10
else II ff 6.1
encasement type extension EE xx tt ee 4.
encode II mm pp ll 10.5
end job 1.5 EE xx ii tt 10.6
entries, list 2.4 EE ll ee mm 7.3
entries, number of LL ee nn 7.4
epsilon tensor SS ii gg 9.6
EE qq 5.
equality EE qq 5.
equality, numerical NN ee qq 3.4
equations, solution of SS oo ll 9.3
equivalence of expressions 2.6
erase 3.2
EE rr ff 8.8
EE rr ff cc 8.8
EE rr rr 2.1
error correction 1.7
error function EE rr ff 8.8
error function, complementary EE rr ff cc 8.8
errors, input 1.1
errors, numbers with EE rr rr 2.1
escapes, monitor 1.6
EE uu ll 8.7
EE uu ll ee rr 8.4
Euler gamma function GG aa mm mm aa 8.7
Euler numbers EE uu ll 8.7

Euler polynomials EE uu ll 8.7
Euler’s constant EE uu ll ee rr 8.4
Euler’s totient function TT oo tt ii ee nn tt 8.11
Euler-Mascheroni constant EE uu ll ee rr 8.4
EE vv 3.7
evaluation 3.1
evaluation, numerical NN 3.4
ev en number, test for EE vv ee nn pp 7.6
ev en ordering RR ee oo rr 7.7
EE vv ee nn pp 7.6
EE xx 7.8
exact integer BB 2.1
examples 1.2
exclusive or XX oo rr 5.
executable file 10.7
execute RR uu nn 10.6
EE xx ii tt 10.6
exit 1.5 RR ee tt 6.3
exit codes A.9
EE xx pp 8.5
expansion property DD ii ss tt 4.
expansion EE xx 7.8
expansion, power PP oo ww dd ii ss tt 7.8
expansion, power (property) PP oo ww dd ii ss tt 4.
EE xx pp ii 8.7
EE xx pp ll 10.5
explode EE xx pp ll 10.5
exponent EE xx pp tt 7.9 PP oo ww 8.2
exponential function EE xx pp 8.5
exponential integral EE ii 8.7 EE xx pp ii 8.7
exponential notation 2.1
expression size SS ii zz ee 10.8
expressions 2.5
EE xx pp tt 7.9
EE xx tt ee 4.
external commands 1.6
external editor 1.7
external file conventions A.2
external file directory DD ii rr 10.6
external file information 1.2
external file, copy SS aa vv ee 10.6
external file, display DD ss pp 10.6
external files 1.4 A.2
external operations 10.6 A.3
external parameters A.9 II nn ii tt 10.6
external programs 1.6 RR uu nn 10.6
EE xx tt rr 4.
extraction of parts 7.3

FF 2.1
FF aa cc 9.1
factor, numerical NN cc 7.9
factorial FF cc tt ll 8.6
factorial, double DD ff cc tt ll 8.6
factorial, generalized GG aa mm mm aa 8.7
factorization, integer NN ff aa cc 8.11
factorization, polynomial

CC bb 7.9 FF aa cc 9.1
factorization, rational number NN ff aa cc 8.11
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false 5.
FF cc tt ll 8.6
fi le characteristics 10.3 A.6
fi le directories, default A.9
fi le directory DD ii rr 10.6
fi le information 1.2
FF ii ll ee 4.
fi le, code 10.7
fi le, copy SS aa vv ee 10.6
fi le, display DD ss pp 10.6
fi le, program 10.7
fi les 1.4 10.3
ff iilleessppeecc 10.3 A.6
fi lters 2.3 A.3
fi lters, number of LL ee nn 7.4
FF ll aa tt 7.7
flat functions 2.6
FF ll aa tt 4.
flatten FF ll aa tt 7.7
floating point numbers 2.1
FF ll oo oo rr 8.3
flow control 6.
FF mm tt 10.1
folded size SS ii zz ee 10.8
fonts 0.
fonts, external file A.2
FF oo rr 6.2
for loop FF oo rr 6.2
FF oo rr kk 10.9
format FF mm tt 10.1
formatting, external file A.2
FORTRAN language 10.7
fractional part FF ll oo oo rr 8.3
fractions 2.1
FF rr ee CC 8.8
free core MM ee mm 10.8
free memory GG cc 10.8
FF rr ee SS 8.8
Fresnel function FF rr ee CC 8.8 FF rr ee SS 8.8
full list, test for FF uu ll ll pp 7.6
FF uu ll ll pp 7.6
function evaluation 3.1
function, test for PP rr oo jj pp 7.6
functions 2.3
functions, mathematical 8.
functions, transcendental 8.5

G function, Meijer MM ee ii 8.9
g.c.d., polynomial PP gg cc dd 9.1
GG aa mm mm aa 8.7
gamma function, Euler GG aa mm mm aa 8.7
gamma function, incomplete GG aa mm mm aa 8.7
garbage collection GG cc 10.8
Gauss hypergeometric function HH gg 8.9
GG cc 10.8
GG cc dd 8.11
ggccooddee A.6 OO pp ee nn 10.3
GG dd 8.5
GG ee 5.

GG ee gg 8.9
Gegenbauer functions GG ee gg 8.9
GG ee nn 2.6
GG ee nn 4.
general symmetry RR ee oo rr 7.7
generalized hypergeometric function GG hh gg 8.9
generalized zeta function ZZ ee tt aa 8.7
generate program CC oo nn ss 10.7 PP rr oo gg 10.7
generate symbol MM aa kk ee 10.5
generic expressions 2.6
generic symbols 2.2
genus of expressions GG ee nn 2.6
GG ee tt 10.3
GG hh gg 8.9
GIGI A.6
global objects 1.3
global switch PP oo ss tt 1.3 PP rr ee 1.3
golden ratio PP hh ii 8.4
goto JJ mm pp 6.3
GR 8.1
gradient DD 9.4
GG rr aa pp hh 10.2
graph 10.2
graphical input 10.4
graphical output A.6 OO pp ee nn 10.3
grave accent MM aa rr kk 2.3
greater than GG tt 5.
greatest common divisor, integer GG cc dd 8.11
greatest common divisor, polynomial PP gg cc dd 9.1
greatest integer function FF ll oo oo rr 8.3
GG rr ee oo rr RR ee oo rr 7.7
grouping 2.10
groups 2.4
GG tt 5.
Gudermannian function AA gg dd 8.5 GG dd 8.5

Handbook, on-line access 1.2
Hankel function BB ee ss HH 11 8.8 BB ee ss HH 22 8.8
HH aa rr dd 10.6
hard copy HH aa rr dd 10.6
HH aa ss hh 7.4
hash code HH aa ss hh 7.4
Heavyside function TT hh ee tt aa 8.3
held expression, test for HH ee ll dd pp 7.6
held form 3.5
HH ee ll dd pp 7.6
help 1.2
HH ee rr 8.8
Hermite function HH ee rr 8.8
HH gg 8.9
hidden surface SS uu rr ff 10.2
HH oo ll dd 3.5
hold expression HH oo ll dd 3.5
hyperbolic cosine integral function CC oo ss hh ii 8.7
hyperbolic functions 8.5
hyperbolic sine integral function SS ii nn hh ii 8.7
hypergeometric function, confluent CC hh gg 8.8
hypergeometric function, Gauss HH gg 8.9
hypergeometric function, generalized GG hh gg 8.9
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II 2.2
identifier LL bb ll 6.3
II ff 6.1
II mm 8.3
imaginary number CC xx 2.1
imaginary number, test for II mm aa gg pp 7.6
imaginary part II mm 8.3
imaginary unit II 2.2
II mm aa gg pp 7.6
immediate assignment 3.2
immediate simplification 3.6
II mm pp 5.
II mm pp ll 10.5
implication, logical II mm pp 5.
implode II mm pp ll 10.5
impulse function DD ee ll tt aa 8.3
II nn 7.5
II nn cc 3.2
includes II nn 7.5
inclusive or OO rr 5.
incomplete beta function BB ee tt aa 8.7
incomplete gamma function GG aa mm mm aa 8.7
increment II nn cc 3.2
II nn dd 7.3
indefinite integration II nn tt 9.4
indefinite summation SS uu mm 9.2
index of list entry II nn dd 7.3
indices 2.4
indices of list entries II nn dd 7.3
inequality UU nn ee qq 5.
II nn ff 2.2
infile GG ee tt 10.3
infinite recursion 3.1
infinity II nn ff 2.2
infix form 2.11 SS xx 10.1
information 1.2
II nn ii tt 10.6
II nn ii tt 4.
initialization A.9 II nn ii tt 10.6
II nn ll ii nn ee 4.
II nn nn ee rr 9.6
inner "product", generalized II nn nn ee rr 9.6
inner product DD oo tt 8.2
input editing 1.7
input expression ## II 1.3
input forms 2.10 2.11
input lines 1.1
input medium TT ee rr mm ii nn aa ll 10.3
input operations 10.1
input syntax 2.
input GG ee tt 10.3 RR dd 10.1
input, graphical 10.4
input/output medium TT ee rr mm ii nn aa ll 10.3
insert text 1.7
II nn tt 9.4
integer division MM oo dd 8.3
integer part CC ee ii ll 8.3 FF ll oo oo rr 8.3
integer, arbitrary length BB 2.1
integer, test for II nn tt pp 7.6

integers 2.1
integration II nn tt 9.4
II nn tt ee rr 7.7
intermediate language 10.7
internal object SS yy ss 4.
internal representation SS tt rr uu cc tt 10.10
internal variables LL cc ll 6.3
interrupts 1.5
intersection II nn tt ee rr 7.7
II nn tt pp 7.6
inverse functions SS oo ll 9.3
inverse hyperbolic functions 8.5
inverse trigonometric functions 8.5
inverse, matrix MM ii nn vv 9.6
inversion of equations SS oo ll 9.3
inversion NN oo tt 5.
invert RR ee vv 7.7
inverted replacement II rr ee pp 3.3
II rr ee pp 3.3
irregular Bessel function BB ee ss YY 8.8
irregular Coulomb wav efunction CC oo uu GG 8.8
irregular spherical Bessel function BB ee ss yy 8.8
II ss 5.
iteration 6.2

JJ aa cc AA mm 8.10
JJ aa cc CC dd 8.10
JJ aa cc CC nn 8.10
JJ aa cc CC ss 8.10
JJ aa cc DD cc 8.10
JJ aa cc DD nn 8.10
JJ aa cc DD ss 8.10
JJ aa cc NN cc 8.10
JJ aa cc NN dd 8.10
JJ aa cc NN ss 8.10
Jacobi functions JJ aa cc PP 8.9
Jacobi symbol JJ aa cc ss yy mm 8.11
Jacobiθ functions JJ aa cc tt hh 8.10
Jacobian elliptic functions JJ aa cc SS nn 8.10
JJ aa cc PP 8.9
JJ aa cc SS cc 8.10
JJ aa cc SS dd 8.10
JJ aa cc SS nn 8.10
JJ aa cc ss yy mm 8.11
JJ aa cc tt hh 8.10
JJ mm pp 6.3
job recording 1.4
job termination 1.5 EE xx ii tt 10.6
Jonquiere function LL ii 8.7
JJ oo rr 8.11
Jordan form SS ii mm tt rr aa nn 9.6
Jordan’s function JJ oo rr 8.11
jump JJ mm pp 6.3

KK ee ll bb ee 8.8
KK ee ll kk ee 8.8
Kelvin function, complex

KK ee ll bb ee 8.8 KK ee ll kk ee 8.8
keywords 1.2
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kill job 1.5 EE xx ii tt 10.6
kill values 3.2
Kronecker product OO mm uu ll tt 8.2
Kummer function CC hh gg 8.8
Kummer’s U function KK uu mm UU 8.8
KK uu mm UU 8.8

LL 10.4
label LL bb ll 6.3
LL aa gg 8.8
Laguerre function LL aa gg 8.8
lambda expression 2.7
language structure 2.
language, intermediate 10.7
LL aa ss tt 7.3
Laurent series PP ss 9.5
LL bb ll 6.3
LL cc ll 6.3
LL dd ii ss tt 7.7
LL dd ii ss tt 4.
least integer function CC ee ii ll 8.3
Legendre functions of second kind LL ee gg QQ 8.9
Legendre functions LL ee gg PP 8.9
LL ee gg PP 8.9
LL ee gg QQ 8.9
LL ee nn 7.4
length LL ee nn 7.4
LL ee rr 8.7
Lerch transcendent LL ee rr 8.7
less than GG tt 5.
levels 2.5
levels of nesting 1.7
Levi-Civita symbol SS ii gg 9.6
llee vvssppeecc 2.5
lexical ordering test OO rr dd 5.
LL ii 8.7
library A.2
Library, on-line access 1.2
light pen 10.4
LL ii mm 9.5
limit LL ii mm 9.5
LL ii nn ee 10.2
line printer HH aa rr dd 10.6
LL ii oo 8.11
Liouville’s function LL ii oo 8.11
LL ii ss tt 7.1
list distribution property LL dd ii ss tt 4.
list distribution LL dd ii ss tt 7.7
list entries EE ll ee mm 7.3
list entries, number of LL ee nn 7.4
list flattening FF ll aa tt 7.7
list generation 7.1
list manipulation 7.7
list simplification 3.1
list template LL ii ss tt 7.1
list, test for LL ii ss tt pp 7.6
listing HH aa rr dd 10.6
LL ii ss tt pp 7.6
lists 2.4

LL oo aa dd 10.7
load program CC oo nn ss 10.7 LL oo aa dd 10.7
load GG ee tt 10.3
loaded binary code, evaluation by 10.7
local variables LL cc ll 6.3
locate LL 10.4
LL oo gg 8.5
logarithm function LL oo gg 8.5
logarithm integral function LL oo gg ii 8.7
LL oo gg ii 8.7
logical operations 5.
LL oo mm 8.8
Lommel function LL oo mm 8.8
LL oo oo pp 6.2
LL pp rr 10.1

MM aa cc EE 8.9
Maclaurin series PP ss 9.5
macro redefinition 2.11
MacRobert E function MM aa cc EE 8.9
mail SS ee nn dd 10.6
MM aa kk ee 10.5
make symbol name MM aa kk ee 10.5
MangoldtΛ function MM aa nn LL 8.11
manipulation of lists 7.7
manipulation of projections 7.7
MM aa nn LL 8.11
Manual, on-line access 1.2
MM aa pp 7.2
margins A.6
MM aa rr kk 2.3
mark LL 10.4
Markov expression RR ee xx 7.10
MM aa tt cc hh 2.6
matching of patterns 2.6
mathematical constants 8.4
mathematical functions 8.
matrices 2.4
matrix division MM dd ii vv 9.6
matrix generation AA rr 7.1
matrix inverse MM ii nn vv 9.6
matrix manipulation 9.6
matrix triangularization TT rr ii aa nn gg 9.6
MM aa xx 8.3
maximum memory A.9
maximum MM aa xx 8.3
MM dd ii vv 9.6
MM ee ii 8.9
Meijer G function MM ee ii 8.9
MM ee mm 10.8
memory management 10.8
memory reclamation GG cc 10.8
memory unit A.8
memory usage MM ee mm 10.8
memory, maximum A.9
memory, share SS hh aa rr ee 10.8
menus 1.2
messages 10.9
MM gg ee nn 4.
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MM ii nn 8.3
minimum MM ii nn 8.3
MM ii nn vv 9.6
MM oo bb 8.11
Mobius µ function MM oo bb 8.11
MM oo dd 8.3
modified Bessel function

BB ee ss II 8.8 BB ee ss KK 8.8
modified Struve function SS tt rr LL 8.8
modify input EE dd 10.5
modify part AA tt 7.2
modulus AA bb ss 8.3 MM oo dd 8.3
modulus, polynomial PP mm oo dd 9.1
monitor commands A.3
monitor escapes 1.6
monitor programs RR uu nn 10.6
Monte Carlo RR aa nn dd 8.3
MOS 8.1
mouse 10.4
move file SS aa vv ee 10.6
MM uu ll tt 8.2
multi-generic symbols 2.2
multigeneric symbols 2.6
multinary operator 2.11
multinomial coefficient CC oo mm bb 8.6
multiple application of templates MM aa pp 7.2
multiple integration II nn tt 9.4
multiplication MM uu ll tt 8.2
multiplication, input of 2.10
multivalued functions 8.1

NN 3.4
name of symbol, make MM aa kk ee 10.5
names of external files A.2
names of processes 10.9
names of symbols 2.2
NN aa tt pp 7.6
natural number, test for NN aa tt pp 7.6
NN cc 7.9
negation NN oo tt 5.
NN ee qq 3.4
nesting levels 1.7
nesting DD ee pp 7.4
NN ff aa cc 8.11
norm AA bb ss 8.3
NN oo tt 5.
notation 0.
NN pp 2.3
NN uu ll ll 2.2
null list 2.4
null projection NN pp 2.3
NN uu mm 7.9
number conversion A.3
number theoretical functions 8.11
number, arbitrary magnitude AA 2.1
number, arbitrary precision FF 2.1
number, multiple precision FF 2.1
number, test for NN uu mm bb pp 7.6
numbers 2.1

NN uu mm bb pp 7.6
numerator NN uu mm 7.9
numerical coefficient NN cc 7.9
numerical coefficients 2.5
numerical constant CC oo nn ss tt 4.
numerical differentiation DD 9.4
numerical equality test NN ee qq 3.4
numerical evaluation NN 3.4
numerical factor NN cc 7.9
numerical functions 8.3
numerical integration II nn tt 9.4
numerical overflow AA 2.1
numerical products PP rr oo dd 9.2
numerical programs 10.7
numerical summation SS uu mm 9.2

odd number, test for OO dd dd pp 7.6
odd ordering RR ee oo rr 7.7
OO dd dd pp 7.6
OO mm uu ll tt 8.2
on-line documentation 1.2
OO pp ee nn 10.3
operating system commands 1.6
operator form 2.11
operators 2.10
optimization 10.7
optional filters 0.
OO rr 5.
OO rr dd 5.
order filters RR ee oo rr 7.7
order of evaluation 3.1
order of operators 2.10
order SS oo rr tt 7.7
ordering test OO rr dd 5.
ordering, filter (property) RR ee oo rr 4.
OO uu tt ee rr 9.6
outer "product", generalized OO uu tt ee rr 9.6
outer product OO mm uu ll tt 8.2
outfile PP uu tt 10.3
outline TT rr ee ee 7.4
output characteristics 10.3 A.6 FF ii ll ee 4.
output expression ## OO 1.3
output format characteristics 10.3 A.6
output format FF mm tt 10.1 PP rr 4.
output forms 2.12 SS xx 10.1
output medium TT ee rr mm ii nn aa ll 10.3
output operations 10.1
output syntax SS xx 10.1
output LL pp rr 10.1 PP uu tt 10.3
overflow, numerical AA 2.1

PP 5.
Pade approximant RR aa 9.5
paper copy HH aa rr dd 10.6
PP aa rr 8.8
PP aa rr aa 10.9
parabolic cylinder functions PP aa rr 8.8
parallel evaluation SS ee rr 4.
parallel processing 10.9
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parameters 2.2
parametric plot GG rr aa pp hh 10.2 PP ll oo tt 10.2
parentheses 0. 2.10
parentheses, output of 2.12
parenthesis levels 1.7
parsing 2.10 2.11
PP aa rr tt 8.6
part deletion DD ee ll 7.3
part extraction 7.3
part modification AA tt 7.2
part of II nn 7.5
part selection AA tt 7.2
partial differentiation DD 9.4
partial fraction PP ff 9.1
partial simplification 3.7
partition function PP aa rr tt 8.6
parts of expressions 2.5
parts, addition of 3.2
parts, deletion of 3.2
pass output RR uu nn 10.6
patterns 2.6
<< pp aa uu ss ee >> 1.1
pausing 1.1 A.6
PP cc pp 8.8
PP dd ii vv 9.1
permanent record SS aa vv ee 10.6
permutation symmetries RR ee oo rr 7.7
PP ff 9.1
PP gg cc dd 9.1
PP hh ii 8.4
PP ii 8.4
plane SS uu rr ff 10.2
pplliisstt PP ll oo tt 10.2
PP ll oo tt 10.2
plot 10.2
PP ll uu ss 8.2
PP mm oo dd 9.1
PP oo cc 8.7
Pochhammer symbol PP oo cc 8.7
point PP tt 10.2
pointer 10.4
Poisson-Charlier polynomials PP cc pp 8.8
polar plot GG rr aa pp hh 10.2 PP ll oo tt 10.2
polygamma function PP ss ii 8.7
polylogarithm LL ii 8.7
polynomial division PP dd ii vv 9.1
polynomial factorization FF aa cc 9.1
polynomial g.c.d. PP gg cc dd 9.1
polynomial manipulation 9.1
polynomial modulus PP mm oo dd 9.1
polynomial resultant RR ss ll tt 9.1
polynomial, test for PP oo ll yy pp 7.6
PP oo ll yy pp 7.6
PP oo ss 7.3
position LL 10.4
positions of parts PP oo ss 7.3
PP oo ss tt 1.3
postfix form 2.11 SS xx 10.1
postprocessing PP oo ss tt 1.3

PP oo ww 8.2
PP oo ww dd ii ss tt 7.8
PP oo ww dd ii ss tt 4.
power distribution property PP oo ww dd ii ss tt 4.
power distribution PP oo ww dd ii ss tt 7.8
power expansion property PP oo ww dd ii ss tt 4.
power expansion PP oo ww dd ii ss tt 7.8
power series PP ss 9.5
power PP oo ww 8.2
powers of EE xx pp tt 7.9
PP rr 10.1
PP rr 4.
PP rr ee 1.3
pre-simplification 3.6
precedence 2.10
precedence definition 2.11
precision 2.1
precision, arbitrary FF 2.1
precision, multiple FF 2.1
predicate PP 5.
predicates 7.6
prefix form 2.11 SS xx 10.1
preprocessing PP rr ee 1.3
PP rr hh 10.1
PP rr ii mm ee 8.11
prime factors NN ff aa cc 8.11
prime number PP rr ii mm ee 8.11
print file DD ss pp 10.6
print held form PP rr hh 10.1
print PP rr 10.1
print, linear format LL pp rr 10.1
print, one-dimensional LL pp rr 10.1
print, two-dimensional PP rr 10.1
printing form, size of PP rr ss ii zz ee 10.1
printing forms FF mm tt 10.1 PP rr 4.
printout HH aa rr dd 10.6
priority of process FF oo rr kk 10.9
problem report SS ee nn dd 10.6
PP rr oo cc 6.3
procedures 6.3
process control 10.9
processing 3.1
PP rr oo dd 9.2
product MM uu ll tt 8.2 PP rr oo dd 9.2
profiling TT ii mm ee 10.8
PP rr oo gg 10.7
program construction 10.7
program control 6.
program file 10.7
program files A.4
program, run RR uu nn 10.6
programming aids 10.10
programs 6.3
programs, external A.3
PP rr oo jj 7.3
projection evaluation 3.1
projection flattening FF ll aa tt 7.7
projection generation 7.1
projection manipulation 7.7
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projection simplication 3.1
projection, test for PP rr oo jj pp 7.6
projections 2.3
projectors 2.3
PP rr oo jj pp 7.6
PP rr oo pp 4.
properties 4.
property assignment PP rr ss ee tt 4.
property indirection TT yy pp ee 4.
property transfer TT yy pp ee 4.
PP rr ss ee tt 4.
PP rr ss ii zz ee 10.1
PP ss 9.5
pseudotensor unit SS ii gg 9.6
PP ss ii 8.7
PP tt 10.2
pure function 2.7
PP uu tt 10.3

quit interrupt 1.5
quoted form 3.5
quotient DD ii vv 8.2
quotient, polynomial PP dd ii vv 9.1

RR aa 9.5
RR aa cc 8.6
Racah 6-j symbol RR aa cc 8.6
radians DD ee gg 8.4
RR aa nn dd 8.3
random expression RR ee xx 7.10
random number RR aa nn dd 8.3
RR aa tt 7.9
rational approximation RR aa 9.5
rational expression manipulation 7.9
rational number, arbitrary length BB 2.1
rational number, test for RR aa tt pp 7.6
rational numbers 2.1
rationalize RR aa tt 7.9
RR aa tt pp 7.6
ravel FF ll aa tt 7.7
RR dd 10.1
RR dd hh 10.1
RR ee 8.3
read file GG ee tt 10.3
read held form RR dd hh 10.1
read RR dd 10.1
real number, test for RR ee aa ll pp 7.6
real part RR ee 8.3
real time CC ll oo cc kk 10.9
real-time interrupts 1.5
RR ee aa ll pp 7.6
RR ee cc 4.
reclaim memory GG cc 10.8
record 10.3 OO pp ee nn 10.3
record files 1.4
records 2.4
rectangular array, test for FF uu ll ll pp 7.6
recursion 3.1 RR ee cc 4. SS mm pp 4.
recursive application of templates MM aa pp 7.2

reduced residue system RR rr ss 8.11
Reference Manual, on-line access 1.2
references 0.
references, mathematical functions 8.1
regular Bessel function BB ee ss JJ 8.8
regular Coulomb wav efunction CC oo uu FF 8.8
regular spherical Bessel function BB ee ss jj 8.8
RR ee ll 3.5
relational operations 5.
release expression RR ee ll 3.5
remainder MM oo dd 8.3
remainder, polynomial PP mm oo dd 9.1
removal of values 3.2
remove parts DD ee ll 7.3
rename file SS aa vv ee 10.6
RR ee oo rr 7.7
RR ee oo rr 4.
reorder filters RR ee oo rr 7.7
reordering, filter (property) RR ee oo rr 4.
RR ee pp 3.3
RR ee pp dd 3.3
repeat counts 2.5
repeat loop RR pp tt 6.2
repetition RR pp tt 6.2
RR ee pp ll 7.1
replace text 1.7
replacement 3.3
replacement type extension EE xx tt rr 4.
replication RR ee pp ll 7.1
report SS ee nn dd 10.6
representation, internal SS tt rr uu cc tt 10.10
residue system, reduced RR rr ss 8.11
restart 3.2
restricted pattern matching GG ee nn 2.6
resultant, polynomial RR ss ll tt 9.1
RR ee tt 6.3
return RR ee tt 6.3
RR ee vv 7.7
reverse RR ee vv 7.7
revise EE dd hh 10.5
RR ee xx 7.10
Riemann sheets 8.1
Riemann zeta function ZZ ee tt aa 8.7
rotate CC yy cc 7.7
rounding FF ll oo oo rr 8.3
routines 6.3
RR pp tt 6.2
rrpptt 2.5
RR rr ss 8.11
RR ss ll tt 9.1
rules, application of 3.1
rules, definition of 3.2
RR uu nn 10.6
run command 1.6
run program RR uu nn 10.6

SS 3.3
SS aa vv ee 10.6
save definitions PP uu tt 10.3
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save expressions 1.4
save OO pp ee nn 10.3
scalar product DD oo tt 8.2
screen-oriented input 10.4
script 1.4
SS ee cc 8.5
SS ee cc hh 8.5
seed random number RR aa nn dd 8.3
segments 6.3
SS ee ll 6.1
select part AA tt 7.2
select statement SS ee ll 6.1
select LL 10.4
semantics 2.
semaphores 10.9
SS ee nn dd 10.6
SS ee qq 7.1
sequence generation SS ee qq 7.1
sequence of expressions NN pp 2.3
sequences 2.4
SS ee rr 4.
serial evaluation SS ee rr 4.
series approximations 9.5
series truncation AA xx 9.5
series, power PP ss 9.5
SS ee tt 3.2
set defaults II nn ii tt 10.6
set priority of process FF oo rr kk 10.9
set values 3.2
SS ee tt dd 3.2
sets 2.4
SS hh aa rr ee 10.8
share memory SS hh aa rr ee 10.8
shell escapes 1.6
shell scripts A.3
SS ii 3.3
side effects 3.2
SS ii gg 9.6
sigma function, Weierstrass WW ee ii ss 8.10
SS ii gg nn 8.3
signature SS ii gg 9.6
significant figures 2.1
silent processing 1.1
similarity transformation SS ii mm tt rr aa nn 9.6
simplification 3.1
simplification, control of SS mm pp 4.
simplification, controlled SS mm pp 3.1
simplification, deferred 3.5
simplification, immediate 3.6
simplification, partial 3.7
simplification, rational expressions 7.9
SS ii mm tt rr aa nn 9.6
SS ii nn 8.5
sine integral function SS ii nn ii 8.7
SS ii nn hh 8.5
SS ii nn hh ii 8.7
SS ii nn ii 8.7
SS ii zz ee 10.8
size of printing form PP rr ss ii zz ee 10.1

size LL ee nn 7.4
skeleton TT rr ee ee 7.4
SS mm pp 3.1
SS mm pp 4.
ss mm pp .. ee nn dd A.9
ss mm pp .. ii nn ii A.9
ss mm pp .. oo uu tt 1.4
ss mm pp .. pp aa rr A.9
SS oo ll 9.3
solution of equations SS oo ll 9.3
solve SS oo ll 9.3
SS oo rr tt 7.7
sorting test OO rr dd 5.
sources, mathematical functions 8.1
space SS ii zz ee 10.8
special expression MM aa rr kk 2.3
special input forms 2.10 2.11
special output forms 2.12 SS xx 10.1
special printing forms FF mm tt 10.1 PP rr 4.
special-purpose programs A.2
Spence function LL ii 8.7
spherical Bessel function, irregular BB ee ss yy 8.8
spherical Bessel function, regular BB ee ss jj 8.8
spline CC uu rr vv ee 10.2
spur TT rr 9.6
SS qq rr tt 8.2
square root SS qq rr tt 8.2
stack variables LL cc ll 6.3
standard deviation EE rr rr 2.1
star in output 2.12
start record OO pp ee nn 10.3
statement blocks 6.3
statistical expression analysis AA ee xx 7.10
statistical expression generation RR ee xx 7.10
status interrupt 1.5
status MM ee mm 10.8
SS tt ee pp 10.10
step function TT hh ee tt aa 8.3
SS tt ii 11 8.6
SS tt ii 22 8.6
Stirling numbers, first kind SS tt ii 11 8.6
Stirling numbers, second kind SS tt ii 22 8.6
stop 1.5 EE xx ii tt 10.6
stop record CC ll oo ss ee 10.3
storage 10.3
storage management 10.8
SS tt rr HH 8.8
string manipulation 10.5
strings 2.2
SS tt rr LL 8.8
SS tt rr uu cc tt 10.10
structural operations 7.
structure determination 7.4
structure SS tt rr uu cc tt 10.10
Struve function SS tt rr HH 8.8
Struve function, modified SS tt rr LL 8.8
subexpressions, common SS hh aa rr ee 10.8
subparts of expressions 2.5
subroutines 6.3
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subscript FF mm tt 10.1
subscripts 2.4
subsidiary input %% II 6.3
subsidiary output %% OO6.3
subsidiary procedures 6.3
substitution 3.3
such that GG ee nn 2.6
SS uu mm 9.2
sum PP ll uu ss 8.2
Summary, on-line access 1.2
summation SS uu mm 9.2
superscript FF mm tt 10.1
SS uu rr ff 10.2
surface SS uu rr ff 10.2
suspend processing 1.5
switch statement SS ee ll 6.1
switch, global PP oo ss tt 1.3 PP rr ee 1.3
SS xx 10.1
SS xx ss ee tt 2.11
SS yy mm RR ee oo rr 7.7
symbol evaluation 3.1
symbol name, make MM aa kk ee 10.5
symbol, test for SS yy mm bb pp 7.6
symbols 2.2
symbols, list of CC oo nn tt 7.5
SS yy mm bb pp 7.6
symmetric ordering RR ee oo rr 7.7
symmetries RR ee oo rr 7.7
symmetry, general RR ee oo rr 7.7
ssyymmssppeecc CC oo nn ss 10.7
synchronize processes WW aa ii tt 10.9
syntax 2. SS xx 10.1
syntax errors 1.1
syntax extension 2.11
syntax modification 2.11
syntax, output SS xx 10.1
SS yy ss 4.
system characteristics A.8
system-defined object SS yy ss 4.
system-defined symbols 2.2

table of input forms 2.10
tables 2.4
tabs A.6
TT aa nn 8.5
TT aa nn hh 8.5
tautology testing II ss 5.
Taylor series PP ss 9.5
Tektronix 4010 A.6
Tektronix 4025 A.6
template application 7.2
templates 2.7
temporary variables LL cc ll 6.3
tensor generation AA rr 7.1
tensor manipulation 9.6
tensors 2.4
tt ee rr mm cc aa pp A.7
TT ee rr mm ii nn aa ll 10.3
terminal characteristics A.7

terminal width A.6
termination A.9
termination, input 1.1
termination, job 1.5 EE xx ii tt 10.6
terms, number of LL ee nn 7.4
test, character 7.6
test, numerical equality NN ee qq 3.4
test, pattern matching MM aa tt cc hh 2.6
tests 6.1
text editing 1.7
text manipulation 10.5
text, commentary 2.9
textual forms 0.
textual replacement 2.11
then II ff 6.1
theorem proving II ss 5.
TT hh ee tt aa 8.3
theta functions, Jacobi JJ aa cc tt hh 8.10
three-dimensional plot

GG rr aa pp hh 10.2 PP ll oo tt 10.2
ticks A.8
TT ii ee rr 7.7
TT ii ee rr 4.
tiered lists 2.4
TT ii mm ee 10.8
time unit A.8
time CC ll oo cc kk 10.9
timing A.8 ## TT 1.3

CC ll oo cc kk 10.9 TT ii mm ee 10.8
top NN uu mm 7.9
TT oo rr 8.8
Toronto function TT oo rr 8.8
total differentiation DD tt 9.4
TT oo tt ii ee nn tt 8.11
totient function, Euler’s TT oo tt ii ee nn tt 8.11
TT rr 9.6
trace 1.5 SS tt ee pp 10.10 TT rr 9.6
TT rr aa cc ee 4.
TT rr aa nn ss 9.6
transcendental functions 8.5
transfer of control JJ mm pp 6.3
translation 10.7
transpose TT rr aa nn ss 9.6
TT rr ee ee 7.4
tree structure 2.5
TT rr ii aa nn gg 9.6
triangularize matrix TT rr ii aa nn gg 9.6
trigamma function PP ss ii 8.7
trigonometric functions 8.5
true 5.
truncation, integer FF ll oo oo rr 8.3
truncation, numerical NN 3.4
truncation, series AA xx 9.5
tutorials 1.2
type assignment TT yy ss ee tt 4.
type declaration TT yy ss ee tt 4.
type declarations CC oo nn ss 10.7
type definition TT yy pp ee 4.
type extension EE xx tt ee 4. EE xx tt rr 4.
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type file DD ss pp 10.6
TT yy pp ee 4.
typesetting, external file A.2
typography 0.
TT yy ss ee tt 4.

ultraspherical polynomials GG ee gg 8.9
underlining 0.
UU nn ee qq 5.
unexpected input 1.1
unfolded size SS ii zz ee 10.8
UU nn ii oo nn 7.7
unique elements UU nn ii oo nn 7.7
unitary transformation SS ii mm tt rr aa nn 9.6
unknowns 2.2
unravel FF ll aa tt 7.7
unsimplified forms 3.5 SS mm pp 4.
until loop LL oo oo pp 6.2
user communication SS ee nn dd 10.6
user programs A.2

VV aa ll pp 7.6
value, test for VV aa ll pp 7.6
values 3.1
values, assignment of 3.2
variable evaluation 3.1
variable, test for SS yy mm bb pp 7.6
variables 2.2
variables, list of CC oo nn tt 7.5
vector coupling coefficient WW ii gg 8.6
vector, test for CC oo nn tt pp 7.6
vectors 2.4
verbosity TT rr aa cc ee 4.
VT125 A.6

WW aa ii tt 10.9
watch SS tt ee pp 10.10
wave function, Coulomb irregular CC oo uu GG 8.8
wave function, Coulomb regular CC oo uu FF 8.8
WW ee bb EE 8.8
Weber function BB ee ss YY 8.8 WW ee bb EE 8.8
Weierstrass function WW ee ii PP 8.10
Weierstrassσ function WW ee ii ss 8.10
Weierstrassζ function WW ee ii zz 8.10
WW ee ii PP 8.10
WW ee ii ss 8.10
WW ee ii zz 8.10
while loop LL oo oo pp 6.2
WW hh ii MM 8.8
Whittaker M function WW hh ii MM 8.8
Whittaker W function WW hh ii WW 8.8
WW hh ii WW 8.8
WW ii gg 8.6
Wigner 3-j symbol WW ii gg 8.6
write SS ee nn dd 10.6

XX oo rr 5.

ZZ ee tt aa 8.7

zeta function ZZ ee tt aa 8.7
zeta function, generalized ZZ ee tt aa 8.7
zeta function, Weierstrass WW ee ii zz 8.10




